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Abstract

For a monomial xα in d variables, the problem of best approxi-
mation to xα by polynomials of lower degrees is studied on the unit
sphere, the unit ball and the standard simplex. For the uniform norm
we discuss what is known in d = 2, for which complete solutions are
known, and in d ≥ 3 for which only a few cases have been successfully
solved. For the L2 norm, we present the complete solution, including
explicit formulas for the error of best approximation.
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1 Introduction

For x = (x1, . . . , xd) ∈ Rd and α = (α1, . . . , αd) ∈ Nd
0, we use the standard

multi-index notation for the monomial xα = xα1
1 · · ·xαd

d . The degree of xα

is |α| = α1 + . . . + αd. The base {xα : |α| ≤ n} spans the space Πd
n of

polynomials of degree at most n in d variables.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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Let Ω be a region in Rd. For f ∈ C(Ω), the best approximation of f
from Πd

n in the uniform norm is the quantity

En(f ; Ω) = inf
p∈Πd

n−1

‖f − p‖C(Ω), (1.1)

where ‖f‖C(Ω) = maxx∈Ω |f(x)|. If En(f ; Ω) = ‖f − p∗‖C(Ω) then we call
p∗ an extremal polynomial for f . We are interested in the case that f is
a monomial or some other fixed polynomials. In this case f − p∗ is often
called a polynomial of least deviation from zero, which we shall call a least
polynomial for f .

For d = 1 and Ω = [−1, 1] it is well-known that the best approximation
to xn is given in terms of the Chebyshev polynomial of the first kind

Tn(x) = cos n(arccos x) = 2n−1xn + q(x), q ∈ Πn−1;

in fact, p∗(x) = xn − 21−nTn(x) and En(xn; [−1, 1]) = 21−n. In the case of
Ω being a cube in Rd, the best approximation to xα is given by the product
of Chebyshev polynomials. We are interested in the cases that Ω is either
the unit sphere Sd−1 = {x : ‖x‖ = 1} of Rd, where ‖x‖ denotes the usual
Euclidean norm of x ∈ Rd, the unit ball Bd = {x : ‖x‖ ≤ 1} or the standard
simplex T d = {x : x1 ≥ 0, . . . , xd ≥ 0, 1− x1 − . . .− xd ≥ 0} of Rd.

To solve the problem of best approximation to the monomials, we need
to complete two steps. The first one is to find the value of En(f ; Ω) and
the second is to find an explicit formula for the extremal polynomials. For
d = 2 the best approximation to monomials are known explicitly for these
regions (see [16, 8, 17]). We explain the result in Section 2 and indicate
how the first step can follow from an elementary simpleminded way, which
essentially reduce the problem to that of one variable. In the background
of the elementary approach, however, is the theory of extremal signature of
Rivlin and Shapiro [18], which will play an essential role in the case of d ≥ 3.
The elementary approach is no longer enough for d ≥ 3 and this is due to
an essential difficulty. In some simple cases we will use symmetry of the
regions and of the polynomials to simplify the task of finding the extremal
polynomials. This and the the extremal signature will be explained in
Section 3. For d > 3 the extremal polynomials are known only in a few
cases (see [1, 2, 19, 25]), these will be given in Section 4 and the method
used to derive them will be discussed. Finally, in Section 5, we state the
extremal polynomials and the error of the best approximation in L2 norm,
which are known explicitly in all three regions.
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2 Best approximation in two variables

For d = 2 the regions are the unit circle S1, the unit disk B2 and the
triangle T 2 = {(x, y) : x, y ≥ 0, x + y ≤ 1}. We will denote the monomials
by xkyn−k for 0 ≤ k ≤ n.

2.1 The unit circle S1

The best approximation on the circle can be deduced from that of trigono-
metric polynomials on T = R/2πZ. Denote by Tn the space of trigonometric
polynomials of degree at most n. Using (x, y) = (cos θ, sin θ) for θ ∈ [0, 2π],
every polynomial Π2

n(S1) becomes a trigonometric polynomial in Tn. In
particular, using eiθ = cos θ + i sin θ, it is easy to see that

xkyn−k = t∗k,n(θ) + sk,n(θ),

where sk,n ∈ Tn−1 and

t∗k,n(θ) =
1

2n−1

{
cos nθ, if n− k is even,

sin nθ, if n− k is odd.
(2.1)

Since it is well known that the best approximation to cos nθ from Tn−1 is
zero and sin θ = cos(π − θ), it follows that

inf
p∈Π2

n−1

‖xkyn−k − p‖C(S1) = inf
t∈Tn−1

1
2n−1

‖ cos nθ − t(θ)‖C(T) =
1

2n−1
(2.2)

and the infimum is attained by t∗k,n(θ) in the trigonometric case. The
extremal polynomial for xkyn−k is obtained from rewriting tk,n(θ) in (2.1)
as a polynomial in x, y using x = cos θ and y = sin θ.

2.2 The unit disk B2

For the monomial xkyn−k it is easy to get a lower bound for the value of
En(xkyn−k;B2). In fact, since S1 is a subset of B2, we have

En(xkyn−k;B2) = inf
p∈Π2

n−1

‖xkyn−k − p‖C(B2) (2.3)

≥ inf
p∈Π2

n−1

‖xkyn−k − p‖C(S1) =
1

2n−1

Using (2.2). In order to show that the equality holds, we need to find
one polynomial Gk,n(x, y) = xkyn−k − p(x, y) with p ∈ Π2

n−1 such that
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‖Gk,n‖C(B2) = 21−n. The formula in (2.3) also shows that such a polynomial
should satisfy ‖Gk,n‖C(B2) = ‖Gn‖C(S1), which means that Gk,n should
satisfy

Gk,n(cos θ, sin θ) = 21−nεnt∗k,n(θ), 0 ≤ θ ≤ 2π, (2.4)

where ε = ±1 and t∗k,n is defined in (2.1). Of course the restriction of G on
S1 will not determine G completely. Such a polynomial was found in [8] in
terms of Un, the Chebyshev polynomial of the second kind,

Un(x) =
sin(n + 1)θ

sin θ
, x = cos θ.

We summarize the result in the following:

Theorem 2.1 For n ≥ k ≥ 0, En(xkyn−k;B2) = 21−n and

Gk,n(x, y) =
1
2n

(Un(x)Un−k(y) + Un−2(x)Un−k−2(x)) .

is a least polynomial for xkyn−k on B2.

