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Abstract. We show that the center of a flat graded deformation of a standard Koszul algebra A
behaves in many ways like the torus-equivariant cohomology ring of an algebraic variety with
finite fixed-point set. In particular, the center of A acts by characters on the deformed standard
modules, providing a “localization map.” We construct a universal graded deformation of A,
and show that the spectrum of its center is supported on a certain arrangement of hyperplanes
which is orthogonal to the arrangement coming from the algebra Koszul dual to A. This is an
algebraic version of a duality discovered by Goresky and MacPherson between the equivariant
cohomology rings of partial flag varieties and Springer fibers; we recover and generalize their
result by showing that the center of the universal deformation for the ring governing a block
of parabolic category O for gl,, is isomorphic to the equivariant cohomology of a Spaltenstein
variety. We also identify the center of the deformed version of the “category O” of a hyperplane
arrangement (defined by the authors in a previous paper) with the equivariant cohomology of a
hypertoric variety.

1 Introduction

In 1976, Bernstein, Gelfand, and Gelfand introduced the category O of representations of a semisim-
ple Lie algebra g = Lie(G) [BGGT6]. Over the course of the next decade, several new techniques

appeared in the algebraic and geometric study of this category. Two of the most important were

e the use of a deformed category @, which consists of families of representations over a formal

neighborhood of 0 in the weight space h* of g

e connections to the geometry of the flag variety G/B, especially through the localization

theorem of Beilinson and Bernstein [BB&IJ.

The first of these was used by Soergel [Soe90] to show that an integral block of category O is
equivalent to the module category of a certain finite dimensional algebra A. Furthermore, Soergel
showed that the center of A is isomorphic to the cohomology ring of H*(G/P), where P C G is a

parabolic subalgebra that depends on the block. This fact reflects a second connection to geometry:
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each block of category O not only has a geometric interpretation via the localization theorem, it
is also Koszul dual to the category of Schubert smooth perverse sheaves on G/P, which is proved
independently of the localization theorem in [BGS96]. In later work [Soe92], Soergel showed that
O can be described using the T-equivariant geometry of G/P, where T is a maximal torus of G.
In particular, he computed a deformation A of A whose module category is isomorphic to the
corresponding block of (5, and he showed that the center of A is isomorphic to a completion of the
equivariant cohomology ring H7.(G/P).

Our aim in this paper is to study how the first of these techniques, that of studying the repre-
sentation theory of a finite dimensional Koszul algebra by deforming it, can be applied in a general
algebraic context, without the benefit of the geometric or Lie theoretic interpretations of category
O. In Section {4| we use the work of Braverman and Gaitsgory [BG96] to show that any Koszul
algebra A has a universal flat graded deformation A, so that any other graded flat deformation is
obtained from A by a unique base change. In Sections |§| and we use techniques of Soergel and
Fiebig [S0e90, Soe92, [Fie03, [Fie06l [Fie08] to show that Soergel’s deformed algebra is in fact the
completion of the universal deformation.

For what follows, we will need to assume not just that our algebras are Koszul, but also stan-
dard Koszul (Definition , which roughly means that its module category is highest weight in
the sense of [CPS94]. The general study of standard Koszul algebras was initiated in [ADL03], and
the main examples are the algebras A introduced above, the generalizations obtained by replacing
O with its parabolic version, and the algebras which were defined in [BLPW10] using hyperplane
arrangements.

We focus our attention primarily on the center of the universal deformation A of a standard
Koszul algebra A. Recall that Soergel identified the center of his deformed algebra with the (com-
pleted) equivariant cohomology ring of a partial flag variety. We generalize this result by showing
that the center of A always “behaves like” a torus-equivariant cohomology ring. More precisely,
we introduce a structure called a localization algebra (Definition , which is an abstraction of
the data given by a torus-equivariant cohomology ring and the localization map to the fixed point
set, and we prove the following theorem (Corollary .

Theorem 1.1. The center Z(A) := Z(A) of the universal deformation canonically admits the

structure of a localization algebra.

For many of the examples of standard Koszul algebras mentioned above, the localization algebras
that we obtain are in fact isomorphic to equivariant cohomology rings. We have already addressed
the case where A is the algebra whose module category is a block of O. If g = gl,, and O is replaced
by its parabolic version, then Stroppel and Brundan [Str, BruO8b| show that the center of A is
isomorphic to the cohomology ring of a Spaltenstein varietyﬁ In this case, we show that the center

of A is isomorphic to the torus-equivariant cohomology ring of the same variety (Theorem ,

4 A Spaltenstein variety is a certain subvariety of G/ P, where once again the choice of P depends on the choice of
central character. If the central character is generic, then P will be a Borel subalgebra, and the Spaltenstein variety
will be a Springer fiber; this is the case proven in [Str]. See Section |§| for more details.



generalizing Soergel’s result in the non-parabolic case and Brundan’s result for the un-deformed
algebra. Finally, in the case where A is one of the algebras introduced in [BLPWI0], we show
that the center of A is isomorphic to the cohomology ring of a hypertoric variety (Theorem ,
generalizing the un-deformed, non-equivariant result of [BLPW10L 4.16].

Once we have established that the center of the universal deformation is a localization algebra
(Theorem, we study the relationship between the localization algebras associated to a dual pair
of standard Koszul algebras. This problem is motivated by an observation made by Goresky and
MacPherson in a paper that has, a priori, nothing to do with Koszul algebras [GMIO]H If Xisa
variety equipped with the action of a torus T" with isolated fixed points, then the localization map
in equivariant cohomology may be used to define a finite collection of vector subspaces of Hi (X),
each of which is isomorphic to the Lie algebra t of T. Goresky and MacPherson observed that the
arrangement associated to a partial flag variety for gl,, is dual to the one associated to a Springer
fiber, in the sense that the equivariant second homology groups are dual as vector spaces, and the
subspaces appearing on one side are the perpendicular spaces to the subspaces appearing on the
other side.

Our approach to the problem is to interpret and generalize the examples of [GM10] in a purely
algebraic context. First, we define what it means for two localization algebras to be dual, so that
the result of [GM10] may be formulated as the duality of a certain pair of localization algebras.
We next introduce one more technical hypothesis: we call an algebra A flexible if it is standard
Koszul and the natural map from the center of A to the center of A is surjective in degree 2. Our
main result (Theorem and Corollary is the following.

Theorem 1.2. If A is flexible, then so is the dual algebra A', and the localization algebras Z(A)

and Z(A") are canonically dual.

In light of Theorem and the fact that a regular block of parabolic category O for gl,, is Koszul
dual to a singular block of ordinary category O [BGS96], the examples found by Goresky and
MacPherson follow from Theorem In fact, a theorem of Backelin’s [Bac99] says that an integral
block of parabolic category O is dual to another such block, and so the Goresky-MacPherson

phenomenon generalizes to all gl,, Spaltenstein varieties.

Example 1.3. Consider the quiver

T T3
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and let A be the path algebra modulo the relations z1y; and y1x1 — zays. This is a noncommu-
tative graded algebra, and it is standard Koszul. The category of finitely generated A-modules is
equivalent to a singular integral block of category O for sl3. Then Soergel [Soe90] tells us that its
center Z(A) is isomorphic to the cohomology ring of P2. Indeed, Z(A) is generated by the degree

°In particular, it is unrelated to the appearance of Koszul duality in [GKM98], which is very different in flavor
from anything in this paper.



2 class oYz + Y219, whose cube is zero. The center Z(A) := Z(A) of the universal deformation of
A is isomorphic to the T?-equivariant cohomology ring of P?.

Now consider the Koszul dual ring A' of A, which is a quotient of the path algebra of the dual

quiver
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by the relations x%y] + yhah, hys, xha}, and ylys. The module category of A' is equivalent to a
regular block of parabolic category O for the parabolic subalgebra of sl3 preserving a line in C3
[Str03), 5.2.1]. The results of Stroppel or Brundan [Str, BruO8b] tell us that the center of A should
be isomorphic to the cohomology ring of a certain Springer fiber, namely the one consisting of two
projective lines that touch in a single point. Indeed, the center of A' is generated by the degree
2 classes yix} and yhah, with all products trivial. The center Z(A') := Z(A') of the universal
deformation of A' is isomorphic to the T'-equivariant cohomology ring of the same variety.

