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Abstract

For a monomial z® in d variables, the problem of best approxi-
mation to % by polynomials of lower degrees is studied on the unit
sphere, the unit ball and the standard simplex. For the uniform norm
we discuss what is known in d = 2, for which complete solutions are
known, and in d > 3 for which only a few cases have been successfully
solved. For the L? norm, we present the complete solution, including
explicit formulas for the error of best approximation.
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1 Introduction

For x = (x1,...,24) € R? and o = (avq,...,aq) € Ng, we use the standard
multi-index notation for the monomial 2@ = 2" -- - 2?. The degree of z*
is [a] = a1 + ...+ ag. The base {z : |a] < n} spans the space TI¢ of
polynomials of degree at most n in d variables.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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Let © be a region in R?. For f € C(Q), the best approximation of f
from II¢ in the uniform norm is the quantity

E.(f;0) = inf I = plle) (1.1)
pell

n—1

where || fllc) = maxzeq |f(2)]. If En(f;Q2) = ||f = p*llc(e) then we call
p* an extremal polynomial for f. We are interested in the case that f is
a monomial or some other fixed polynomials. In this case f — p* is often
called a polynomial of least deviation from zero, which we shall call a least
polynomial for f.

For d = 1 and Q = [—1, 1] it is well-known that the best approximation
to z" is given in terms of the Chebyshev polynomial of the first kind

T, (z) = cosn(arccos z) = 2" 1a" + q(z), q€ll,q;
in fact, p*(z) = 2" — 2'7"T,,(x) and E,(z";[~1,1]) = 2!7". In the case of

Q being a cube in R?, the best approximation to z® is given by the product
of Chebyshev polynomials. We are interested in the cases that () is either

the unit sphere S9! = {2 : ||z|| = 1} of R where ||z| denotes the usual
Euclidean norm of z € R?, the unit ball B¢ = {x : ||z|| < 1} or the standard
simplex 7% = {x : 21 > 0,...,24 > 0,1 —21 — ... — x4 > 0} of R%

To solve the problem of best approximation to the monomials, we need
to complete two steps. The first one is to find the value of E,(f;) and
the second is to find an explicit formula for the extremal polynomials. For
d = 2 the best approximation to monomials are known explicitly for these
regions (see [16, 8, 17]). We explain the result in Section 2 and indicate
how the first step can follow from an elementary simpleminded way, which
essentially reduce the problem to that of one variable. In the background
of the elementary approach, however, is the theory of extremal signature of
Rivlin and Shapiro [18], which will play an essential role in the case of d > 3.
The elementary approach is no longer enough for d > 3 and this is due to
an essential difficulty. In some simple cases we will use symmetry of the
regions and of the polynomials to simplify the task of finding the extremal
polynomials. This and the the extremal signature will be explained in
Section 3. For d > 3 the extremal polynomials are known only in a few
cases (see [1, 2, 19, 25]), these will be given in Section 4 and the method
used to derive them will be discussed. Finally, in Section 5, we state the
extremal polynomials and the error of the best approximation in L? norm,
which are known explicitly in all three regions.
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2 Best approximation in two variables

For d = 2 the regions are the unit circle S', the unit disk B? and the
triangle T2 = {(z,y) : x,y > 0,2 +y < 1}. We will denote the monomials
by xFy"* for 0 < k < n.

2.1 The unit circle S*!

The best approximation on the circle can be deduced from that of trigono-
metric polynomials on T = R/27Z. Denote by 7,, the space of trigonometric
polynomials of degree at most n. Using (z,y) = (cos ,sin§) for 6 € [0, 2],
every polynomial IT2(S') becomes a trigonometric polynomial in 7. In
particular, using e = cos 6 + isin 6, it is easy to see that

aFy" R =15 (0) + skn(0),

where sy, € 7,—1 and

trn(0) =

1 cosnf, if n —k is even,
T { (2.1)

2"=4 | sinnf, if n—k is odd.

Since it is well known that the best approximation to cosnf from 7,1 is
zero and sin 6 = cos(m — 6), it follows that

1

k., n—k
Yy 2n71

. 1
—pllosry = inf 1 F” cosnd — t(0)|lc(r) = (2.2)

inf ||z
H2 tGTn,

n—1
and the infimum is attained by ¢;, (f) in the trigonometric case. The

extremal polynomial for z¥y"* is obtained from rewriting t;, () in (2.1)
as a polynomial in z,y using £ = cosf and y = sin6.

2.2 The unit disk B2

For the monomial z*y" % it is easy to get a lower bound for the value of
E,(zFy"=*; B?). In fact, since S’ is a subset of B2, we have

En(a"y" " B%) = inf [l2"y" " = pllogs) (2.3)
pEanl

- k n—k _
> inf  [lz%y" " = pllogs =

2n—1

n—1

Using (2.2). In order to show that the equality holds, we need to find
one polynomial Gy, (z,y) = xFy"* — p(z,y) with p € I2_; such that
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|Grnllcs?) = 217" The formula in (2.3) also shows that such a polynomial
should satisfy [|Ginllc(p2) = [|Gnllc(st), which means that Gy, should
satisfy

Grnlcosf,sing) =2 "ty (),  0<6<2m, (2.4)

where ¢ = +1 and ¢}, ,, is defined in (2.1). Of course the restriction of G on
S' will not determine G completely. Such a polynomial was found in [8] in
terms of Uy, the Chebyshev polynomial of the second kind,

sin(n + 1)0
sin ¢

Up(x) =

, T = cosf.