The elementary trigonometric identity shows that Gk,n given in the
theorem satisfies the equation (2.4). The most difficult part of the proof
comes down to show that

|Gk,n(x, y)| ≤ 21−n, (x, y) ∈ B2.

In contrast to the case of one variable, polynomials of best approxi-
mation in several variables are not unique in general. For the monomial
xkyn−k the uniqueness holds only if k = 0 or k = n, or n = 1 ([8, Theo-
rem 2.2]). Furthermore, it is known that the difference between two least
polynomials are necessarily of the form (1− x2 − y2)q(x, y) with q ∈ Π2

n−3.
Using the generating functions, another construction of the least polyno-

mial for xkyn−k was given in [17]. Define a family of polynomials Rα ∈ Πd
n,

α ∈ Nd
0, by

‖t‖nTn

(
〈t, x〉
‖t‖

)
=

∑
|α|=n

Rα(x)tα, t, x ∈ Rd,

where 〈t, x〉 is the usual inner product in Rd. Then Rα(x) = 2|α|−1
(|α|

α

)
xα

+ pα, pα ∈ Πd
n−1. For d = 2 we write α = (k, n− k). It turns out that

1
2n−1

(
n

k

)
Rk,n−k(x, y) = xkyn−k + pk(x, y), pk ∈ Π2

n−1,
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is a least polynomial on B2. This family is essentially different from that
of Gk,n in Theorem 2.1.

One can also generate further family of least polynomials from the ex-
isting ones. It is observed in [4] that if pk,n is a least polynomial for xkyn−k

then the polynomial

1
2(m−1)n

pk,n (Tm(x), yUm−1(x)) ∈ Π2
mn

is a least polynomial for xmn−n+kyn−k, which can be different from either
Gk,n or the multiple of Rk,n−k given above.

Another direction is to generate least polynomials for other homoge-
neous polynomials from the ones for monomials. As an example, one result
[8, Theorem 3.2] states that if pk,n−k is the least polynomial for xkyn−k on
B2 and k is even, then

qk,n(x, y) = (−1)k/2pk,n

(
(1− x2 − y2)1/2, y

)
is a least polynomial for (x2 + y2)kyn−k on B2. Finally let us mention that
the extremal polynomial for xkyn−k on B2 is also the Kergin interpolant of
xkyn−k ([5, 10, 13]).

The standard triangle T 2. Just as in the case of B2, it is easy to get a
lower bound for the value of En(xkyn−k;T 2). We use the fact that

inf
p∈Πn−1

‖xn − p‖C([0,1]) =
1

22n−1
‖Tn(2x− 1)‖C([0,1]) =

1
22n−1

instead of best approximation by trigonometric polynomials. We have

En(xkyn−k;T 2) = inf
p∈Π2

n−1

‖xkyn−k − p‖C(T 2) (2.5)

≥ inf
p∈Πn−1

‖xk(1− x)n−k − p(x, 1− x)‖C([0,1])

= inf
p∈Πn−1

‖xn − p‖C([0,1]) =
1

22n−1
.

In order to show that the equality holds, we need to find one least poly-
nomial Tk,n for xkyn−k. Since the least polynomial for xn on [0, 1] is given
by 21−2nTn(2x− 1), the polynomial Tk,n should agree with the Chebyshev
polynomial Tn(2x − 1) on {(x, 1 − x) : 0 ≤ x ≤ 1} which is part of the
boundary of T 2. Such a polynomial was found in [16]. We summarize the
result as the following:
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Theorem 2.2 For m ≥ k ≥ 0, define

Tk,m(x, y) =



Tk−m(2y − 1)Tm(8xy − 1)
+8xy(2y − 1)Uk−m−1(2x− 1)Um−1(8xy − 1), if k > m

Tk(8xy − 1), if k = m

Tm−k(2x− 1)Tk(8xy − 1)
+8xy(2x− 1)Um−k−1(2y − 1)Uk−1(8xy − 1), if k < m.

Then 21−2nTk,n−k is a polynomial of least deviation from zero for xkyn−k

on T 2 and En(xkyn−k;T 2) = 21−2n.

The difficult part is to recognize that Tk,n−k as given above is the correct
function. Once the formula is identified, the only difficult part of the proof
is to show that |Tk,m(x, y)| ≤ 1 on T 2.

It was pointed out in [4] that there is a close relation between best
approximation on T 2 and that on B2. In fact, if p(x, y) is a least polyno-
mial for xkyn−k on the triangle T 2 then p(x2, y2) is a least polynomial for
x2ky2n−2k on B2 and the relation holds conversely. A more precise state-
ment will be given in the following section. This implies, in particular,
that we can deduce the least polynomials for xkyn−k on T 2 from those for
x2ky2n−2k on B2. The exact relation between the polynomials Tk,n−k and
the polynomials Gk,n is established in [4].

3 Extremal signature and invariant polynomials

In this section we discuss some of the tools that can be used to study the
best approximation by polynomials.

3.1 Extremal signature

What is hidden in the elementary way of getting to En(f ;B2) is the charac-
terization of the extremal polynomials in terms of the extremal signature,
which is the natural extension of the Chebyshev alternating theorem in one
variable. In this section we review the extremal signatures.

The original study in [18] is in the general setting of approximation
from a finite dimensional subspace of C(Ω) on a compact Hausdorff space
Ω. We will state the version only in the case that we are interested in.
Let Ω be an infinite compact set in Rd. For our purpose it is either Sd−1,
Bd or T d. A signature σ on the set Ω is a function with finite support
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{x1, . . . , xN} where xi ∈ Ω, such that σ(xi) = ±1 for 1 ≤ i ≤ N and
σ(x) = 0 if x ∈ Ω \ {x1, . . . , xN}. A signature σ is extremal with respect to
Πd

n if there exists a subset S in the support of σ and positive numbers λv,
v ∈ S, such that ∑

v∈S
λvσ(v)p(v) = 0, for all p in Πd

n.

Let r > 0 be a fixed number. For each p ∈ Πd
n−1, we denote by Sr(p; f) the

set
Sr(p; f) = {x ∈ Ω : |f(x)− p(x)| = r}.

In the case of r = ‖f−p‖C(Ω), Sr(p; f) is the set of extremal points of f−p
and we denote it by S(p; f). The characterization of the best approximation
of f from Πd

n is given by the following theorem.