The equivariant cohomology rings associated to these two algebras constitute the simplest non-

trivial example of a dual pair from [GM10]. More details from the perspective of [GMI10] are given
in Examples and

Remark 1.4. The following is meant only to provide some additional geometric motivation for
our results. In both of the families of standard Koszul algebras considered in Sections the
localization algebras that arise are isomorphic to equivariant cohomology rings of certain algebraic
symplectic manifolds or orbifoldsﬁ We expect that the algebra itself will be isomorphic to the
Ext-algebra of a certain module over a quantization of the structure sheaf of the manifold. The
map from the cohomology ring to the center of our algebra will then be induced by the action of
the constant sheaf on this module. For the case studied in Section [§] this program is being carried
out in [BLPW]. In the case of an algebra whose module category is equivalent to an integral block
of ordinary category O, it is well-known: the manifold in question is 7*(G/P), and the module is
the microlocalization of the direct sum of all of the Schubert-smooth simple D-modules on G/P.
The authors plan to treat the case of parabolic category O in a forthcoming paper.

When two algebraic symplectic manifolds give rise to dual standard Koszul rings in this way, we
refer to them as a symplectic dual pair. So the main result of this paper could be interpreted as
saying that symplectic dual pairs have equivariant cohomology rings that are dual as localization
algebras. Beside the pairs of hypertoric varieties and pairs of resolved Slodowy slices that we
consider in this paper, other conjectural examples include Hilbert schemes on ALE spaces, which
we expect to be dual to certain moduli spaces of instantons on C2, and quiver varieties of simply
laced Dynkin type, which we expect to be dual to resolutions of slices to certain subvarieties of the
affine Grassmannian. We expect further examples to arise from physics as Higgs branches of the

moduli space of vacua for mirror dual 3-dimensional N = 4 superconformal field theories, or as

SHypertoric varieties are symplectic orbifolds, and Spaltenstein varieties are torus-equivariant deformation retracts
of resolved Slodowy slices, which are symplectic manifolds.



the Higgs and Coulomb branches of a single such theory. That hypertoric varieties occur in mirror

dual theories was observed by Kapustin and Strassler in [KS99].
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2 Localization algebras

In this section we introduce localization algebras and define a notion of duality between them.
Before giving the general definition of a localization algebra, we consider a motivating setup from
equivariant topology.

Let X be a complex algebraic variety and T be an algebraic torus acting on X with the fixed
point set X7 finite and non-empty. The equivariant cohomology rin HZ(X) is a graded algebra
over the polynomial ring Sym t* (the T-equivariant cohomology of a point), where the elements of

t* lie in degree 2. From these data, we obtain natural graded algebra homomorphisms
Sym t* < Sym HA(X) — Hp(X) — Hp(XT) =2 H*(XT) ® Sym t*, (1)

where the second map is given by multiplying classes of degree 2 together, and the third, often
called the localization map, is given by restriction to X*. (To simplify notation, we will write ®
in place of ®¢ throughout the paper.) If the ordinary cohomology of X vanishes in odd degrees (for
example if X is a smooth projective variety), then H7(X) is a free Sym t*-module, the localization
map is injective, and the cokernel of the localization map is a torsion Sym t*-module. With this

example in mind, we formulate the following general definitions.

Definition 2.1. A localization algebra is a quadruple Z = (U, Z,Z,h), where U is a finite-
dimensional complex vector space, Z is a finitely generated graded Sym U-algebra, 7 is a finite set,
and
h:Z— PSymU
a€l
is a homomorphism of Sym U-algebras. If the kernel and cokernel of h are torsion Sym U-modules,
then we call Z strong. If Z is free of rank |Z| as a Sym U-module, we call Z free. When there is

no chance for confusion, we may refer to Z itself as a localization algebra.

Example 2.2. By the preceding discussion, the equivariant cohomology ring H7}(X) carries a
natural structure of a localization algebra, with U = t* and Z = X7. It is both strong and free if
and only if H°4(X) = 0.

TAll cohomology groups in this paper will be taken with complex coefficients.



If H°44(X) = 0, it is often easier to think of the morphisms of (T in terms of the dual morphisms
of schemes:
t« HI(X) < Spec H:(X) « XT x t.

The composite map Spec H}.(X) — t is a flat family of schemes, with zero fiber equal to the fat
point Spec H*(X) and with general fiber isomorphic to Spec H*(X*) = X7 For each a € X7,
let H, be the image of {a} x t in HI(X), a linear subspace that projects isomorphically onto
t. The union of all of these subspaces is equal to the spectrum of the subring of H7(X) that is
generated by the degree two part H%(X ); equivalently, it is the image of the map from Spec H7.(X)
to HI'(X) [GMIO, 3.2]. This leads us naturally to the following definition, which can be found in
I[GM10, §8.1].

Definition 2.3. A fibered arrangement is a surjective map of finite-dimensional complex vector
spaces E — F' along with a finite set Z and a collection {H, | @ € Z} of linear subspaces of E
that project isomorphically onto F'. For example, a localization algebra (U, Z,Z, h) gives rise to a
fibered arrangement by taking £ = Z3, F' = U*, and H, equal to the image of the dual of the

degree 2 part of the @ component of the localization map h.

Example 2.4. Let X = P2, and let T C PGLy be the diagonal subgroup. Then T acts on X
with three isolated fixed points. The ring H}.(X) is isomorphic to C[b, by, b3]/(b1b2b3), where
bi € H2(X) is the equivariant Thom class of the i coordinate projective line in X. The subring
Sym t* is generated by the classes by — by and by — bg. The vector space HI (X) is 3-dimensional,
with coordinates by, b2, and bs. The kernel of the map to t is generated by the (1,1,1) vector, and

the three subspaces H, are the coordinate hyperplanes.

Example 2.5. Let X be a pair of projective lines touching at a single point, and let T" be a
one-dimensional torus. We consider the action of T on X such that T acts effectively on each
component, and the double point is an attracting fixed point for one component and a repelling
fixed point for the other. The ring H7}(X) is isomorphic to Cle1, ¢z, c3]/(c1¢2, c1c3, cac3), where ¢; is
a degree 2 generator whose restriction to the fixed point p; is d;; times a fixed generator of H%(pt).
The vector space HQT (X) is 3-dimensional, with coordinates cj, ca, and ¢3. The kernel of the map
to t is defined by the equation ¢; + co 4+ ¢3 = 0, and the three subspaces H, are the coordinate

lines.

Examples and motivate the notion of dual fibered arrangements and dual localization

algebras.

Definition 2.6. Consider a fibered arrangement with notation as in Definition Its dual is
given by E* — E*/F*, along with the linear subspaces H} C E*, indexed by the same finite set
Z. A duality between two localization algebras Z and ZV is an isomorphism between the fibered
arrangement associated to ZY and the dual of the fibered arrangement associated to Z. Thus it
consists of an identification of ZV with Z and a perfect pairing between Z; and (Z)* such that
each H, C Zj is the perpendicular space to HY C (Zy)*, and the kernels of the projections to U*

and (UY)* are also perpendicular to each other.



Example 2.7. The localization algebras in Examples and are dual via the perfect pairing
of vector spaces with respect to which b1, bo, bs and ¢y, co, c3 are dual coordinate systems, and the

bijection of fixed point sets that takes L; N L; to py for 4, j, k distinct.

3 Koszul, quasi-hereditary, and standard Koszul algebras

In this section we review the well-known definitions of quadratic, Koszul, and quasi-hereditary
algebras, along with the slightly less well-known notion of a standard Koszul algebra. Let Z be
a finite set of order n, and let R := C{ey | @ € I} be a ring spanned by pairwise orthogonal
idempotents. Let M be a finitely generated R-bimodule, and let W C M ® g M be a sub-bimodule.
Let
A= Tr(M) /(W)

be the associated quadratic algebra. For all o € Z, let

La ::A/A+@(C{eg\67éa}

be the simple right A-module indexed by «, and let P, := e, A be its projective cover.

Definition 3.1. A complex - -+ — M;y1 — M; — M;_1 — --- of graded right A-modules is called
linear if M; is generated in degree i. The algebra A is called Koszul if each simple module L,

admits a linear projective resolution.