We summarize the result in the following:

Theorem 2.1 Forn >k >0, E,(z*y"*; B%) = 217" and

1

Grn(T,y) = on (Un(2)Up—1(y) + Un—2(2)Up_k—2(x)) -

is a least polynomial for xFy"=* on B2.

The elementary trigonometric identity shows that Gy, given in the
theorem satisfies the equation (2.4). The most difficult part of the proof
comes down to show that

Gralz,y)l <217, (a,y) € B2

In contrast to the case of one variable, polynomials of best approxi-
mation in several variables are not unique in general. For the monomial
xFy"=* the uniqueness holds only if £ = 0 or kK = n, or n = 1 ([8, Theo-
rem 2.2]). Furthermore, it is known that the difference between two least
polynomials are necessarily of the form (1 — 2 — y?)q(z,y) with ¢ € I2_,.

Using the generating functions, another construction of the least polyno-
mial for 2¥y"~* was given in [17]. Define a family of polynomials R,, € II¢,
a € N&, by

Il

t
o, (S20) = 5 maore, nwem,
|a|=n

where (t,z) is the usual inner product in R% Then R, (z) = 2l®-1 (‘g')xa
+ Pa, Pa € II%_,. For d = 2 we write a = (k,n — k). It turns out that

1 n _
oo <k> Rin-k(z,y) =2y " +pe(z,y),  pe €I}y,
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is a least polynomial on B2. This family is essentially different from that
of G in Theorem 2.1.

One can also generate further family of least polynomials from the ex-
isting ones. It is observed in [4] that if py ,, is a least polynomial for z*y"~*
then the polynomial

1

o=y Phon (T (@), yUm-1(2)) € m2,

is a least polynomial for ™ "+kyn=k which can be different from either
G}, n or the multiple of Ry ,,—j given above.

Another direction is to generate least polynomials for other homoge-
neous polynomials from the ones for monomials. As an example, one result
[8, Theorem 3.2] states that if py ,,— is the least polynomial for zFy"F o
B? and k is even, then

Gon(,y) = (=1 ((1 —2* =), y)

is a least polynomial for (22 + ¥ )k "=k on B2. Finally let us mention that

the extremal polynomial for z*y" % on B? is also the Kergin interpolant of
zFyn=k ([5, 10, 13)).

The standard triangle 72. Just as in the case of B2, it is easy to get a
lower bound for the value of En(xky"_k; T?). We use the fact that

1

Jdnf 2" = pllego, = an g2t I Tn (22 = Dlleqo,) = 5oy

instead of best approximation by trigonometric polynomials. We have

En(xkyn—k;T2) — ian ”l’k n—k _p||C(T2) (2.5)
penn 1
> inf k 1— n—k 1
2t [l —2) p(z,1 = =)llcgo)
£ 2"~ pl !
== 1n xw —
pell, 1 p C([o,1]) 22n 1°

In order to show that the equality holds, we need to find one least poly-
nomial T}, , for xFy"=F. Since the least polynomial for ™ on [0,1] is given
by 2172"T,, (22 — 1), the polynomial T}, should agree with the Chebyshev
polynomial 7,,(2z — 1) on {(z,1 —z) : 0 < z < 1} which is part of the
boundary of T2. Such a polynomial was found in [16]. We summarize the
result as the following:
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Theorem 2.2 Form >k >0, define

(Thm(2y — 1)T; (82 — 1)
+82y(2y — 1) Uk—m—12x — 1)Up—1(8zy — 1), ifk>m
Tiem(z,y) = < Tp(8zy — 1), ifk=m

Tk (22 — 1)1 (8zy — 1)
+82y(2z — V)Up—j—1(2y — 1)Up—1(8zy — 1), if k <m.

Then 2172"T}. k. is a polynomial of least deviation from zero for xhyn—k
on T? and E,(z*y"=*; T?) = 2172,

The difficult part is to recognize that T}, ,,—j as given above is the correct
function. Once the formula is identified, the only difficult part of the proof
is to show that [Tk (2, y)| <1 on T2

It was pointed out in [4] that there is a close relation between best
approximation on 7?2 and that on B2. In fact, if p(z,y) is a least polyno-
mial for zFy"~* on the triangle T2 then p(x2,%?) is a least polynomial for
x2ky?2n=2k on B? and the relation holds conversely. A more precise state-
ment will be given in the following section. This implies, in particular,

that we can deduce the least polynomials for z*y"* on T2 from those for

xzkyQ”*Qk on B2. The exact relation between the polynomials Ty n—r and

the polynomials Gy, is established in [4].

3 Extremal signature and invariant polynomials

In this section we discuss some of the tools that can be used to study the
best approximation by polynomials.

3.1 Extremal signature

What is hidden in the elementary way of getting to E,(f; B?) is the charac-
terization of the extremal polynomials in terms of the extremal signature,
which is the natural extension of the Chebyshev alternating theorem in one
variable. In this section we review the extremal signatures.

The original study in [18] is in the general setting of approximation
from a finite dimensional subspace of C(2) on a compact Hausdorff space
Q. We will state the version only in the case that we are interested in.
Let Q be an infinite compact set in R?. For our purpose it is either %1,
B¢ or T¢. A signature o on the set  is a function with finite support
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{z1,...,xzn} where z; € Q, such that o(z;) = £1 for 1 < ¢ < N and
o(x) =0if z € Q\{z1,...,xn}. A signature o is extremal with respect to
I1¢ if there exists a subset S in the support of o and positive numbers \,,
v € S, such that

Z Ao (v)p(v) =0, for all p in T1¢.
veES

Let 7 > 0 be a fixed number. For each p € I¢_,, we denote by S,.(p; f) the
set

Sr(p; f) ={x € Q:|f(z) —p(z)| = r}.
In the case of 7 = || f — pllc(q), Sr(p; f) is the set of extremal points of f —p

and we denote it by S(p; f). The characterization of the best approximation
of f from II¢ is given by the following theorem.