Theorem 3.1 1. A polynomial p∗ in Πd
n satisfies ‖f −p∗‖C(Ω) = En(f ; Ω)

if and only if there exists an extremal signature σ with support in S(p∗; f)
such that σ(v) = sign(f − p∗)(v) for all v ∈ S(p∗; f).

2. Suppose there exist a polynomial p∗ ∈ Πd
n and an extremal signature

σ supported on Sr(p∗; f). Then En(f ; Ω) ≥ r.

The theorem states that if p is a polynomial of best approximation on
Ω then it is so on a finite subset of Ω. For the proof of this theorem,
see [18]. The part two of the statement is useful for computing a lower
bound for En(f ; Ω), especially since we often do not know the polynomial
of best approximation. For various examples of extremal signatures, see
[8, 15, 18, 21, 22].

In the case of best approximation to xkyn−k on the disk B2, one ex-
tremal signature agrees with that of extremal signature on the circle S1.
This signature is described as follows:

Let θ1 < θ2 < . . . < θ2n be the 2n extremal points of the trigonometric
polynomial t∗k,n defined in (2.1). Let S = {(cos θj , sin θj) : 1 ≤ j ≤ 2n} and
define the signature σ by σ(cos θj , sin θj) = (−1)j ; then σ is an extremal
signature for xkyn−k on B2.

The proof follows from simple trigonometric identities, such as

1
n

n−1∑
k=0

e2ijkπ/n = δ0,j and
1
n

n−1∑
k=0

eij(2k+1)π/n = δ0,j , 0 ≤ j ≤ n− 1,

where δ0,j = 1 if j = 0 and δ0,j = 0 otherwise. Furthermore we notice that
the extremal signature is connected to the quadrature formulas. In fact, in
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the case that θ1, . . . , θ2n are zeros of sinnθ, θk = 2kπ/n, it follows from the
above two sums that the following quadratures hold,

1
2π

∫ 2π

0
f(x)dx =

1
n

n−1∑
k=0

f

(
2kπ

n

)
:= L1f, f ∈ Tn−1,

1
2π

∫ 2π

0
f(x)dx =

1
n

n−1∑
k=0

f

(
(2k + 1)π

n

)
:= L2f, f ∈ Tn−1.

Thus, σ is an extremal signature since the sum Lf := L1f − L2f satisfies
Lf = 0 for f ∈ Π2

n−1. The case that θk are zeros of cos nθ works similarly.

3.2 Invariant polynomials

For d ≥ 3 one can often use the symmetry of the functions and the set Ω
to gain some knowledge of the least polynomials. In essence, one can state
that if Ω is invariant under a finite group G and f is also invariant under
the same group, then the polynomial of best approximation has to be a
polynomial invariant under G. This ideal is not new (see, for example, [7])
and the idea of making using of symmetry has been widely used in dealing
with the cubature formulas (see for example, [11, 14, 20]). In [1] it is used
to obtain least polynomials on the unit sphere and on the unit ball. We
shall state the result for the general domain.

Let Ω be a region in Rd that is invariant under a finite group G; that
is, Ωg := {xg : g ∈ G, x ∈ Ω} coincides with Ω. For a function f defined on
Ω we defined the action of g ∈ G on f by R(g)f(x) = f(xg). A function f
on Ω is said to be invariant under G if R(g)f = f for all g ∈ G. Let GΠd

n

denote the space of polynomials in Πd
n that are invariant under G.

The domains Sd−1 and Bd are rotation invariant, we can take G as any
finite subgroup of the rotation group O(d). For the simplex the largest
group under which T d is invariant is the symmetric group S(T d) that con-
tains all permutations of the vertices of the simplex T d. If f is invariant
under S(T d) then it is a symmetric function of x1, . . . , xd, 1−x1− . . .−xd.
The symmetric group Sd of d coordinates is a subgroup of S(T d).

Since the proof is essentially the same we shall state the result for the
Lp norm for 1 ≤ p ≤ ∞. For 1 ≤ p < ∞ let ‖f‖Lp(Ω) denote the Lp norm
of f on Ω with respect to an absolutely continuous finite Borel measure
dµ = µ′dx

‖f‖Lp(Ω) =
(∫

Ω
|f(x)|pdµ(x)

)1/p
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and we assume that the measure µ is invariant under G. We take the
convention that the norm for p = ∞ is the C(Ω) norm.

Theorem 3.2 Let Ω be a region in Rd invariant under a finite group G.
If f is invariant under G, then

inf
p∈Πd

n−1

‖f(x)− p(x)‖Lp(Ω) = inf
p∈GΠd

n−1

‖f(x)− p(x)‖Lp(Ω).

Proof. Since GΠd
n−1 ⊂ Πd

n−1, we evidently have

inf
p∈Πd

n−1

‖f(x)− p(x)‖Lp(Ω) ≤ inf
p∈GΠd

n−1

‖f(x)− p(x)‖Lp(Ω).

For a given function F we denote by FG the symmetric function

FG(x) =
1
|G|

∑
g∈G

R(g)F (x)

where |G| denote the number of elements in G. Clearly if F is invariant
under G, then FG = F . Using the triangle inequality and the fact that f
is invariant under G we have

‖f − p‖Lp(Ω) =
1
|G|

∑
g∈G

‖R(g)f −R(g)p‖Lp(Ω)

≥ ‖fG − pG‖Lp(Ω) = ‖f − pG‖Lp(Ω).

Taking infimum over p completes the proof.

In [1] this theorem is used for the sphere Sd−1 and the ball Bd with G
being a finite subgroup of the rotation group O(d) to obtain the polynomial
of best approximation for a number of special polynomials. For example,
it is proved there that

inf
p∈Πd

d−1

‖x1 · · ·xd − p‖Lp(Sd−1) = ‖x1 · · ·xd‖Lp(Sd−1), (3.1)

where G is the symmetric group Sd, and

inf
p∈Πd

3

‖x4
1 + · · ·+ x4

d − p‖Lp(Sd−1) = inf
c∈R

‖x4
1 + · · ·+ x4

d − c‖Lp(Sd−1), (3.2)

where G is the hyperoctahedral group Bd, which is the group of symmetry
of the unit cube {±1, . . . ,±1} in Rd and it contains permutations of coor-
dinates and the sign changes (the semi-product of the symmetric group Sd
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and the abelian group Zd
2). There are also several other least polynomials

in [1], obtained by taking the above or the other finite subgroups of O(d).
Since Zd

2 is a subgroup of O(d) which contains all possible sign changes
of the coordinates, one consequence of the theorem states that if f is even
in each of its variables, so is a polynomial p of best approximation to f .
Let R+ := {x ∈ Rd : x1 ≥ 0, . . . , xd ≥ 0} and let φ denote the mapping

φ : Rd 7→ Rd
+ : x 7→ φ(x) = (x2

1, . . . , x
2
d).