Suppose that we are given a partial order < on Z, and consider the idempotents

Eo i= E e, and E'Oé = ¢gq + €q-
vEa

The right-standard module V, is defined to be the largest quotient of P, that is supported at
or below «, that is
V, = eaA/eaA caA.

Left-projective modules and left-standard modules are defined similarly.

Definition 3.2. Consider the natural surjections

The algebra A is called quasi-hereditary if the following two conditions hold for all o € Z:
e ker m, admits a filtration with each subquotient isomorphic to Lg for some 8 < «
e kerll, admits a filtration with each subquotient isomorphic to V, for some v > «.

Remark 3.3. This is equivalent to asking that the regular right A-module admits a filtration with

standard subquotients, and that the endomorphism algebra of each right-standard module V, is a



division algebra [ADLOB, §1]. It is also equivalent to requiring that the standard modules form an

exceptional sequence with respect to the partial order on Z [Bez03, Proposition 2].

Definition 3.4. The algebra A is called standard Koszul if it is finite-dimensional and quasi-
hereditary,[ﬂ each right-standard module V,, admits a linear projective resolution, and the analogous

condition holds for left-standard modules, as well.
Theorem 3.5. [ADLOS, Theorem 1] If A is standard Koszul, then it is Koszul.

The quadratic dual A' of A is defined as the quotient
A= TrM* (W),

where M* = Homc (M, C), with the natural R-bimodule structure for which e, M*eg = (egMeg)*.
It is a well-known fact that A' is Koszul if and only if A is. The analogous fact holds for standard

Koszulity, as well.

Theorem 3.6. [ADLO03, Theorem 3] If A is standard Koszul, then A' is standard Koszul with

respect to the opposite partial order on T.

Remark 3.7. In fact, it is shown in [ADLO3, Theorem 3| that any finite-dimensional, quasi-
hereditary, Koszul algebra is standard Koszul if and only if its dual is quasi-hereditary. Thus
standard Koszul algebras form the largest class of simultaneously Koszul and quasi-hereditary

finite-dimensional algebras that is closed under the operation of quadratic duality.

We conclude with two technical lemmas that we will need in Section [6] The first says that if we
express a standard Koszul algebra A as a quadratic quotient of the path algebra of a quiver with
vertex set Z, that quiver has no loops, and it only has arrows between nodes that are comparable
in our partial order. The second says that any path of length 2 that starts and ends at « may be

uniquely expressed as a sum of paths that avoid all nodes that lie below «.

Lemma 3.8. If A is standard Koszul and e, Meg # 0, then either o < 3 or B < a. In particular,
eaMey =0 forall o € T.

Proof. For any A-module N, the cosocle of N is defined to be the largest semisimple quotient
of N. Consider the right A-module N = (P,)>1/(Pa)>2, which is isomorphic as an R-module to
eaM. Since N has a grading that is concentrated in a single degree, it is semisimple, and therefore
a quotient of the cosocle of (Py)>1.

The standard filtration of P, induces a filtration of (P,)>; with each subquotient isomorphic to
either ker(m,) or V,, for some v > «. This in turn induces a filtration of the cosocle of (Py)>1, with
subquotients isomorphic to the cosocle of ker(m,) or of V, for some v > o. We know that ker(7q)
only has composition factors of the form Lg for 5 < «, and that the cosocle of V, is isomorphic to
L. Thus the simple modules that appear in the cosocle of (P,)>1 are all of the form Lg for 8 < «

or B> a. Since N = e, M is a quotient of the cosocle of (P,)>1, the same is true for N. O

8|ADL03] is internally inconsistent about whether or not a standard Koszul algebra should be required to be either
finite-dimensional or quasi-hereditary. For the purposes of this paper, we require both.



Lemma 3.9. If A is standard Koszul, then the projection eaMey ®@p eaMen, — eqAses is an

isomorphism for every o € L.

Proof. Since A is standard Koszul, it is lean [ADLO?;, 1.4], which means that
el (rad A)e! (rad A)e!, = €/, (rad A)%¢/,

for all « € Z. Since A is finite-dimensional by assumption, we have rad A = A, so multiplying on

both the left and the right by e, and looking in degree 2, we have a surjection
eaMeq @ eaMeq = eaMel, Qg el Mey — eqA1eh, Areq = eqAseq, (2)

where the equality on the left follows from Lemma |3.8
Consider the exact sequence
0O0—>K—PFP,—>V,—0.

Since Ve, vanishes in positive degrees, we have Koe, = (Py)2eq = €qA2¢e,. Note that K has a
graded filtration whose subquotients are isomorphic to V(i) for § > « and ¢ > 0, where () denotes
shifting the grading up by i — see [CPS94] (1.2)]. It follows that K1 = P4, caMeg.

The subquotients V,,(j) of K with j > 2 cannot contribute to Kse,, so we have an isomorphism

Koeq = @ eaMeg @ (Vg)iea = @ eaMeg @ egMeq.
B>a B>

It follows that dime,Ase, = dime,Me, Qg e Meq, so the projection is an isomorphism. [

4 Flat deformations of Koszul algebras

In this section we study graded deformations of Koszul algebras. To begin we consider a quadratic
algebra A = Tr(M) /(W) which is not necessarily Koszul. Let U be a finite-dimensional C-vector
space and let S = Sym U, graded so that elements of U have degree two. Now suppose given a
graded deformation of A over U*, that is, a graded R-algebra A together with graded homomor-
phisms
s1y A5 A

so that j maps into the center of A and 7 induces an isomorphism A = A/(j(U)) of graded algebras.

Since S is generated in degree two, the map 7 is an isomorphism in degrees zero and one, so

we have Ag = R and A; = M. In degree two we have the right exact sequence
RoU — Ay — Ay — 0.

We will make the additional assumption that A is flat over S; in particular, this implies that the

sequence above is in fact short exact.



Since W is contained in the kernel of the projection Tr(M) — A, we get a map of R-bimodules
®: W — R®U by letting ®(w) be the image of w under the multiplication map T3 (M) = Tl%(fll) —
A.

Note that if NV is any R-bimodule and V is a C-vector space, then any map ¥: N — R® V of
R-bimodules must annihilate any “off-diagonal” summand e,Neg C N with o # . In particular,
this means that such bimodule maps are in bijection with linear maps ¥°: N — V that kill the

off-diagonal summands, via the formula
U(eqzeg) = eq @ ¥ (eqxes).
For any map ¥: W — R ® U of R-bimodules, we define
Ay =Tr(M)® S/(wel-1®¥(w) | we W). (3)

We then get a surjective map Ap — A of graded algebras which becomes an isomorphism upon
tensoring over S with C. Since we are assuming that A is flat over S, this map must be an
isomorphism even before tensoring. Thus every flat graded deformation of A with deformation
parameters in degree two arises from a bimodule map V: W — R® U as in Equation . It is not
the case, however, that every bimodule map gives a flat graded deformation. If A is Koszul, we

have the following criterion for flatness.

Theorem 4.1. Suppose that A is Koszul. Let ¥ : W — R ® U be a bimodule map, and let Ay
be the graded deformation of A given in Equation . This deformation is flat if and only if U°
factors through the quotient map W = (Ab)* — Z(A")3.

Remark 4.2. Since Z(A'); has no off-diagonal summands, Theorem implies that graded flat
deformations of A over U* with deformation parameters in degree two are in bijection with linear
maps ¢: Z(A')5 — U. If we take U to be Z(A')5 and 1 to be the identity map, we call the resulting
ring A the universal deformation of A. It is universal in the sense that if ¢/: Z(A')5 — U’ is
another linear map, then the corresponding deformation is isomorphic to A ®g Sym U’, where the
map S — Sym U’ is induced by 1.

In Section we will also need the analogous statement for deformations over power series
rings. If A is a flat deformation of A over the spectrum of the power series ring [[;2, Sym’ U’ and
A admits a formal grading A= I, 121\1 compatible with its algebra structure, then A may be
obtained from the universal deformation of A via a base change to U* followed by a completion at

the unique graded maximal ideal of Sym U.