Theorem 3.1 1. A polynomial p* in 1IZ satisfies || f —p*|lc(a) = En(f; Q)
if and only if there exists an extremal signature o with support in S(p*; f)
such that o(v) = sign(f — p*)(v) for all v € S(p*; f).

2. Suppose there exist a polynomial p* € TI% and an extremal signature
o supported on S, (p*; f). Then E,(f;Q) > r.

The theorem states that if p is a polynomial of best approximation on
() then it is so on a finite subset of 2. For the proof of this theorem,
see [18]. The part two of the statement is useful for computing a lower
bound for E,(f;), especially since we often do not know the polynomial
of best approximation. For various examples of extremal signatures, see
8, 15, 18, 21, 22].

In the case of best approximation to zFy" % on the disk B2, one ex-
tremal signature agrees with that of extremal signature on the circle S!.
This signature is described as follows:

Let 01 < 0y < ... < 02y, be the 2n extremal points of the trigonometric
polynomial ¢; , defined in (2.1). Let S = {(cosf;,sinf;) : 1 < j < 2n} and
define the signature o by o(cosf;,sinf;) = (—1)7; then o is an extremal
signature for zFy"* on B2.

The proof follows from simple trigonometric identities, such as

-1 n—1

12 g 1 y

E § :GQz]kﬂ/n — 50,]' and E E elj(2k+1)ﬂ/n — 50,j7 0<j<n-—1,
k=0 k=0

where 6o ; = 1 if 7 = 0 and dp; = 0 otherwise. Furthermore we notice that
the extremal signature is connected to the quadrature formulas. In fact, in
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the case that 6y, ..., 02, are zeros of sinnf, 6 = 2kw/n, it follows from the
above two sums that the following quadratures hold,

o n—1
1 f(x)de = %Zf <2Z7T) = L1, f€Th,

27T0

1 [ dr — — ( — L T
o [ f@ar= Y (BT g pet

Thus, o is an extremal signature since the sum Lf := £y f — Lo f satisfies
Lf=0for f €TI2_,. The case that 8 are zeros of cosnf works similarly.

3.2 Invariant polynomials

For d > 3 one can often use the symmetry of the functions and the set 2
to gain some knowledge of the least polynomials. In essence, one can state
that if € is invariant under a finite group G and f is also invariant under
the same group, then the polynomial of best approximation has to be a
polynomial invariant under G. This ideal is not new (see, for example, [7])
and the idea of making using of symmetry has been widely used in dealing
with the cubature formulas (see for example, [11, 14, 20]). In [1] it is used
to obtain least polynomials on the unit sphere and on the unit ball. We
shall state the result for the general domain.

Let Q be a region in R? that is invariant under a finite group G; that
is, Qg :={xg: g € G,z € Q} coincides with Q. For a function f defined on
2 we defined the action of g € G on f by R(g)f(x) = f(zg). A function f
on € is said to be invariant under G if R(g)f = f for all g € G. Let GII¢
denote the space of polynomials in Hg that are invariant under G.

The domains S%~! and B? are rotation invariant, we can take G as any
finite subgroup of the rotation group O(d). For the simplex the largest
group under which 7% is invariant is the symmetric group S(7'%) that con-
tains all permutations of the vertices of the simplex T%. If f is invariant
under S(T9) then it is a symmetric function of z1,...,2q, 1 —x1 —... — 24.
The symmetric group Sy of d coordinates is a subgroup of S(79).

Since the proof is essentially the same we shall state the result for the
LP norm for 1 < p < oo. For 1 < p < oo let ||f||zr(q) denote the LP norm
of f on Q with respect to an absolutely continuous finite Borel measure

dp = p/dx
1/p
1 lloien = ( / If(w)pdu(w)>
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and we assume that the measure p is invariant under G. We take the
convention that the norm for p = oo is the C'(2) norm.

Theorem 3.2 Let Q be a region in R? invariant under a finite group G.
If f is invariant under G, then

inf |[f(z) = p(x)llr@) = inf | f(z) = p(@)]Lr(@)-

pelly, peGIIS _

Proof. Since GII¢_| C TI¢_, | we evidently have

n—1

inf |[f(z) = p@)lr@) < inf |[f(z) = p(2)]Lr@)-
pelld_, peGIIY_,

For a given function F' we denote by Fg the symmetric function

Fo(e) = 7 3 R@)F ()

geG

where |G| denote the number of elements in G. Clearly if F' is invariant
under G, then Fg = F. Using the triangle inequality and the fact that f
is invariant under G we have

1
1f = pllrr) = @ Z [R(9)f — R(9)pllze ()

geG

> |Ifa —pcllee) = If — pallr @)

Taking infimum over p completes the proof.