We note that φ is one-to-one from T d to Bd
+ = Bd ∩ Rd

+. It also induces a
one-to-one mapping from Πd

n to GΠd
2n with G = Zd

2, since every polynomial
p ∈ GΠd

2n can be written uniquely as pe◦φ for some pe ∈ Πd
n and, conversely,

q◦φ ∈ GΠd
2n for every q ∈ Πd

n. For each f that is even in each of its variables,
we also write f = fe ◦ φ.

Let us write in the following Lp(Ω, dµ) to emphasis the dependence on
the measure dµ. For an invariant measure dµ = µ′dx defined on Bd we
define another measure dν by

dν(x) = µ′e(x)/
√

x1 · · ·xddx, x ∈ T d.

The factor 1/
√

x1 · · ·xd is the Jacobian of changing variables y 7→ x = φ(y).

Theorem 3.3 Let f ∈ Lp(Bd, dµ) be invariant under Zd
2. If p∗(x) is an

extremal polynomial for f in Lp(Bd, dµ), then p∗e(x) is an extremal poly-
nomial for fe in Lp(T d, dν). On the other hand, if g ∈ Lp(T d, dν) and q∗

is an extremal polynomial for f in Lp(T d, dν), then q∗ ◦ φ is an extremal
polynomial for f ◦ φ in Lp(Bd, dµ).

Proof. If f ∈ C(Bd) is invariant under Zd
2 then Theorem 3.2 implies that

a polynomial p∗ of best approximation to f on Bd is even in each of its
variables. Hence, it can be written as p∗e ◦φ. Using the elementary formula∫

Bd

f(x2
1, . . . , x

2
d)dµ(x) =

∫
T d

f(x1, . . . , xd)dν(x) (3.3)

it follows that p∗e is the polynomial of best approximation to f on T d. On
the other hand, if q∗ is an extremal polynomial for g on T d, then q∗ ◦ φ is
a polynomial in GPd

2n for G = Zd
2. Using (3.3) and then Theorem 3.2, we

see that q∗ ◦ φ is an extremal polynomial for f ◦ φ on Bd.

For d = 2 this theorem is proved in [4]. The idea of using the corre-
spondence between polynomials on these domains has been used in dealing
with orthogonal polynomials and cubature formulas on Bd and T d ([24])
and it has also been used in [26] to relate the direct and the inverse type
theorems for the best approximation on T d and on Bd.
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4 Best approximation in more than two variables

Comparing to two variables, there is little known in several variables. We
discuss what is known and what is involved.

4.1 Some basic results

It is easy to see that the following proposition holds (see, for example, [2]).

Proposition 4.1 If F (x1, . . . , xd) = f(x1, . . . , xm, 0, . . . , 0) for some m <
d, then En(F ; Ωd) = En(f ; Ωm) for Ωd being the unit ball Bd, the simplex
T d or the sphere Sd−1.

Proof. Since Bm is a subset of Bd, it follows readily that

‖F − p‖C(Bd) ≥ ‖f − p(x1, . . . , xm, 0, . . . , 0)‖C(Bd) ≥ En(f ;Bm)

for any p ∈ Πd
n. Hence, En(F ;Bd) ≥ En(f ;Bm). On the other hand, if

p∗ ∈ Πm
n is an extremal polynomial for f on Bm, then P ∗(x1, . . . , xd) =

p∗(x1, . . . , xm) is a polynomial in Πd
n and En(F ;Bd) ≤ ‖F − P ∗‖C(Bd) =

‖f − p∗‖C(Bd) = En(f ;Bm). The proof for T d and Sd−1 is similar.

In particular, using the result in the previous section, this shows that
if α = (α1, α2, 0, . . . , 0) then

En(xα;Bd) = En(xα;Sd−1) = 21−n, n = α1 + α2 (4.1)

and
En(xα;T d) = 21−2n, n = α1 + α2. (4.2)

Note that both these quantities do not depend on the dimension.
The first nontrivial example appears early in [19], which states that

inf
p∈Πd

n−1

‖x1 . . . xd − p‖C(Sd−1) = ‖x1 . . . xd‖C(Sd−1) = d−d/2.

Only in the fairly recent work [1], polynomials of best approximation to
other monomials on Bd and on Sd−1 are found using the invariance of
Theorem 3.2. It particular it is shown there that

inf
p∈Πd

n−1

‖x1 . . . xd − p‖C(Bd) = inf
p∈Πd

n−1

‖x1 . . . xd − p‖C(Sd−1) = d−d/2. (4.3)
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Apart from (3.1) and (3.2) there are several other polynomials whose ex-
tremal polynomials are found, including (x4

1 + . . . x4
d) among others. How-

ever, the only monomial in the list is x1 · · ·xd.
In [2] the best approximation is found for another monomial x2

1x2 . . . xd

on the ball and on the sphere,

Ed+1(x2
1x2 · · ·xd, B

d) = Ed+1(x2
1x2 · · ·xd, S

d−1) (4.4)

= ‖(x2
1 − ad)x2 · · ·xd‖C(Sd−1) =

ad

(d− 1)
d−1
2

where a = ad is the solution of the equation

2
d + 1

(
d− 1
d + 1

) d−1
2

(1− a)
d+1
2 = a.

In particular, a2 = 1/4, a3 = 3−
√

8, a4 = (38 + 5× 101/3 − 105/3)/18.
Recently in [25], we found a family of symmetric polynomials as ex-

tremal polynomials for x2
1 · · ·x2

d in Bd and in Sd−1. This work depends
heavily on the theorems in the previous section. It starts with several
reductions. First, by Theorem 3.3, we only need to consider the best ap-
proximation to x1 · · ·xd on the simplex T d. Second, by Theorem 3.2, an
extremal polynomial can be chosen to be symmetric on T d.