Proof of Theorem[{.1 For any linear map x: U — C let C,, denote the associated one-dimensional

Sym U-algebra, and consider the specialization
AX = A\Il ®Sme CX
of Ay at the point y € U*. Explicitly, the ring A, is the quotient of the tensor algebra TrM by the

10



two-sided ideal (w — xp 0 ¥(w) | w € W), where xp: R®U — R is given by xr(eq ® u) = eqax(u)
for all &« € Z and w € U. The grading on Ay induces a filtration on Ay, and the ring Ay is flat if
and only if the natural surjection A — gr A, is an isomorphism for all x.

Our theorem now follows directly from a result of Braverman and Gaitsgory [BG96]. They study
a more general situation, taking the quotient @ of the tensor algebra Tr(M ) by the two-sided ideal
(w—a(w) —b(w) | we W), where a: W — M and b: W — R are maps of R-bimodules. Their
main resuhﬂ IBG96, 4.1] gives necessary and sufficient conditions on a and b to have gr@ = A. In
our case, we have a = 0 and b = xyr o V. In this situation their conditions reduce to the statement
that the map

bid—id®b: (Wr M)N (M Qr W) — M

vanishes.

To relate this condition to the dual ring, note that
AL = M* @p M* @ M* /(W @g M + M @ W)

is naturally dual to (W ®g M) N (M ®p W). Thus we may identify Z(A')y with the set of C-
linear maps b°: W — C that kill the off-diagonal terms (this implies that b° commutes with the

idempotents) and for which
Ry—700: (WerM)N(MerW)—C

vanishes for any v € M*. Here we consider W ®p M as a subspace of W ® M in the obvious way,
so (b°®@7)(wem) =", b°(eqweq)y(eqm), and similarly for y®b°. Then if b: W - R®C = R is
the bimodule map corresponding to a C-linear map b°, we have b° ® vy —y®b° = yo (b®id —id ®b),
so b° represents an element of Z(A')y if and only if b ® id — id @b = 0.

In other words, we have shown that Ay is flat if and only if (yg o ¥)° = y o U° is central for all
x € U*, which is equivalent to saying that ¥ factors through Z(A')3. O

Remark 4.3. If we drop the Koszulity hypothesis, then the “if” direction of Theorem becomes
false; it fails, for example, when |Z| = 1 and A = C(z,y)/(2?,y* — wy)@

Remark 4.4. Theorem can be understood more abstractly using the fact that Koszul duality
induces an equivalence of derived categories of graded modules

DY(A — gmod) = D(A' — gmod).

Since Hochschild cohomology is equal to the Ext-algebra of the identity functor on the derived
category [To€07, 1.6], this also induces an isomorphism of Hochschild cohomology groups. The

behavior of this equivalence on grading shift functors is such that the group HH"(A'), is identified

9Braverman and Gaitsgory only treat the case when R is a field, but their results easily generalize to our semisimple
ring R. Their condition (I) forces a and b to be bimodule maps.
10WWe thank Andrew Connor for this example.
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with HH™3(A)_, [BGS96, 1.2.6]. In particular, if A is Koszul, Z(A')y = HHY(A')y is naturally
isomorphic to HH?(A)_. In fact, the proof of the main result of [BG96] proceeds by showing that
an element of Z(A'), lifts to an R-bimodule map M ® M — R satisfying a cocycle condition which

allows it to represent a class in HH?(A)_s.

5 Deformed standard modules and malleable algebras

Throughout this section we assume that A is a standard Koszul algebra, S = Sym U is a polynomial

ring, and A is a flat graded deformation of A over U*. Consider the right A-modules

P,:=e,A and V, := Pa/eafl eaA.

Since P, is a summand of A, it is a flat deformation of P,. The purpose of this section is to show

that the center of A acts on each f/a via a central character

he : Z(A) — S.

It will follow that the data Z(A) := (U, Z(A), Z, ©h,) form a localization algebra.
For any a € Z, consider the algebra C, := ¢/, Ae/, C A and its deformation C,, := &/, Ae!, C A.
By |ADL03, 3.9], C, is standard Koszul. The deformed algebra C, is a direct summand of A as

an S-module, so it is flat over U*. For any a < f, let
Vg 1= e5Ca [ €3CagsCa

be the standard cover of Lg in the category of right C,-modules, and consider its deformation
f/ﬁa = egé’a/egé’Q%CN’Q.

Lemma 5.1. We have an isomorphism Vﬁa Rc, enA = V3 of right A-modules, and an isomorphism
f/ﬁa e, el A= Vg of right A-modules.

Proof. Using the equalities ege;, = eg and ege|, = g = €|,€g, we have
VE ®c, EqA = (egCa/eﬁCas/gCa) ®c, EnA
= (eﬁA 5;/65146514 5’a> ®c, enA
= egA/egA egA = Vj.
The proof of the second statement is identical. O

Remark 5.2. The most important case of Lemma [5.1] and also the easiest one to think about, is
the case in which @ = 3, so that Vﬁa = V¥ is isomorphic to the simple module for C, supported at

the node «.
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Proposition 5.3. For all o« € T, V,, is a flat deformation of V.

Proof. We first consider the case where « is a minimal element of our poset. In this case V, =2 L, is
one-dimensional. Then by semicontinuity, the flx—module (Va) x = ea[lx / eaAX Eaflx has dimension
0 or 1 for every x € U*. We must show that that dimension is equal to 1 for every y, or equivalently
that e, ¢ eaflx €a/~1X€a. Since « is minimal, Lemma tells us that there are no nontrivial
relations among loops of length 2 based at a. In particular there are no relations to deform, and
the conclusion follows.

In the general case, a is a minimal element of the poset of simples for the subalgebra C,, so
V2 is a flat deformation of V. This then implies the result for V,, = V& R el A O

Lemma 5.4. The reqular right A-module A admits a filtration indexed by Z for which the subquo-
tient indexzed by o € T is isomorphic to a direct sum of shifts of the deformed standard V.

Proof. Choose a maximal index aw € Z. Let B = A/Aey A, and let Wi — By ®pg B; be the space
of relations for B. The algebra B is standard Koszul by [ADL03, 3.9]. Let B = A/Ae,A. We first
use the results of Section [4] to show that B is a flat deformation of B over U*.

Let € = 1 — e,. The surjection A — B induces an inclusion B' < A' with image contained in
eAle c A'. By [ADLOB, 2.5], the image is equal to €A'e. The map q: A, — Bj given by ¢(z) = éxe
is a left inverse for the inclusion B < Ab. It follows that if the deformation A is described by an
Ap-bimodule map U: Wy — Ay ® U as in Section 4 then B (V) is described by the composition

Wy LWy Y Ay U =% By U.

Then ¢ sends Z(A') into Z(B')2, so Theorem [4.1] implies that B(V) is flat over U*.

A deformed standard module over B becomes a deformed standard A-module under the quotient
homomorphism A — B. Thus, inducting on the size of our poset, we may assume that the right
A-module B has a filtration by graded A-modules indexed by Z \ {a} such that the associated
graded indexed by £ is isomorphic to a direct sum of shifts of 175.

Consider the exact sequence
0— AeqA— A — B —0. 4)
We have
fleafl = flea ®eaAea ea;l = flea ®60Aea ﬁa = Aea ®eaAea f/'a,

where the last equality follows from the maximality of o. Maximality also implies that eqAeq 2 S
(by Lemma , thus the A-module Ae, A is isomorphic to a direct sum of dim Ae, copies of V.

The result then follows from the exact sequence (4)). O

Corollary 5.5. Suppose that V is a graded A-module which is a flat deformation of Va; that is, it

is free as an S-module and V ®g Cyg is isomorphic to V,, as an A-module. Then V =2 V,.
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Proof. Consider the surjection V. — V ®g Co = V,. Since P, is projective, we can lift the map
P, =V, — V, to a map ¢: P, — V. The fiber of ¢ over 0 is a surjection, so Nakayama’s lemma
tells us that ¢ itself must be surjective. For any g € Z, the natural map

Hom 3(Ps, V) ®s Co — Hom(Ps,V ®g Cy)

is injective, thus Hom A(Pﬁ, V) =0 for any B £ a. It follows that ker ¢ contains eqA £, A, hence V
is a quotient of V,. Since they are both free S-modules and their fibers over 0 are isomorphic, we
have V & Va. L]

The next result says that our deformed standard modules have well-defined central characters.