In [1] this theorem is used for the sphere S9! and the ball B with G
being a finite subgroup of the rotation group O(d) to obtain the polynomial
of best approximation for a number of special polynomials. For example,
it is proved there that

inf [lz1- - 2g = pllo(ga-1y = lz1 -+ Tall Lo g1y, (3.1)
p€1'[§71

where G is the symmetric group S4, and

- 4 1 _ 4 1
plenl—fg |1 + -+ + g — pllpp(sa-1) = igﬂf& |1 + -+ 23 = c|lpp(ga-1),  (3.2)

where G is the hyperoctahedral group By, which is the group of symmetry
of the unit cube {£1,...,41} in R? and it contains permutations of coor-
dinates and the sign changes (the semi-product of the symmetric group Sy
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and the abelian group Zg). There are also several other least polynomials
in [1], obtained by taking the above or the other finite subgroups of O(d).
Since Z4 is a subgroup of O(d) which contains all possible sign changes
of the coordinates, one consequence of the theorem states that if f is even
in each of its variables, so is a polynomial p of best approximation to f.
Let Ry :={z €R?:2; >0,...,24 >0} and let ¢ denote the mapping

gb:RdHRi:x»—»gf)(m)z(w%,...,x%).

We note that ¢ is one-to-one from T¢ to Bi = BN Ri. It also induces a
one-to-one mapping from II¢ to GHgn with G = Zg, since every polynomial
pE GHgn can be written uniquely as p.o¢ for some p, € H‘fl and, conversely,
qo¢ € GII4, for every ¢ € TIZ. For each f that is even in each of its variables,
we also write f = f. o ¢.

Let us write in the following LP(£2,du) to emphasis the dependence on
the measure du. For an invariant measure dy = p/dr defined on B¢ we
define another measure dv by

dv(z) = pL(x) /71 2qdm, ze T
The factor 1/,/x1 -+~ x4 is the Jacobian of changing variables y — = = ¢(y).

Theorem 3.3 Let f € LP(B% du) be invariant under Z4. If p*(x) is an
extremal polynomial for f in LP(BY, du), then p:(x) is an extremal poly-
nomial for f. in LP(T? dv). On the other hand, if g € LP(T? dv) and q*
is an extremal polynomial for f in LP(T?, dv), then ¢* o ¢ is an extremal
polynomial for f o ¢ in LP(B?, dpu).

Proof. If f € C(BY) is invariant under Z¢ then Theorem 3.2 implies that

a polynomial p* of best approximation to f on B? is even in each of its
variables. Hence, it can be written as p} o ¢. Using the elementary formula

fa3, ... 2?)du(z) = / f(z1,...,zq)dv(x) (3.3)
Bd Td

it follows that p? is the polynomial of best approximation to f on T¢. On
the other hand, if ¢* is an extremal polynomial for g on T%, then ¢* o ¢ is
a polynomial in GPZ, for G = Z¢. Using (3.3) and then Theorem 3.2, we
see that ¢* o ¢ is an extremal polynomial for f o ¢ on B

For d = 2 this theorem is proved in [4]. The idea of using the corre-
spondence between polynomials on these domains has been used in dealing
with orthogonal polynomials and cubature formulas on B¢ and T% ([24])
and it has also been used in [26] to relate the direct and the inverse type
theorems for the best approximation on 7% and on B?.
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4 Best approximation in more than two variables

Comparing to two variables, there is little known in several variables. We
discuss what is known and what is involved.

4.1 Some basic results

It is easy to see that the following proposition holds (see, for example, [2]).

Proposition 4.1 If F(xy,...,24) = f(x1,...,2m,0,...,0) for some m <
d, then E,(F;Q%) = E,(f;Q™) for Q% being the unit ball B, the simplex
T¢ or the sphere S%1.

Proof. Since B™ is a subset of B?, it follows readily that

1 = plleay = 1f —p(@1,. s 2m,0,. ., 0)lo(gay = En(f; B™)

for any p € 11¢. Hence, E,(F;B%) > E,(f; B™). On the other hand, if
p* € II" is an extremal polynomial for f on B™, then P*(xi,...,24) =
p*(21,...,%y) is a polynomial in 11¢ and E,(F; BY) < ||F — P oy =
I f = p*lle(pay = En(f; B™). The proof for T¢ and S9! is similar.

In particular, using the result in the previous section, this shows that
if « = (a1, @2,0,...,0) then

En(z% BY) = E,(z*; 8971 = 217", n=ao1+a (4.1)

and
E,(z®;T%) = 212", n=a; + as. (4.2)

Note that both these quantities do not depend on the dimension.
The first nontrivial example appears early in [19], which states that
—~d/2.

inf [lz1...2q —p||0(sd71) = ||z "deC(Sdfl) =d
pelly

Ounly in the fairly recent work [1], polynomials of best approximation to
other monomials on B? and on S%! are found using the invariance of
Theorem 3.2. It particular it is shown there that

inf ||z1...2q —plloey = nf 1., 24— pllogy =d Y2 (4.3)
pelld | pelld |
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Apart from (3.1) and (3.2) there are several other polynomials whose ex-
tremal polynomials are found, including (z{ + ... %) among others. How-
ever, the only monomial in the list is x; - - - x4.

In [2] the best approximation is found for another monomial %5 . .. x4

on the ball and on the sphere,

Ed+1 (x%xz c Ty, Bd) = Ed+1 (.CIJ%.%Q c T, Sd_l) (4.4)

aqd
= H(ZE% — ag)Ty '$d||C(Sd*1) = a1
(d—1)=

where a = a4 is the solution of the equation

d—1
2 d—1\ 2 dt1
d+1(d+1) (1—a)2 =a.
In particular, ag = 1/4, a3 = 3 — /8, asg = (38 4+ 5 x 101/3 — 10%/3)/18.

Recently in [25], we found a family of symmetric polynomials as ex-
tremal polynomials for z? - -a;?l in BY and in S4°!'. This work depends
heavily on the theorems in the previous section. It starts with several
reductions. First, by Theorem 3.3, we only need to consider the best ap-
proximation to zi - -- x4 on the simplex T%. Second, by Theorem 3.2, an
extremal polynomial can be chosen to be symmetric on 7.