As we mentioned before that there are two steps in dealing with the
problem of least polynomials; one is to find a lower bound for the quantity
En(x1 · · ·x3;T 3) and the other is to identify an extremal polynomial that
will attain the lower bound. In the case of two variables, we found the
lower bound in (2.5) by taking the maximal on a subset that is part of
the boundary of T 2. This way we reduce the problem to a problem in one
variable that is already solved. We can attempt to apply the same method
here and take the maximal on the face

T d
0 = {(x1, . . . , xd) ∈ T d : x1 + . . . + xd = 1}

of T d. Evidently x ∈ T d
0 is the same as (x1, . . . , xd−1) ∈ T d−1. Let us define

X := (x1, . . . , xd−1, 1− x1 − . . .− xd−1). For α ∈ Nd
0 define

Xα = xα1
1 · · ·xαd−1

d−1 (1− x1 − · · · − xd−1)αd , x ∈ T d.

Then the restriction leads to

En(xα;T d) = inf
p∈Πd

n

‖xα − p‖C(T d) (4.5)

≥ inf
p∈Πd−1

n

‖Xα − p‖C(T d−1) = En(Xα;T d−1).
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However, this does not reduce the problem to a lower dimension problem of
least polynomial for the monomials, unless αd (or one of the other compo-
nent of α) is zero. If none of the components of α is zero, then Xα vanishes
on the entire boundary of T d. We cannot further reduce the problem by
restricting to the boundary of the simplex.

In the simple case of x1x2 · · ·xd we discuss what to do in the following
two subsections. We consider the case d = 3 first to illustrate the idea.

4.2 Extremal polynomial for x1x2x3 on T 3

In the case of x1x2x3 on T 3 the right hand side of the equation (4.5) is a two
dimensional problem on T 2. Recall that in the previous section we deduced
the lower bound of En(xkyn−k;T 2) by further restricting the maximal on
the boundary of T 2 so that it becomes a problem in one variable. For the
function X1(x) := x1x2(1−x1−x2), however, such a method will not work
as the function is zero on the entire boundary of the triangle T 2.

Since X1 is invariant under the symmetric group S(T 2), Theorem 3.1
shows that the optimal polynomial has to be a symmetric polynomial in
x1, x2, 1 − x1 − x2. Such a polynomial, called U3(x1, x2), is discovered in
[25]. It agrees with the Chebyshev polynomial T2(2x − 1) of degree 2 on
the boundary of the triangle T 2; that is

U3(x, 0) = U3(0, x) = U3(x, 1− x) = T2(2x− 1).

Proposition 4.2 Let X1(x) = x1x2(1− x1 − x2). Define the polynomial

U3(x1, x2) = 72x1x2(1− x1 − x2)− 3 + 4(x2
1 + x2

2 + (1− x1 − x2)2).

Then

E2(X1, T
2) = inf

p∈T 2
2

‖X1 − p‖C(T 2) = 72−1‖U3‖C(T 2) = 72−1.

Proof. Once the polynomial is identified, we can find the extremal signa-

ture. Indeed, define

S+ = {x : |U3(x1, x2)| = 1} =
{

(0, 0), (1, 0), (0, 1),
(

1
3
,
1
3

)}
S− = {x : |U3(x1, x2)| = −1} =

{(
1
2
, 0

)
,

(
0,

1
2

)
,

(
1
2
,
1
2

)}
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and let σ(v) = 1 on S+ and σ(v) = −1 on S−. Then σ is an extremal
signature since the sum Lf = L1f − L2f defined by

L1f =
3
4
f

(
1
3
,
1
3

)
+

1
12

(f(0, 0) + f(1, 0) + f(0, 1))

and

L2f =
1
3

(
f

(
1
2
, 0

)
+ f

(
0,

1
2

)
+ f

(
1
2
,
1
2

))
satisfies Lf = 0 for f ∈ Π2

2. Consequently, since |U3(x1, x2)| = 72−1 on
T 2, it follows from the part 2 of Theorem 3.1 that E2(X1, T

2) ≥ 72−1. To
complete the proof we only need to show that ‖U2‖C(T 2) = 1, which is an
easy exercise.

According to the above proposition and Theorem 3.3, to find the ex-
tremal polynomial for x1x2x3 on T 3 amounts to find a symmetric polyno-
mial R3(x1, x2, x3) such that R3 agrees with U(x1, x2) on the face T 3

0 of
T3. Although this requirement does not determine R3 uniquely, it helps to
guide our search. The outcome is given below.

Theorem 4.3 Define the polynomial R3(x) by

R3(x) =72x1x2x3 − 4(x1 + x2 + x3) + 4(x1 + x2 + x3)2

− 8(x1x2 + x2x3 + x1x3) + 1.

Then 72−1R3(x) is the least polynomial for x1x2x3 on T 3 and

E2(x1x2x3;T 3) = E2(x1x2(1− x1 − x2);T 2) = 72−1‖R3‖C(T 3) = 72−1

Furthermore, 72−1R3(x2
1, x

2
2, x

2
3) is a least polynomial for x2

1x
2
2x

2
3 on B3 and

S2, and

E5(x2
1x

2
2x

2
3;B

3) = E5(x2
1x

2
2x

2
3;S

2) = 72−1
∥∥R3(x2

1, x
2
2, x

2
3)

∥∥
C(B3)

= 72−1.

By Theorem 3.3 all we need to prove is that R3(x1, x2, x3) is bounded
in T 3. The polynomial R3 is bounded on the boundary of T 3, since
R3(x, y, 0) = R3(x, 0, y) = R3(0, x, y) = (1 − 2x)2 + (1 − 2y)2 − 1 and
R3(x, y, 1 − x − y) = U3(x, y). Furthermore, solving critical points shows
that R3 attains its maximum and minimum on the boundary.
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4.3 Extremal polynomial for x1 · · ·xd on T d

We now consider the case d > 3. By Theorem 3.2 an extremal polynomial
can be taken as a symmetric polynomial in x1, . . . , xd. It is well known
that every symmetric polynomial can be written in terms of elementary
symmetric polynomials e1, e2, . . ..

Let N ∈ N. The elementary symmetric polynomials of degree k in
variables x1, x2, . . . , xN are defined by

ek(x) =
∑

1≤i1<...<ik≤N

xi1xi2 · · ·xik , 1 ≤ k ≤ N.

We assume that N is sufficiently large and do not write the dependence of ek

on the number of variables. Using the elementary symmetric polynomials,
R3 in Theorem 4.3 takes the form

R3(x) = 72e3(x)− 4e1(x) + 4e2
1(x)− 8e2(x) + 1, x ∈ R3.