Proposition 5.6. For each o € Z, there is an S-algebra homomorphism h,, : Z(fl) — S such that
v-C = ha(Qv for allv € V, and ¢ € Z(A).

Proof. If o is minimal, then Vi, 2 L, and V, 2 S by Proposition and the claim follows from the
fact that A acts on V, by S-module endomorphisms. The general case follows from the isomorphism
Vo 2V e el A of Lemma O

As a consequence, we can construct a localization algebra from a flat graded deformation A of
a standard Koszul algebra A, thus completing the proof of Theorem

Corollary 5.7. The data Z(A) := (U, Z(A), I, ®hy) form a localization algebra.

Let K be the fraction field of S, and for any S-module N, let N*° = N ®g K. The filtration
of A from Lemma induces a filtration of A% with subquotients isomorphic to direct sums of

modules of the form V..
Theorem 5.8. Suppose that A = AP as R-algebras. The following are equivalent:
1. The deformed standard filtration of A splits.

2. The action map A® — @, Endg (V°) is an isomorphism.

3. The map @, h : Z(A)>® — @, K is an isomorphism.

4. The maps {ho | o € I} from Z(A) to S are all distinct.

Proof. (1) = (2): Since the deformed standard filtration of A% splits, an element of A% which
kills every Vaoo must also act trivially on A%, and must therefore be zero. Thus the action map is

injective. Comparing dimensions, we have

dimg A® =dimg A= [La: Psl= Y [La:Vy][Vy: Psl= Y [La:Vil[Lg: V3] =) (dimV;)?,

a,p By By v

where the penultimate equality follows from BGG reciprocity [CPS88| 3.11] and the isomorphism

A = A°P. Thus our map must be an isomorphism.
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(2) = (3): This follows from the fact that Z(A)® = Z(A>).

(3) = (4): Immediate from surjectivity.

(4) = (1): If all of the deformed standard modules have different central characters, then the
filtration of A can be split by taking the isotypic decomposition for the action of the center. Here
we use the fact that there is no overlap between central characters of consecutive subquotients,
which follows from Lemma [5.4l O

Definition 5.9. If A satisfies the conditions of Theorem 5.8, we will call A malleable.

Proposition 5.10. Suppose that A = A°P. Then Z([l) is a strong localization algebra iff A is

malleable.

Proof. By Definition Z ([1) is strong if and only if the kernel and cokernel of ®,h, are torsion.

This is equivalent to asking that @©,h2° be an isomorphism, which is condition (3) above. O

6 Flexible algebras

In this section we define and study flexible algebras in preparation for the next section, which
contains proofs of our central results, Theorem and Corollary Let A be a standard Koszul
algebra, let S = SymU be a polynomial ring generated in degree 2, and let A be a flat graded

deformation of A over U*.
Definition 6.1. We say that A is flexible if the natural projection Z(A)y — Z(A)s is surjective.

Example 6.2. Let Z = {1, 2} be the nodes of a quiver with r > 0 arrows z1, ..., z, from 1 to 2 and
s > 0 arrows y1,...,ys from 2 to 1. Let A,; be the path algebra modulo the quadratic relations
y;z; = 0 for all 4 and j. Thus a right A,s-module is a representation of the quiver for which
every loop based at the node 2 acts trivially. We have standard modules V; = L; and Vo = P,
with kerII; = Pg@r and ker my = L%BS, so A is quasi-hereditary with respect to the order 1 < 2.
It is clear that both standard modules have linear projective resolutions. Furthermore, since the
opposite algebra of A, is isomorphic to Ag,, the same is true for left-standard modules. Hence A,
is standard Koszul. It is also easy to see that A,; is isomorphic to its own quadratic dual.

The center Z(A,) is spanned by the unit and the r x s elements z;y;. The universal deformation
A, has central generators u;; in degree 2 and relations y;x; = w;jes. It is easy to check that the
generators x;y; of Z(A,s)2 lift to central elements of A, if and only if r = s = 1, thus only Aj; is
flexible. We note that 2111 is also malleable in the sense of Definition

For the rest of this section, let us suppose that our algebra A is connected, meaning that for
all o, 8 € T we have e Tr(M)eg # 0. In other words, the category of A-modules does not split

into smaller blocks. Then Z(A)p = C, and so we have an exact sequence

0= U — Z(A)y — Z(A), (5)
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which is also right exact if A is flexible. In that case, each homomorphism hy : Z(A)y — Sy = U
of Proposition [5.6|splits this exact sequence. The difference between any two splittings vanishes on

U, and thus induces a map jo3 : Z(A)2 — U given by

Jap(2) := hg(¢) — ha(C) for any lift ¢ of 2.

Define maps
M:Z(A)gﬁ@eaMea RpreaMe, and y:Z(A)g—)/ig (6)
acl

by setting p(z) equal to the unique expression for z as a sum of loops that go first up and then
down (which exists by Lemmas [3.8/ and [3.9), and v(z) to the image of u(z) in As.

Proposition 6.3. Suppose that A is flexible. For all z € Z(A)y and a € eafieg, we have

[V(2),a] = jap(2)a.

Proof. Let z be given, and let ¢ be a lift of z to Z(A)2. Since the kernel of the projection from
Ay to Ay is equal to R ® U, there exist elements u, € U such that ( = v(z) + > ua€q. Since
the deformed standard module V, is supported on and below «, and v(z) is expressed in terms of
paths that avoid such nodes, we have ho(() = uq for all & € Z, and therefore jo5(2) = ug — uo for

all a, 8 € Z. Since ( is central, we have

[v(2), a] = [v(2) = ¢, a] = (upg — ua) @ = jap(2) a
for all a € eafleg. ]
Proposition may be regarded as a converse to Proposition

Proposition 6.4. Suppose that there exists a collection of linear maps
{jéﬁ :Z(A)g = U ‘ a, B GI}
satisfying the following two conditions:

® Jup t Jsy = Jony for all o, B,y € I (in particular j, 5 = —js, for all o, B € T)

o for all z € Z(A)y and @ € ey Aeg, we have [v(2),a) = Jop(2) @

Then A is flexible, and Jop = Jap for all o, B € T.

Proof. Let z € Z(A)y be given; we must show that we can lift it to Z(A)2. Choose an element
0 € T arbitrarily, and let

(=v(2)+ ) j5(2)ey € As.

yEL
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Then for any a € eafleg, we have
€] = [(2), @l + Jha(2) @ = ha(2) @ = (Jap(2) + Thal2) = Js(2) )@ =0,

where the vanishing of the expression inside the parentheses follows from the first condition on the
homomorphisms jgﬁ. Thus ( is central.
By the same argument that we used in the proof of Proposition we have h,(¢) = ji, (2) for

all v, thus jag(2) = hs(C) — ha(C) = Jsa(2) — J5a(2) = jos(2)- O

We conclude with a lemma that we will use in the last section to show that a certain flexible
deformation of a standard Koszul algebra is universal, or at least has the universal deformation as a
quotient. Let v: Z (A!)§ — U be given, and let A be the graded flat deformation provided by Theo-
rem Suppose that this deformation is flexible, so that we can define the maps jog: Z(A)2 — U.

Lemma 6.5. For any o, 8 € Z, Im jop is contained in the image of 1.

Proof. First suppose that e, Meg # 0, and let a be any nonzero element of this space. Then for any
z € Z(A)a, Proposition (6.3 implies that j,3(2)a is a nonzero element of the subring of A generated
by the degree 0 and 1 parts, thus j,g(z) is in the image of Im(¢)). The general case follows from

the identity jog + jgy = ja, since we are assuming that A is connected. O

7 Koszul duality and GM duality

In this section we explore the relation between Koszul duality and the localization algebras of
flexible deformations. Let A be a connected standard Koszul algebra, and let A be its universal
deformation over U* = Z(A')s. On the dual side, let A' be the universal deformation of the dual
ring A' over (U')* = Z(A)s. Let S = SymU and S' = Sym U".

We will call a standard Koszul algebra flexible if its universal deformation is flexible. If A is
flexible, then we have the maps jog: Z(A)s — U = Z(A')} constructed in the previous section. If
A' is flexible, then the same construction gives maps j(!lﬁ: Z(AYy = U' = Z(A)S.