As we mentioned before that there are two steps in dealing with the
problem of least polynomials; one is to find a lower bound for the quantity
E,(x1---x3;T3) and the other is to identify an extremal polynomial that
will attain the lower bound. In the case of two variables, we found the
lower bound in (2.5) by taking the maximal on a subset that is part of
the boundary of 72. This way we reduce the problem to a problem in one
variable that is already solved. We can attempt to apply the same method
here and take the maximal on the face

Téiz{(xl,---,wd)ETd:a:1+...+xd:1}

of T, Evidently x € Tél is the same as (x1,...,24-1) € 791, Let us define
X :=(x1,...,24-1,1—x1 — ... —2xq_1). For a € Ng define

X*=aP a2y (- — - —x41)™, zeT?
Then the restriction leads to
o, dy a
En(z*T%) = ;é}fg 2% = pllceray (4.5)

> inf [|X* = pllogpa-ty = En(X* T,
pelly !
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However, this does not reduce the problem to a lower dimension problem of
least polynomial for the monomials, unless g (or one of the other compo-
nent of «) is zero. If none of the components of « is zero, then X vanishes
on the entire boundary of T%. We cannot further reduce the problem by
restricting to the boundary of the simplex.

In the simple case of x1xs - - - x4 we discuss what to do in the following
two subsections. We consider the case d = 3 first to illustrate the idea.

4.2 Extremal polynomial for z 7,23 on 7°

In the case of 212923 on T the right hand side of the equation (4.5) is a two
dimensional problem on T2. Recall that in the previous section we deduced
the lower bound of E,(zFy"*;T?) by further restricting the maximal on
the boundary of T? so that it becomes a problem in one variable. For the
function X (z) := z122(1 — 1 — z2), however, such a method will not work
as the function is zero on the entire boundary of the triangle 72.

Since X is invariant under the symmetric group S(7?), Theorem 3.1
shows that the optimal polynomial has to be a symmetric polynomial in
x1,x2,1 — 21 — x9. Such a polynomial, called Us(x1,x2), is discovered in
[25]. It agrees with the Chebyshev polynomial T5(2x — 1) of degree 2 on
the boundary of the triangle 72; that is

Us(x,0) = Us(0,z) = Us(z,1 —x) = To (22 — 1).
Proposition 4.2 Let Xq(x) = z122(1 — x1 — x2). Define the polynomial
Us(x1,20) = T2z129(1 — 21 — 29) — 3+ 4(23 + 23 + (1 — z1 — 29)?).

Then
Ey(X1,T%) = pienij 1 X1 — plloere) = 727 |Usllogrzy = 7271
5

Proof. Once the polynomial is identified, we can find the extremal signa-

ture. Indeed, define

Sy = fa: [Us(ar,az)| = 1} = {<070>7<170>’<0’”’ (:1:, :1%)}

S_ ={z:|Us(x1,22)| = -1} = {@’0) ’ (O’ ;> ’ G’D}
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and let o(v) = 1 on 84 and o(v) = —1 on S_. Then o is an extremal
signature since the sum Lf = L1 f — Lo f defined by

12

=3 (r(30) < (03) +(3:3))

satisfies Lf = 0 for f € II3. Consequently, since |Us(z1,72)| = 727! on
T2, it follows from the part 2 of Theorem 3.1 that Eo(X1,T?) > 7271 To
complete the proof we only need to show that [|Uz||¢(r2) = 1, which is an
easy exercise.

1f =31 (3g) + 000+ F1.0) + 70.1)

and

According to the above proposition and Theorem 3.3, to find the ex-
tremal polynomial for z12223 on T® amounts to find a symmetric polyno-
mial Rg(x1,x2,x3) such that Rs agrees with U(z1,2z2) on the face Tg’ of
T5. Although this requirement does not determine R3 uniquely, it helps to
guide our search. The outcome is given below.

Theorem 4.3 Define the polynomial R3(z) by

R3(x) =72z 2003 — 4(x1 + 2o 4 3) + 4(x1 + 22 + 23)?
— 8(21711’2 + xox3 + 1'1173) + 1.

Then 7271 R3(x) is the least polynomial for x1xzex3 on T3 and

EQ(%1$2x3, ) Eg(xll'g(l — 1 — 372) T2) =727 1HR3HC(T3) =72
Furthermore, 7271 R3(23, 3, 23) is a least polynomial for x3x32% on B3 and
S2, and

Bs(x2x322; B®) = Bs(xiaia?; $%) = 7271 | Rs( (22 23, 23 HC B = = 7271

By Theorem 3.3 all we need to prove is that Rs(x1,x2,23) is bounded
in 73. The polynomial R3 is bounded on the boundary of T3, since
R3(z,y,0) = R3(z,0,y) = R3(0,2,9) = (1 —22)% + (1 — 2y)? — 1 and
Rs(z,y,1 — x —y) = Us(z,y). Furthermore, solving critical points shows
that R3 attains its maximum and minimum on the boundary.
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4.3 Extremal polynomial for z;---z4 on T¢

We now consider the case d > 3. By Theorem 3.2 an extremal polynomial
can be taken as a symmetric polynomial in z1,...,z4. It is well known
that every symmetric polynomial can be written in terms of elementary
symmetric polynomials e, e, . . ..

Let N € N. The elementary symmetric polynomials of degree k£ in
variables x1, 29, ..., zy are defined by

ep(z) = Z Ty T+ * Ty 1<k<N.