In the following we will denote the right hand side by S3(x) for x ∈ Rd.
Notice that for d > 3 such a function will be entirely different from R3. We
will use the notation 1k = (1, 1, . . . , 1) ∈ Rk.

Definition 4.4 For x ∈ RN and N > d define S3(x) by

S3(x) = 72e3(x)− 4e1(x) + 4e2
1(x)− 8e2(x) + 1

and Sk(x) for k > 3 by the recursive formula

Sk(x) = rkek(x)− Sk−1(x),

where the constant rk is determined recursively by S(k−11k) = 1. Further-
more we denote Sd(x) by Rd(x) if x ∈ Rd.

In the above definition the functions Sk are defined for any number
of variables. However, the number rk is determined using the formula for
Sk(x) for x ∈ Rk. Notice that we cannot define Rd without extending the
definition of Rd−1 formally to d variables, which is why we introduce Sk

for any number of variables. As an example, we give the explicit formula
of R4:

R4(x) = 896x1x2x3x4 − 72(x1x2x3 + x1x2x4 + x1x3x4 + x2x3x4)
+ 8(x1x2 + x1x3 + x1x4 + x2x3 + x2x4 + x3x4)

− 4(x1 + x2 + x3 + x4)2 + 4(x1 + x2 + x3 + x4)− 1.
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The definition also shows that

Rd(x) =
d∑

k=2

(−1)d−krkek(x) + (−1)d−3(4e2
1(x)− 4e1(x) + 1)

where r2 := 8. For d ≥ 3, the numbers rd can be deduced from the following
explicit formula ([25])

rd = d

d∑
k=4

kd−3

(
d

k

) (
(−1)k(9k2 − 32k + 24) + k2

)
.

The first few values of rd and their prime factorization are list below:

r3 = 72 = 23 · 32,

r4 = 896 = 27 · 7,

r5 = 14400 = 26 · 32 · 52,

r6 = 283392 = 28 · 33 · 41,

r7 = 6598144 = 29 · 72 · 263,

r8 = 177373184 = 215 · 5413.

It turns out that Rd play the role of R3 as an extremal polynomial on
T d.

Theorem 4.5 Let X1(x) = x1 · · ·xd−1(1−x1−· · ·−xd−1). For d = 3, 4, 5,

Ed−1(x1 · · ·xd;T d) = Ed−1(X1, T
d−1) = r−1

d ‖Rd‖T d−1 = r−1
d ,

and, furthermore,

E2d−1(x2
1 · · ·x2

d;B
d) = E2d−1(x2

1 · · ·x2
d;S

d−1) = r−1
d ‖Rd‖T d−1 = r−1

d .

In fact we made the conjecture in [25] that the theorem holds for all
d ≥ 3. Recall that we normally have two steps, one is to find a sharp lower
bound for En(f ; Ω) and the other is to find an extremal polynomial that
attains the lower bound. In our case we have the lower bound:

Theorem 4.6 For all d > 3

Ed−1(x1 · · ·xd;T d) = Ed−1(X1, T
d−1) ≥ r−1

d , (4.6)

and, furthermore,

E2d−1(x2
1 · · ·x2

d;B
d) = E2d−1(x2

1 · · ·x2
d;S

d−1) ≥ r−1
d . (4.7)
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The proof of this step uses the extremal signature and Theorem 3.1.
The definition of Rd shows that

Rd(x1, . . . , xd−1, 0) = −Rd−1(x1, . . . , xd−1). (4.8)

This equation allows us to identify many points on which |Rd(x)| = 1. Such
points are invariant under the symmetric group Sd of the coordinates. It
turns out that these points are enough for the extremal signature.

By the part 2 of Theorem 3.1, the existence of the extremal signature
proves Theorem 4.6. The next step is to find an extremal polynomial that
attains the lower bound in (4.6). Clearly, a candidate for such a polynomial
is r−1

d Rd. What we need is a proof that shows the candidate actually works.
Such a proof comes down to showing that |Rd(x)| ≤ 1 on T d. This is proved
in [25] for d = 3, 4, 5 by computing the critical points of Rd (with the help
of a computer algebra system).

It turns out that for d = 3, 4, 5, |Rd(x)| is attained exactly in the set
S+ and S− defined above; in particular, |Rd(x)| attains its maximum on
the face T d

0 = {x ∈ T d : x1 + . . .+xd = 1}. By the definition of Rd(x), it is
easy to see that ∆Rd(x) = (−1)d−18d where ∆ denote the usual Laplacian
operator. This shows that (−1)d−1Rd(x) is a subharmonic function, which
implies that

(−1)d−1Rd(x) ≤ max
x∈∂T d

(−1)d−1Rd(x)

by the maximal principle (cf. [9]). However, this is only half of what
we need. Because of the definition of Rd, induction argument might play
a role in a potential proof. If the maximal of |Rd(x)| were attained in
the boundary, then the equation (4.8) shows that the maximal of Rd are
attained on the face T d

0 of the boundary of T d. Let

Ud(x) = Rd(x1, . . . , xd−1, 1− x1 − . . .− xd−1), x ∈ Rd−1.

We then need to prove that |Ud(x)| ≤ 1 on T d−1. The computation in
the case of d = 3, 4, 5 points out that the |Ud(x)| attains its maximal on
the boundary of T d−1. If this were true, then by (4.8), the inequality
|Ud(x)| ≤ 1 would follow from the induction since Ud(x1, . . . , xd−2, 0) =
Ud−1(x1, . . . , xd−1) and

Ud(x1, . . . , xd−2, 1− x1 − . . .− xd−2) = Ud−1(x1, . . . , xd−2).

The above discussion justifies the following conjecture.

Conjecture 4.7 For d ≥ 6, |Rd(x)| attains its maximum on the boundary
of T d and |Ud(x)| attains its maximal on the boundary of T d−1.
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If the conjecture were proved, then the equality would hold in (4.6) with
Rd as one least polynomial and equality would hold in (4.7) with Rd ◦ φ as
one least polynomial.

4.4 Extremal polynomial for x2
1x

2
2x

2
3 on T 3

The construction in the previous section suggests that a least polynomial
for (x1x2x3)n should agree with the Chebyshev polynomial Tn−1(2x − 1)
on the boundary of T 3. The following result gives the case of n = 2.