Theorem 7.1. If A is flexible, then so is A'. Furthermore, for all o, 8 € T, we have an identity
jiyg = j/i%a of maps from Z(A!)Q =U*toU' = Z(A).

Proof. By Proposition it is enough to show that
V(z),a] = jsa(zh @

for all 2' € Z(A!)g and @' € eafleﬁ. Retracing the computation in the proof of Proposition this
is equivalent to showing that, for a fixed 0 € Z,

¢Hi= P+ Y e € Ay
YEL
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is central. It clearly commutes with the idempotents, so it is enough to show that it commutes
with elements of M*.

We need to work with explicit representatives in the deformed tensor algebra

Tr(M*) := Tr(M*) @ Sym(U").

Since elements of U' have degree 2, we have

Tr(M*)y = Tr(M*)2 © (R®U') and Tr(M*); = Tr(M*)3 ® (M @ U").

Define a lift n' € Tr(M*) of ¢ by

ni=p(2) + ) is(2)ey € TR(M*)y & (RRU'),
yeL

where ' is defined as in Equation @ Fix a pair of indices «, 8 € Z, and let z' be any element of
esM*e,. We need to show that the commutator [¢*, 2'] € Tr(M*)3 @ (M* ® U') reduces to zero in
A,
Let Q1 = M ®@W and Q2 = W @ M C Tr(M)s. By the definition of the quadratic dual, the
kernel of the map from Tr(M*)3 to A} is equal to
M @W+Whe M =Qy +Qf = (Q1NQ2)"
We now need a similar expression for the relations in flg Let

Or=C{zpz)+2x®@z|xe M, z€ Z(A)} C Tr(M)3® (M ® Z(A)2)

and
0D :C{,u(z)x—i-w@)z ’ reM, z€ Z(A)Q} C TR(M)gEB(M®Z(A)2).

Then the kernel of the quotient map Tr(M*), = Tr(M*)3 & (M* @ U') — A} is equal to

(Q2+02)" +(Q1+ 01t = ((Qz +02) N (Q1 + Ol))L

Consider any pair of elements z € M and z € Z(A)2. Since p(z) reduces to a central element

of A, there exist elements x1,...,Zk, y1,...,9¢ € M and r1,...,7g,81,...,8¢ € W C M ® M such
that
k ¢
[(2), 2] = miri+ Y 5505 (7)
i=1 j=1

(To avoid unwanted cancellations, we choose our elements in a way that minimizes k + ¢, and we

make a choice once and for all for each pair (z,z) € M ® Z(A)2.) Now consider the element
Kk(z,2) = p(z)z — ZSjyj +rx®z=xu(2)+ me +r®z€(Qa+02)N(Q1+ O1).
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The vector space (Q1+01)N(Q2+O2) is spanned by the elements x(x, z) and the subspace Q1NQ2,
hence any class in Tr(M*)3 @ (M* ® U') that reduces to zero in A' and is orthogonal to all of the
elements x(x, z) must also reduce to zero in A'. The commutator [n',2'] clearly reduces to zero in
A', since n' is a lift of z', which was chosen to be central. Thus it remains only to show that it is

orthogonal to each k(z, z).

Lemma 7.2. If x € eoMeg and o < f3, then

k
(2, jap(2)) & = Z(u!(z!),m> xi € M and s; € eqMeoMeg for all1 < j <.

=1

If x € eaMeg and 8 < a, then

( 2, jap(2 :Z s] y; € M and r; € eaMegMeg for all1 <i < k.
7=1

Proof. We will prove only the case where a < 3 (the proof of the opposite case is identical). From
the definition of y(z) in Equation (6], we have

(z),z] € eaMeqaMeoMeg + eqMegMegMeg C eqMeaM(eq + g)Meg.

It follows that s; € eoMeoaM(eq + €p) for all j. For any j, the element sje, lies in the subspace

(W) N eqgMegMegy, which is trivial by Lemma Hence we have s; € e,Me,Meg as claimed.
Consider the specialization flz! of A. Since A is quadratic, the natural map from M to flzs is

an inclusion, thus we may regard M as a subspace of A,i. The image of [u(z),z] in A, lies in M,

and Equation tells us that it is equal to the element

k )4 k

Z(zla ri) Ti + Z<Z!, Sj) Y = Z<2!7 ri) Ti,

i=1 j=1 i=1
where the second equality follows from the fact that eys;je, = 0 for all j and all ¥ € Z. On the other
hand, it is also equal to (2, jas(2)) = by Proposition thus we obtain the desired identity.  [J

We now use Lemma to show that <[n!,x!], ﬁ(m,zz: 0 for all x € eoMeg, z e egM*eq,

and z € Z(A)sy, and thus complete the proof of Theorem [7.1} By Lemma we may assume that

either a < B or f < a. We have

<[77!,a:!],/@(x,z)>:<u!(z!)x',/<;(x,z)> ('l (2 ) xz>+< '@ jgs(z) — 2 ®@is(2), v @ 2)
= (W' aplz) + Y wirs) - w@)e =D i) + (2 2) - (G5a(2), 2)
<u’(z‘)a:',zxn>+<x ~ Zsjyj - x',x>-<z',]5a z))
L) - Tz>+Z<ﬂf yi) - (i (), i) — (2!, 2) - (2, Jas(2))-
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First assume that o < 3. By Lemma [7.2] each s; pairs to zero with any loops, thus the second
term of the last line vanishes. The lemma, also tells us that the first and third terms cancel, so the
entire expression is equal to zero. Similarly, if 8 < «, the first term vanishes and the second and

third terms cancel. O

Suppose that A and A' are flexible. For all ¢ € Z(A) and ¢' € Z(AY)s, let 7(¢) and 7'(¢")
denote their images in Z(A)s and Z(A')2, respectively. For all o € Z, the splitting A, of the exact

sequence (b)) and the analogous splitting h!a on the dual side induce a perfect pairing
()a:Z(A)a x Z(A)y —» C

given by the formula

(¢, a = (ha(C), (D) + (m(C), ki (C)),

where we once again exploit the fact that h,(z) € U = Z(A")5 and hi (') € U' = Z(A);.
Proposition 7.3. All of these pairings coincide.
Proof. By definition of j,g, we have
(o= (6N = ({saom(Q), 7(C)) +(7(C): Goaom(C))
= (m(Q): Gpaom () = (7(O); ag o (S)),
which vanishes by Theorem O

Example 7.4. We illustrate Proposition for the algebra A = A7 from Example Though
the dual algebra A' is isomorphic to A, we will use separate notation in order to keep track of the
two sides. The algebra A is generated by x € ejAes and y € egAe;, which satisfy the relation
yx = 0. Its deformation Ais generated by x,y, and a central variable u, which satisfy the relation
yr = uep. On the dual side, A' is generated by z' € eaA'e; and ' € ey A'es, subject to the relation
y'z' = 0. Tts deformation A' is generated by z',v', and a central variable ', which satisfy the
relation y'z' = u'e;. The generator u € U pairs to 1 with the generator z'y' € Z(A!)g, while
u' € U' pairs to 1 with 2y € Z(A),.

The vector space Z(A)s is spanned by the elements zy + uey and ue; — xy, and we have
(h1 @ ho)(zy 4+ ue2) = (0,u) and (hy @ ha)(ue; — zy) = (u,0).
On the dual side, Z([l!)g is spanned by z'y' + u'e; and u'es — z'y', and we have
(b ® hb)(z'y' +u'er) = (u',0) and (B} @ h)(u'es — 2'y) = (0,u)).
Let ¢ = a(xy +uez) +b(uey —zy) € Z(A)g and ¢ = a'(z'y' +u'e)) + ' (v'ey — 2'y') € Z(A')3. Then
Ny = (b, (a' = B)2'y) + (@', (a — b)zy) = bla' — b)) +d'(a — b) = ad' — bb
(¢, ¢ = (bu, y , y ,
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and
(¢, = (au, (' — b)z'y") + 'u', (a — b)xy) = a(a' — b)) + b'(a — b) = aa' — bb'.