1<i1<...<i, <N

We assume that N is sufficiently large and do not write the dependence of ey,
on the number of variables. Using the elementary symmetric polynomials,
R3 in Theorem 4.3 takes the form

R3(x) = T2e3(x) — 4e1 () + 4€3(x) — 8ea () + 1, r € R3.

In the following we will denote the right hand side by S3(z) for z € R
Notice that for d > 3 such a function will be entirely different from R3. We
will use the notation 1% = (1,1,...,1) € R*.

Definition 4.4 For x € RY and N > d define S3(z) by
S3(z) = T2e3(z) — ey (x) 4 43 () — Seq(x) + 1
and Sk(zx) for k > 3 by the recursive formula
Sk(x) = rrex(z) — Sp-1(),

where the constant ry, is determined recursively by S(k~'1F) = 1. Further-
more we denote Sy(x) by Ry(x) if v € R™.

In the above definition the functions Sy are defined for any number
of variables. However, the number r; is determined using the formula for
Si(x) for z € R¥. Notice that we cannot define Ry without extending the
definition of Ry_1 formally to d variables, which is why we introduce S
for any number of variables. As an example, we give the explicit formula
of R4:

Ry(x) =896x1x9w374 — T2(21 2223 + X122y + T1X3%4 + ToT3T4)
+ 8(x122 + 2173 + T124 + T2X3 + ToT4 + T3T4)
— A(z1 + w2 + 3 + 74)? + 4(21 + 22 + 23 + 24) — L
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The definition also shows that

d
Ry(w) =Y (=1 Frpep(z) + (1) (4ef(2) — der (x) + 1)
k=2

where 5 := 8. For d > 3, the numbers r4 can be deduced from the following
explicit formula ([25])

rq = dki;kd—?’ (Z) ((—1)’“(%2 — 32k 4 24) + I<:2> .

The first few values of r4 and their prime factorization are list below:
rg=72=2%.32
ry =896 =277,
rs = 14400 = 20 . 32 . 52,
re = 283392 = 28 .33 . 41,
r7 = 6598144 = 29 . 7% . 263,
rg = 177373184 = 21 . 5413.

It turns out that Ry play the role of R3 as an extremal polynomial on
T

Theorem 4.5 Let Xq(z) =21 xq-1(1—21—+-—x49_1). Ford =3,4,5,
Eg (w124, T = Eq 1 (X1, T = v | Ryl par = 7,
and, furthermore,
Eoq1(2} - a3 BY) = Esg_1(a} -+ 23 87") = v | Rallpa—r = v "

In fact we made the conjecture in [25] that the theorem holds for all
d > 3. Recall that we normally have two steps, one is to find a sharp lower
bound for E,(f;€) and the other is to find an extremal polynomial that
attains the lower bound. In our case we have the lower bound:

Theorem 4.6 For alld > 3
Eg_1(a1-- 2 T%) = Bgy (X1, T 2, (4.6)
and, furthermore,

Eog1(z3-- 2% BY) = Eog_q (23228971 > 7‘;1. (4.7)
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The proof of this step uses the extremal signature and Theorem 3.1.
The definition of Ry shows that

Rd(l’l,...,l‘d_l,O) = —Rd_l(ﬂfl,...,fbd_l). (48)

This equation allows us to identify many points on which |R4(z)| = 1. Such
points are invariant under the symmetric group Sy of the coordinates. It
turns out that these points are enough for the extremal signature.

By the part 2 of Theorem 3.1, the existence of the extremal signature
proves Theorem 4.6. The next step is to find an extremal polynomial that
attains the lower bound in (4.6). Clearly, a candidate for such a polynomial
is r;le. What we need is a proof that shows the candidate actually works.
Such a proof comes down to showing that |Rg(z)| < 1 on T¢. This is proved
in [25] for d = 3,4,5 by computing the critical points of Ry (with the help
of a computer algebra system).

It turns out that for d = 3,4,5, |Ry4(z)| is attained exactly in the set
S+ and S_ defined above; in particular, |R4(x)| attains its maximum on
the face T = {x € T : 21 +...+ x4 = 1}. By the definition of Ry(x), it is
easy to see that ARy(z) = (—1)4718d where A denote the usual Laplacian
operator. This shows that (—1)%"!R4(z) is a subharmonic function, which
implies that

(1) Ra(e) < max (~1)* Ral)
xedT"

by the maximal principle (cf. [9]). However, this is only half of what
we need. Because of the definition of R4, induction argument might play
a role in a potential proof. If the maximal of |Ry4(z)| were attained in
the boundary, then the equation (4.8) shows that the maximal of Ry are
attained on the face T of the boundary of T¢. Let

Ud(l') = Ry(x1,...,2q-1,1 — 21 — ... — Tg_1), z e R,

We then need to prove that |Ug(z)] < 1 on T9"!. The computation in
the case of d = 3,4,5 points out that the |Uy(x)| attains its maximal on
the boundary of 79!, If this were true, then by (4.8), the inequality

|Ua(z)| < 1 would follow from the induction since Uy(z1,...,24-2,0) =
Ug—1(1,...,24-1) and
Ud(ml, ey d—9, 1-— 1 — ... — l‘d_g) = Ud—l(l'la ce ,l’d_g).

The above discussion justifies the following conjecture.

Conjecture 4.7 Ford > 6, |Ry(x)| attains its maximum on the boundary
of T and |Ug(z)| attains its mazimal on the boundary of T4 1.
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If the conjecture were proved, then the equality would hold in (4.6) with
R, as one least polynomial and equality would hold in (4.7) with Rgo0 ¢ as
one least polynomial.