Proposition 4.8 Let X1(x) = x1x2(1− x1 − x2). Define the polynomial

U5(x1, x2) =272bX2
1 (x1, x2)

+ 27b X1(x1, x2)
(
3a(x2

1 + x2
2 + (1− x1 − x2)2)− c

)
+ 2

[
−3 + 4(x2

1 + x2
2 + (1− x1 − x2)2)

]2 − 1

where a = 28.5926243..., b = 21.8935834... and c = 32/9 + a + b. Then

E5(X2, T
2) = inf

p∈Π2
5

‖X2 − p‖C(T 2) = 27−2b−1‖U5‖C(T 2) = 27−2b−1.

The polynomial U5 is symmetric in x1, x2, 1− x1 − x2 by Theorem 3.2.
The form of U5 is chosen so that it agrees with the Chebyshev polynomial
T4(2t− 1) = 1− 8(1− 2x)2 + 8(1− 2x)4 on the boundary of T 2; that is

U5(x, 0) = U5(0, x) = U5(x, 1− x) = T2(T2(2x− 1)) = T4(2x− 1).

The constant c is determined by fixing U5(1/3, 1/3) = 1. The values of a
and b are chosen so that |U5(x)| ≤ 1 inside T 2. This is proved by making
1 − U5(x, y) ≥ 0 and then solving U5(x, x) = −1 and U ′

5(x, x) = 0, which
yields three point in T 2, by symmetry, for which U5(x, y) = −1. It turns
out that these three points, together with the maximal and minimal points
on the boundary of T 2, are enough for an extremal signature.

From the best approximation to x2
1x

2
2(1−x1−x2)2 on T 2 we should get

best approximation to x2
1x

2
2x

2
3 on T 3. One only has to find a least polyno-

mial which satisfies V5(x) such that V5(x1, x2, 1−x1−x2) = U5(x1, x2) and
|V5(x, y)| ≤ 1 on T 3. This step is not trivial since an additional multiple of
(x1 + x2 + x3)k added to any term in V5(x) does not change the value of
the polynomial on the boundary of T 3. Once V5 is found, then V5 ◦ φ is an
least polynomial for x4

1x
4
2x

4
3 on B3 and S2 by Theorem 3.3. The result is

stated below.
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Theorem 4.9 Let a and b be as above. Define polynomial V5 by

V5 =272b e2
3 − 1 + 2e1 − 2e2

2 + 2
(
1− 4e1 + 4e2

1

)2

− 27e3

(
(32/9− 2a + b)e2

1 + 6ae2

)
, x ∈ R3.

Then 27−2b−1V5(x) is a least polynomial for x2
1x

2
2x

2
3 on T 3

E5(x2
1x

2
2x

2
3;T

3) = E5(x2
1x

2
2(1− x1 − x2)2;T 2)

= 27−2b−1‖V5‖C(T 3) = 27−2b−1.

Furthermore, 72−2b−1V5(x2
1, x

2
2, x

2
3) is a least polynomial for x4

1x
4
2x

4
3 on B3

and S2,

E5(x2
1x

2
2x

2
3;B

3) = E5(x2
1x

2
2x

2
3;S

2)

= 72−2b−1
∥∥V5(x2

1, x
2
2, x

2
3)

∥∥
C(S2)

= 27−2b−1.

What comes out as a surprise is that there does not seem to be a nice
formula for E5(X2, T

2) = 27−2b−1. This suggests that the best approxima-
tion to monomials in several variables is much more complicated than that
of two variables.

The above result suggests many questions that one may want to explore.
Some questions are if least polynomials for other monomials, say xk

1x
l
2x

j
3,

on T 3 also attains their maximum and minimum on the boundary of T 3,
and if a least polynomial p satisfies that p(x1, x2, 1−x1−x2) agrees with the
Chebyshev polynomials of appropriate degree on the boundary of T 2. One
can also ask the question that to what extend a polynomial is determined
by its values on the boundary of the triangle.

5 Extremal polynomials in L2 norm

In this section we report results on the best L2 approximation on the unit
sphere Sd−1, the unit ball Bd and the standard simplex T d. Here the L2

norm can be taken with respect to the measure dµ = W (x)dx for some
weight function W on the domain Ω. We shall denote the error of best
approximation to f by En(xα; Ω)L2(W ) to indicate the dependence on W .
We call the polynomial Rα a least polynomial for xα if Rα = xα − Qα,
Qα ∈ Πd

|α|−1, and

En(xα; Ω)L2(W ) = inf
p∈Πd

|α|−1

‖xα − p‖L2(Ω,W ) = ‖Rα‖L2(Ω,W ).
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According to the standard Hilbert space theory, the extremal polyno-
mial Rα is orthogonal to all polynomials of degree lower than |α| and it
is unique. Such a polynomial is called a monomial orthogonal polynomial
in [27] and their explicit expression and their L2 norms are computed ex-
plicitly. For earlier study of L2 norm of these polynomials, we refer to
[4] and the references therein. The results in [27] are derived for a family
of weight functions on these domains, which includes the classical weight
functions (see below). It should be pointed out that many of the monomial
orthogonal polynomials are already known in [3] for the classical weight
functions.

Throughout this section we use the standard multiindex notation. For
α, β ∈ Nm

0 we also write α! = α1! · · ·αm! and (α)β = (α1)β1 · · · (αm)βm ,
where (a)n = a(a + 1) . . . (a + n− 1) is the Pochhammer symbol. Further-
more, for α ∈ Nm and a, b ∈ R, we write aα + b = (aα1 + b, . . . , aαm + b).

5.1 Best L2 approximation on Sd−1

The weight function on Sd−1 is

Wκ(x) = cκ

d∏
i=1

|xi|2κi , κi ≥ 0,

where cκ is a normalization constant so that the integral of Wκ over Sd−1

is 1. In the following we write |κ| = κ1 + . . . + κd. Let bxc denote
the integer part of x. For a multiindex α ∈ Nd

0 we use bα/2c to denote
(bα1/2c, . . . , bαd/2c).

Let FB be the Lauricella hypergeometric series of type B, which gener-
alizes the hypergeometric function 2F1 to several variables (cf. [6]),

FB(α, β; c;x) =
∑

γ

(α)γ(β)γ

(c)|γ|γ!
xγ , α, β ∈ Nd

0, c ∈ R, max
1≤i≤d

|xi| < 1,

where the summation is taken over γ ∈ Nd
0. We will also need the general-

ized Gegenbauer polynomials C
(λ,µ)
n (t) defined by

C(λ,µ)
n (x) = cµ

∫ 1

−1
Cλ

n(xt)(1 + t)(1− t2)µ−1dt.