Thus the two pairings are the same.
We may now use Proposition [7.3] to prove Theorem which we restate here.
Corollary 7.5. If A is flexible, then Z(A) and Z(A") are canonically GM dual.

Proof. By Definition we associate to the localization algebra Z(A) the fibered arrangement

consisting of the subspaces

Ha = hi(U*) € Z(A);,
each of which projects isomorphically onto U*. Definition tells us that a duality between
Z(A) and Z(A') is a perfect pairing between Z(A)5 and Z(A")5 such that the kernels of the two
projections are perpendicular to each other, as are H, and H C'y for each a € 7.

For each o € Z, we have constructed a perfect pairing

()a:Z(A)y x Z(A')2 — C,

which induces a dual pairing
() Z(A)y x Z(AYs — C.

o

It is clear from the definition of the pairing that the kernels of the two projections are perpendicular
spaces of each other, and that H, is the perpendicular space to H.,. By Proposition the pairings

(,)a all coincide, therefore we have one canonical pairing satisfying all of the required properties. [

8 Example: Polarized arrangements and hypertoric varieties

In this section and the next, we consider two families of examples of Koszul dual pairs of flexible
algebras, along with the associated dual pairs of localization algebras. As we will see, most of our
examples have cohomological interpretations in addition to algebraic ones. For our first example,
we use a ring that we introduced in an earlier paper [BLPW10], constructed from the following

linear algebra data.

Definition 8.1. A polarized arrangement V is a triple (V,7,&), where V is a linear subspace
of a coordinate vector space R", n € R"/V and £ € V*.

It is convenient to think of these data as describing an affine space V;, C R" given by translating
V away from the origin by 7, together with an affine linear functional on V,, given by £ and a finite
hyperplane arrangement # in V;), whose hyperplanes are the (possibly empty) restrictions of the
coordinate hyperplanes in R™. We will assume that n and £ are chosen generically enough so that H
is simple (any set of m hyperplanes intersects in codimension m or not at all) and ¢ is non-constant
on any positive-dimensional intersection of the hyperplanes. For now (until Remark we will

also assume that V is rational, meaning that V', n, and £ are all defined over Q.
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In [BLPW10), §4], we explained how to associate to this data a standard Koszul algebra B(V).
We sketch this construction here; many more details are given in [BLPW10]. For all o € {£1}",
let

Ag={veV,CR"|a(i)-v;>0foralli=1,...n}.

Geometrically, A, is the chamber of H consisting of vectors that lie on a fixed side of each hy-
perplane. Let the indexing set Z be the set of sign vectors a such that A, is nonempty and the
affine linear functional ¢ is bounded above on A,. To each « € Z, we may associate a toric variety
Xa, with an effective action of the algebraic torus 7" whose Lie algebra is equal to V& and whose
character lattice is Z" NV C V. The action of the maximal compact subtorus is hamiltonian, and
A, is the moment polyhedron for this action.

For all o, B € Z, let dnp be codimension of A, NAg in V,,, and let X5 be the toric variety with
moment polyhedron A, N Ag. As a graded vector space, B(V) is defined as the sum

P H* (Xap)[~dag]. (8)

a,ﬁEI

The product that we define is a convolution product: to multiply an element of H*(X,g) with
an element of H*(Xp3,), we pull both classes back to the toric variety with moment polyhedron
Aq N Ag N Ay, multiply them there, and then push forward to X,,. It is an easy combinatorial
exercise to check that this product respects the grading. Showing that it is associative is more
subtle, and in fact is only true if we push forward not with respect to the complex orientations, but
with respect to a collection of combinatorially defined orientations on the various toric varieties
[BLPW10, 4.10].

Remark 8.2. The motivation for this definition comes from the geometry of the hypertoric va-
riety (V) associated to V, which is a complex symplectic algebraic variety of dimension 2 dim V'
(or a hyperkéhler manifold of real dimension 4dim V'). It comes equipped with an effective hamil-
tonian action of 7' (or a tri-hamiltonian action of the maximal compact subtorus). The variety
itself depends only on H, and the covector £ determines an action of C* on 9(V). For each o € Z,
the toric variety X, sits inside of (V) as a Lagrangian subvariety. The union of all of these
subvarieties is equal to the set of points p € M(V) such that limy_,. A - p exists. We conjecture
that the algebra B(V) is isomorphic to the Ext-algebra in the Fukaya category of 9t()) of the sum
of the objects associated to the Lagrangian subvarieties X,. For more information on hypertoric

varieties, see the survey article [Pro08].

Given a polarized arrangement V, we define its Gale dual VY = (V1, —¢, —7), where V7 sits
inside of the dual coordinate vector space (R")*, —¢ € V* = (R")*/V+, and —n € R"/V = (V4)*.

Theorem 8.3. [BLPW10, 3.11, 4.14, 4.16, 5.23, & 5.24] The algebra B(V) is standard Koszul, and
its center is isomorphic as a graded ring to the cohomology ring of M(V). The algebras B(V) and
B(VY) are Koszul dual to each other.
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Remark 8.4. Note that for B(V) and B(VY) to be Koszul dual, their degree 0 parts must be
isomorphic. The degree 0 part of B(V) is spanned by the unit elements 1,0 € H*(X4q) for all
a € I. Let TV be the corresponding set for VY, that is, the set of sign vectors that give chambers
of VY on which —n is bounded above. We prove in [BLPWI0, 2.4] that ZV = Z, and therefore that

there is a canonical isomorphism between B())y and B(VY)j.

In [BLPWI0] we also define a deformation B(V) of B(V). It is defined by replacing all of

cohomology rings in with T-equivariant cohomology rings:

B(Y) == @ Hi(Xap)l~dagl, (9)

a,BET
with a convolution product defined as for B(V). By [BLPW10, 4.5 & 4.10] it is a flat deformation
of B(V) over Vi, where B(V) — B(V) is the map forgetting the equivariant structure, and the map

S == Sym(V¢) & Hi(pt) — B(V)

sends an element of S to the sum of its images in H7(Xqq) over all a € 7.

Proposition 8.5. The deformation B(V) is flexible and malleable. Its center (with localization al-
gebra structure defined in Corollary 1s isomorphic as a localization algebra to the T-equivariant
cohomology ring of M(V) (with localization algebra structure defined in Example .

Proof. The isomorphism of S-algebras between the center of B(V) and Hi(9M(V)) is given in
[BLPW10, 4.16], where we show that both rings are quotients of the polynomial ring Cluy, ..., uy]
by the same ideal. This result also shows that Z(B(V)) — Z(B(V)) is surjective, so B(V) is a
flexible deformation. We also exhibit in [BLPW10, §2.6] a natural bijection between Z and the
fixed point set M(V)T; it sends « to the fixed point z, € XL € M(V)? corresponding to the vertex
of A, on which ¢ attains its maximum.

The standard modules over B(V) are described geometrically by [BLPW10, 5.22]; we have

Vo = P H*({za} N X5)[~dag],
BeT

with a natural right action of B(V) by convolution. Corollary now implies that

Vo = @) Hi({2a} 1 X5)[dagl,
BET

with the action of B (V) by convolution, is the deformed standard object defined in Section
It follows immediately that the map he: Z(B(V))2 — Vi of Proposition coincides with the
localization map H%(9M(V)) — H2(xq).

To see that B (V) is malleable, first note that the anti-involution induced by the isomorphism
of X,p with X3, induces an isomorphism B(V) = B(V)°. Malleability now follows from the fact
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that the localization map Hj(9M(V)) — Hy(M(V)T) is an isomorphism over the generic point of
t. O

Using this, we have a simple description of the degree two part of the maps h, from the
localization algebra structure, and hence of the associated fibered arrangement. For simplicity we
will assume that V is not contained in any coordinate hyperplane, so there are no empty hyperplanes
in our arrangement.

For each o € Z, let p, € A, be the point at which £ attains its maximum and let b, C {1,...,n}
be the set of indices i for which the i*! hyperplane of # contains p,. The collection {b, | a € T}
consists precisely of all subsets of {1,...,n} for which then the composition of the inclusion ¢: V <
R™ with the coordinate projection mq: R™ — Rbe is an isomorphism. Such subsets are known as
the bases of V.