4.4 Extremal polynomial for z?z3z% on T°

The construction in the previous section suggests that a least polynomial
for (z1x2x3)™ should agree with the Chebyshev polynomial 7}, (22 — 1)
on the boundary of T2. The following result gives the case of n = 2.

Proposition 4.8 Let Xq(x) = z1x2(1 — x1 — x2). Define the polynomial

Us(x1, 29) =270 X% (21, 2)
+ 27bX1($1, .CCQ) (3&(.’5% + HT% + (1 — T — :CQ)Q) — C)
+2[-3+4(xf+ 23+ (1 -2 —372)2)]2 -1

where a = 28.5926243..., b = 21.8935834... and ¢ = 32/9 +a+b. Then

FE5(X,,T%) = i€n§2 1 X2 — pllogre) = 27727 | Us | ooy = 2772071
pcliy

The polynomial Uy is symmetric in x1, 22,1 — 21 — 22 by Theorem 3.2.
The form of Uy is chosen so that it agrees with the Chebyshev polynomial
Ty(2t — 1) =1 —8(1 — 22)? + 8(1 — 22)* on the boundary of T?; that is

Us(z,0) = Us(0,2) = Us(z,1 — ) = To(T2(2x — 1)) = T4(2z — 1).

The constant ¢ is determined by fixing Us(1/3,1/3) = 1. The values of a
and b are chosen so that |Us(x)| < 1 inside T2. This is proved by making
1 — Us(z,y) > 0 and then solving Us(z,z) = —1 and Uf(x,x) = 0, which
yields three point in 72, by symmetry, for which Us(x,y) = —1. It turns
out that these three points, together with the maximal and minimal points
on the boundary of T2, are enough for an extremal signature.

From the best approximation to x223(1 —x1 —x2)? on T? we should get
best approximation to x%x%x% on T3. One only has to find a least polyno-
mial which satisfies V5(z) such that Vs(z1,x2,1 — 21 —x9) = Us(x1, 22) and
|Vs(x,5)| <1 on T3. This step is not trivial since an additional multiple of
(z1 + 22 + 23)* added to any term in Vs(x) does not change the value of
the polynomial on the boundary of 72. Once V5 is found, then V; o ¢ is an
least polynomial for x%x%x% on B3 and S? by Theorem 3.3. The result is
stated below.
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Theorem 4.9 Let a and b be as above. Define polynomial V5 by

Vs :272be§ —1+2e — 26% +2 (1 —4eq + 46%)2
—27e3 ((32/9 — 2a + b)e] + 6aes), z € R,

Then 277207 1V5(x) is a least polynomial for x3x3x3 on T3
Es(aix3ad; T°) = Es(2ia3(1 — o1 — 22)%T7)

=272 |Vs |l ogrsy = 2772071

Furthermore, 72720~ V5 (22, 23, 23) is a least polynomial for x{xizs on B3
and S?,

Es(zia373; BY) = Bs(x31323; S°)

=722 ||Vs(a?, 23, x?,))HC(SQ) =27 % L.

What comes out as a surprise is that there does not seem to be a nice
formula for E5(X2,T?) = 27-2b~!. This suggests that the best approxima-
tion to monomials in several variables is much more complicated than that
of two variables.

The above result suggests many questions that one may want to explore.
Some questions are if least polynomials for other monomials, say xlf:céxé,
on T3 also attains their maximum and minimum on the boundary of 73,
and if a least polynomial p satisfies that p(z1, z2, 1 —x1 —x2) agrees with the
Chebyshev polynomials of appropriate degree on the boundary of 72?. One
can also ask the question that to what extend a polynomial is determined

by its values on the boundary of the triangle.

5 Extremal polynomials in L? norm

In this section we report results on the best L? approximation on the unit
sphere S9!, the unit ball B% and the standard simplex 7% Here the L?
norm can be taken with respect to the measure duy = W (z)dzx for some
weight function W on the domain 2. We shall denote the error of best
approximation to f by E,(z%;Q)r2m) to indicate the dependence on W.
We call the polynomial R, a least polynomial for z% if R, = z% — Q.,
Q. € H\da|—17 and

En(x® Q) 2wy = inf [ = pll 20wy = [[RallL20w)-
pEH‘al_1
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According to the standard Hilbert space theory, the extremal polyno-
mial R, is orthogonal to all polynomials of degree lower than |«| and it
is unique. Such a polynomial is called a monomial orthogonal polynomial
in [27] and their explicit expression and their L? norms are computed ex-
plicitly. For earlier study of L? norm of these polynomials, we refer to
[4] and the references therein. The results in [27] are derived for a family
of weight functions on these domains, which includes the classical weight
functions (see below). It should be pointed out that many of the monomial
orthogonal polynomials are already known in [3] for the classical weight
functions.

Throughout this section we use the standard multiindex notation. For

a,f € Ni* we also write a! = oq!---ap! and (a)g = (1), -+ (m) B s
where (a), =a(a+1)...(a+n —1) is the Pochhammer symbol. Further-
more, for « € N and a,b € R, we write aoe + b = (a1 + b, ..., a0, +b).