These polynomials are orthogonal with respect to the weight function

wλ,µ(t) = |t|2µ(1− t2)λ−1/2, −1 ≤ t ≤ 1,
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and they become Gegenbauer polynomials when µ = 0; that is, C
(λ,0)
n (t) =

Cλ
n(t). We denote by k

(λ,µ)
n the leading coefficient of C

(λ,µ)
n (x). The explicit

formula of the least polynomial Rα for xα is given as follows.

Theorem 5.1 Let ρ = |κ|+ (d− 2)/2, β = α− bα+1
2 c and n = |α|. Then

1. Rα(x) = xαFB

(
−β,−α + β − κ +

1
2
;−n− ρ + 1;

‖x‖2

x2
1

, . . . ,
‖x‖2

x2
d

)
.

2. The best approximation to xα is given by

inf
p∈Πd

n−1

∫
Sd−1

|xα − p(x)|2Wκ(x)dω =
∫

Sd−1

|Rα(x)|2Wκ(x)dω

=
2ρ

(
κ + 1

2

)
α

(ρ)|α|

∫ 1

0

d∏
i=1

C
( 1
2
,κi)

αi (t)

k
( 1
2
,κi)

αi

t|α|+2ρ−1dt.

In the case of κ1 = . . . = κd = 0, this is the classical case of L2 approx-
imation with respect to the Lebesgue measure on Sd−1. The polynomial
Rα is defined using a generating function. It also satisfies several other
properties, including a recurrence relation. The norm of Rα is written as
an integral of one variable. This integral, however, is difficult to evaluate.
It can be written as an multiple sum of hypergeometric type. For a detail
study and several special cases, see [27].

5.2 Best L2 approximation on Bd

The weight function on Bd is

WB
κ (x) = cB

κ

d∏
i=1

|xi|2κi(1− ‖x‖)κd+1−1/2, x ∈ Bd, κi ≥ 0,

where cB
κ is a normalization constant so that the integral of WB

κ over Bd

is 1. The explicit formula of the least polynomial RB
α for xα is given as

follows.

Theorem 5.2 Let ρ = |κ|+ (d− 1)/2. For α ∈ Nd
0 and x ∈ Rd,

1. RB
α (x) = xαFB

(
−β,−α + β − κ +

1
2
;−|α| − ρ + 1;

1
x2

1

, . . . ,
1
x2

d

)
.
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2. The best approximation to xα is given by

inf
p∈Πd

n−1

∫
Bd

|xα − p(x)|2WB
κ (x)dx =

∫
Bd

|RB
α (x)|2WB

κ (x)dx

=
2ρ

(
κ + 1

2

)
α

(ρ)|α|

∫ 1

0

d∏
i=1

C
( 1
2
,κi)

αi (t)

k
( 1
2
,κi)

αi

t|α|+2ρ−1dt.

This theorem more or less follows from a close relation between orthog-
onal polynomials on Bd and those on Sd (see [23, 27]). The polynomials
correspond to the special case W (x) = (1−‖x‖2)µ−1/2 are the classical or-
thogonal polynomials. Let us mention the special case of Lebesgue measure
on Bd. Let Pn(t) denote the Legendre polynomial of degree n. Then

min
Q∈Πd

n−1

1
volBd

∫
Bd

|xα −Q(x)|2dx =
d α!

2n(d/2)n

∫ 1

0

d∏
i=1

Pαi(t)t
n+d−1dt,

(5.1)
where volBd = πd/2/Γ(d/2 + 1) is the volume of Bd.

5.3 Best L2 approximation on T d

The weight function on T d is

W T
κ (x) = cT

κ

d∏
i=1

|xi|κi−1/2(1− |x|)κd+1−1/2, x ∈ T d, κi ≥ 0

where cT
κ is a normalization constant so that the integral of W T

κ over T d

is 1. We need another generalization of the hypergeometric series 2F1 to
several variables, the Lauricella function of type A, which is defined by (cf.
[6])

FA(c, α;β;x) =
∑

γ

(c)|γ|(α)γ

(β)γγ!
xγ , α, β ∈ Nd+1

0 , c ∈ R,

where the summation is taken over γ ∈ Nd+1
0 . For the simplex T d we work

with the homogeneous coordinates X = (x1, . . . , xd, 1− x1 − . . .− xd). For
α ∈ Nd+1

0 we can derive the polynomial of best approximation for Xα. The
explicit formula of the least polynomial RT

α for Xα is given as follows.

Theorem 5.3 Let ρ = |κ|+ (d− 1)/2. For α ∈ Nd
0 and x ∈ Rd,
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1. the least polynomial for Xα in the L2 norm is

RT
α(x) = XαFB

(
− α,−α− κ +

1
2
;−2|α| − ρ + 1;

1
x1

, . . . ,
1

xd+1

)
= (−1)n (κ + 1)α

(n + |κ|+ d)n
FA(|α|+ |κ|+ d,−α;κ + 1;X).

2. The best approximation to Xα is given by

inf
p∈Πd

n−1

∫
T d

|Xα − p(x)|2W T
κ (x)dx =

∫
T d

|RT
α(x)|2W T

κ (x)dx

=
ρ α!

(
κ + 1

2

)
α

(ρ)2|α|

∫ 1

0

d+1∏
i=1

P (0,κi−1/2)
αi

(2r − 1)r|α|+ρ−1dr.

This theorem essentially follows from the result on Bd, using either
Theorem 3.3 or the close relation between orthogonal polynomials on these
two domains. Putting αd+1 = 0 gives the best approximation to xα on T d.
It is interesting to note that the additional term (1−x1− . . .−xd)k causes
many problems for the uniform norm but none for the L2 norm. Let us
mention the special case of Lebesgue measure on T d. Again Pn(t) denotes
the Legendre polynomial of degree n. Then for α ∈ Nd

0 and n = |α|,

min
Q∈Πd

n−1

1
d!

∫
T d

|xα −Q(x)|2dx =
d α!2

(d)2n

∫ 1

0

d∏
i=1

Pαi(2r − 1)rn+d−1dr. (5.2)

The formulas of the L2 norm of the least polynomials in all three cases
look simple; for example, see the formulas (5.1) and (5.2). However, these
formulas are not easy to evaluate exactly. On the other hand, they seem to
provide a way to obtain sharp estimates for these quantities, which remains
to be done.
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