5.1 Best L? approximation on S%!

The weight function on S9! is
d
We(x) = ex [ 12, ki >0,
i=1

where ¢, is a normalization constant so that the integral of W, over Sd—1
is 1. In the following we write |k| = k1 + ... + kq. Let |z]| denote
the integer part of . For a multiindex o € N¢ we use |a/2] to denote

(len/2],. .., la/2]).
Let F'g be the Lauricella hypergeometric series of type B, which gener-
alizes the hypergeometric function 92 F; to several variables (cf. [6]),

}:(O‘)w(ﬁ)'y d
F (0% Clxr) = 7177 8] & N € R max |T; 1
B( aﬁacv ) ; 7ﬁ 0> c ) l<i<d| Z|< 3

5 (©)y!

where the summation is taken over y € Ng. We will also need the general-
ized Gegenbauer polynomials o) (t) defined by

1
COM(2) = ¢, / M) (1 +4)(1 — 2)* .
—1

These polynomials are orthogonal with respect to the weight function

wau(t) = [P =22 —1 <<,
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and they become Gegenbauer polynomials when p = 0; that is, C7({\’0)(t) =
C)\(t). We denote by £ the leading coefficient of oM (). The explicit
formula of the least polynomial R, for z is given as follows.

Theorem 5.1 Let p = |k|+ (d—2)/2, B=a— %] and n = |a|. Then

1 x| x||?
1. Ry(x) =x“Fp (—/B,—a—{—ﬁ—/@—k;—n—p—kl; | ‘2‘ ,...,” ’2‘ >
2 g xy

2. The best approximation to x% is given by

inf / 2 — p(a) W) do :/ | Ry () P () o
peng_l gd—1 gd—1
1 d (%.k4)
= 2p (K: + i)a /1 Cazzl (t)t\oz|+2p—1dt‘
Ol Jo g o

In the case of k1 = ... = kg = 0, this is the classical case of L? approx-
imation with respect to the Lebesgue measure on S4'. The polynomial
R, is defined using a generating function. It also satisfies several other
properties, including a recurrence relation. The norm of R, is written as
an integral of one variable. This integral, however, is difficult to evaluate.
It can be written as an multiple sum of hypergeometric type. For a detail
study and several special cases, see [27].

5.2 Best L? approximation on B?

The weight function on BY is
d
W) = e [Tl (1 ==y 712, e B x>0,
i=1

where 5 is a normalization constant so that the integral of W2 over B?

is 1. The explicit formula of the least polynomial R? for z® is given as
follows.

Theorem 5.2 Let p = |x| + (d —1)/2. For a € N& and x € R?,

1 1 1
1. RB(z) = 2°Fp (—6,—a+ﬁ—/<;+2;—\04\—p+1;w2,...,x2).
1 d
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2. The best approximation to = is given by

inf /ﬂIxa—ﬁﬂwﬂﬁWftwdm=:/1!thﬂfwfﬁxﬁm
pelld_, Jpd Bd

1

20 (K +3), /1 i Cé?’m)(t)t\a|+zp—1dt.

Pag  Jo i e

This theorem more or less follows from a close relation between orthog-
onal polynomials on B¢ and those on S? (see [23, 27]). The polynomials
correspond to the special case W (z) = (1 — ||z]|?)*~1/? are the classical or-
thogonal polynomials. Let us mention the special case of Lebesgue measure
on BY. Let P,(t) denote the Legendre polynomial of degree n. Then

d
1 9 dao! ! _
; _ a_ de = —— P, (t)t"91qt
e, vol B /Bd 2% = Q@)fdr = 5T /0 131 () ’
(5.1)
where vol B = %2 /T'(d/2 + 1) is the volume of B

5.3 Best L? approximation on 7¢

The weight function on T¢ is

d
W) = o [ e =20~ Jalyen =2 o, k>0
i=1
where ¢l is a normalization constant so that the integral of W, over T¢

is 1. We need another generalization of the hypergeometric series 9 F; to
several variables, the Lauricella function of type A, which is defined by (cf.
[6])

@@y

B

a,f € Ng“, c€eR,

Fa(e,0582) =

~

where the summation is taken over v € Ng“. For the simplex T% we work
with the homogeneous coordinates X = (z1,...,z4,1 — 21 — ... —x4). For
o€ Ng“ we can derive the polynomial of best approximation for X%. The
explicit formula of the least polynomial RL for X is given as follows.

Theorem 5.3 Let p = |k| + (d —1)/2. For a € N& and = € R?,
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1. the least polynomial for X* in the L? norm is

1 1 1
Rg(:v):XO‘FB(—a,—oz—/i—l—f;—ﬂa] p+1;,—, ... )
2 1 2a

(k+ 1)

=(-1)"———————F d, —a; 1, X).
( ) (n+|li‘+d)n A(|O[|+|I<L|—|— ) a7’€+ ) )

2. The best approximation to X< is given by

: o _ o\ PWT (2 dr — T NPWT (2)d
[ X p@P W @de = [ RI@ W (@)

d
pelly

' 1d+1
= pa " + / H POR=2) (9 — 1)pladte=1 gy,

P)2of

This theorem essentially follows from the result on B¢, using either
Theorem 3.3 or the close relation between orthogonal polynomials on these
two domains. Putting agy; = 0 gives the best approximation to z® on T
It is interesting to note that the additional term (1 — 2y — ... — z4)* causes
many problems for the uniform norm but none for the L? norm. Let us
mention the special case of Lebesgue measure on T¢. Again P,(t) denotes

the Legendre polynomial of degree n. Then for o € N¢ and n = |a/,

1 12
min / |29 — Q(z)*dx = da/ HPa(Zr — 1)t lar, (5.2)
d' Td !

Qelld 0 ;=1

The formulas of the L? norm of the least polynomials in all three cases
look simple; for example, see the formulas (5.1) and (5.2). However, these
formulas are not easy to evaluate exactly. On the other hand, they seem to
provide a way to obtain sharp estimates for these quantities, which remains
to be done.
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