Proposition 8.6. There is an isomorphism of HA(IMM(V)) with C" such that the inclusion
Ve = Hi (pt) < H7(M(V)) = C"

is the complexification of .. Under this identification, the restriction of the localization algebra map
he to degree 2 is the complexification of (to0t) tom,. The fibered arrangement associated to B(V)
is the union of the coordinate subspaces (C*)* of the dual space (C™)* = HI' (IM(V)).

Proof. The first statement follows from the standard description of the equivariant cohomology of
a hypertoric variety [Pro08, 3.2.2]. The remaining statements follow easily from the fact that Cb
must be in the kernel of h,. ]

Theorem 8.7. Suppose that the subspace V. C R™ contains no coordinate line. Then B(V) 18

isomorphic to the universal deformation of B(V).

Proof. Since V contains no coordinate line, V1 is not contained in any coordinate plane, and so
Theorem implies that

!

Z(B(V))2 = Z(B(VY))2 = H(M(VY)) = V¢,

where the last isomorphism comes from the formula for the cohomology of a hypertoric variety
[Kon00, HS02, Pro08], which gives H2(M(VY)) = C"/Vs = V.

Thus to prove that the map ¢ : Ve — Z(B(V)')} associated to the deformation B(V) by Theorem
is an isomorphism, it is enough to show that it is surjective. We can do this using Lemma
Using Proposition and a little linear algebra, it is not hard to show that for any «, 8 € Z, the
value of j,s on the parameter n € C"/Ve =2 Z(B(V))2 is given by

Jas(n) =D —pa €V C Ve = Z(B(V))s.

Note that p, and pg both lie in the affine space V,,, so their difference lies in the vector space V.
B n
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The surjectivity of ¢ now follows from Lemma [6.5] using the fact that the points p, form an affine

spanning set for V;, (this is where we use the assumption that V' contains no coordinate line). [
Corollary 8.8. The localization algebras Z(B(V)) and Z(B(VY)) are dual.

Corollary follows immediately from Corollary but the concrete description of these
fibered arrangements in Proposition makes it easy to see this directly: if b C {1,...,n} is the
basis for V¥ indexed by «, then we have bY = b€, [BLPWI0, 2.9], and so HY = CP is perpendicular
to (CP)* = H,.

Example 8.9. If V is (n — 1)-dimensional and H consists of a collection of n hyperplanes in
general position, then the hypertoric variety (V) is isomorphic to the cotangent bundle of P*~!.
Dually, if V' is one-dimensional and # consists of n points on a line, then 2M(V) is isomorphic to
the minimal resolution of the symplectic surface singularity C?/Z,, which retracts onto a chain of
n — 1 projective lines. Thus the duality of Z(B(V)) and Z(B(VY)) generalizes that of Examples
2.4 and

Remark 8.10. We have assumed that V is rational in order to give that shortest and best motivated
definition of the algebra B(V). In [BLPW10], however, we do not make this assumption. Although
the toric varieties X, and the hypertoric variety 21()) are not defined when V is not rational, it is
still possible to give combinatorial definitions of rings and localization algebras that specialize to
the ordinary and equivariant cohomology rings of these spaces in the rational case. In this more
general setting, Theorem Proposition [8.5] Proposition Theorem and Corollary [8.8] go
through exactly as stated. The rings B(V) for V not rational are the only examples that we know

of flexible algebras that are not associated with any algebraic variety.

9 Example: Category O and Spaltenstein varieties

In this section, we apply our deformation result to integral blocks of parabolic category O for the
Lie algebra g = gl,,(C). In particular, we show that the universal deformation of the endomorphism
algebra of a minimal projective generator of such a block is malleable and flexible, and identify the
associated localization algebra, which turns out to come from the equivariant cohomology ring of
a Spaltenstein variety. We accomplish this by identifying modules over our universal deformation
with objects in “deformed category O” as considered by Soergel and Fiebig. Most of the results
of this section should be true for g an arbitrary reductive Lie algebra, but in our proofs we use
Brundan’s computation of centers of blocks of parabolic category O for gl,, and therefore restrict
ourselves to g = gl,,(C).

We mostly follow Brundan’s notation to describe the blocks of O. Let g = gl,,(C), and let b and
h be the Lie subalgebras of g consisting of upper triangular and diagonal matrices, respectively.
The Weyl group W = W (g, ) is the symmetric group S,, which acts on h* = C" and on the
weight lattice A = X(T') C b* by permuting coordinates. With these conventions, a weight A € A
is dominant if and only if A\; > A; for all ¢ < j. Let wp € W denote the longest element.
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A composition of n is a doubly-infinite sequence v = (...,v_1,v9,v1,V2,V3,...) of non-
negative integers whose sum is n. Given such a v, there is a unique dominant weight «, with
v; entries equal to —i for every integer i € Z. This gives a bijection between the W-orbits A/W of
the weight lattice and the set of compositions of n.

For any composition v of n, let W,, = W, C W be the stabilizer of the dominant weight a,, € A.
Elements of W, are permutations which preserve subsets of consecutive elements of {1,...,n} of
sizes ...v_1,19,V1,..., in that order. We will refer to these subsets as v-blocks. We also define
another associated composition 7 by letting 7 = v; where ¢ is the smallest index with v; # 0,
v = vy where ¢’ is the next smallest index where v is nonzero, and so on, letting all other 7; be
Z€ro.

Associated to g = gl,, we have the Bernstein-Gelfand-Gelfand category O of all finitely generated
g-modules which are h-diagonalizable and locally finite over b. For simplicity we add the additional
assumption that all weights lie in the lattice A. For o € A, there is a unique simple g-module L(«)
with highest weight o — p, where p = (0, —1,—2,...,—n + 1). These are the simple objects of O.

For a composition v of n, define O, to be the Serre subcategory of O generated by all L(way,)
for w € W. Obviously the weight wa, only depends on the image of w in W/W,. Define a
composition v by letting V]t- be the number of ¢ € Z for which v; > j if j > 1, and zero otherwise.
It is a partition, meaning a composition that’s supported on N and non-increasing. The partition
v := (V')! has the same parts as v, sorted into non-increasing order.

Given another composition i of n, let p = p,, be the parabolic subalgebra of g given by all block
upper-triangular matrices where the blocks are the p-blocks. Associated to u we have the parabolic
category OF = OP, the full subcategory of O of objects which are p-locally finite. Its simple objects
are {L(a) | o € Af}, where

Af :={a € A aj > aj whenever j < k and j, k lie in the same W),-orbit}.

Define O := O* N O,; it is the Serre subcategory of O generated by the simple objects L(wa,,)
for w € I}/, where
Il = {w e W/W, | wa, € Af}.

t in the dominance order on

Lemma 9.1. The category O is nonzero if and only if p* < v
partitions. The map w — W,w defines a bijection between I} and the set of double cosets in

W \W/W,, of size |[W,]| x |[W,|.

The category O} has enough projectives. For w € Z}/, let P*(wa,,) be a projective cover of
L(wa,) in OF. (Note that although L(wa,) can lie in O) for many choices of u, in general the
projective covers in these categories will be different.) Let P} := @,,czu P*(wa,) be a minimal
projective generator of O, and let A := End(P}'), so that M — Hom(P}', M) is an equivalence
between O, and the category of finitely generated right AJ-modules.

For a composition p, let ;1 denote the reversed composition given by pf := p_;.
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Proposition 9.2. The ring A}, has a grading with respect to which it is standard Koszul. There
s an isomorphism (A‘V‘)! = AZO whose map on idempotents is induced by the map I, — I, taking

wW, to wileW#u, where wg has mazximal length in the coset wW,,.

Proof. The construction of a Koszul grading and the identification of the Koszul dual is accom-
plished in Backelin [Bac99, 1.1]. The fact that A} is quasi-hereditary follows from [RC80), Theorem
6.1]. Since both A% and its dual are quasi-hereditary, and the associated partial orders on the
idempotents are reversed, [ADLO37 Theorem 3] implies that A} is standard Koszul. O

Remark 9.3. Up to isomorphism the algebra A} only depends on the subgroups W, W, CcW.
This is obvious for u, while for v the required equivalences are given by translation functors. In
addition, the rings AL and A,‘/LZ are isomorphic, using the automorphism of g given by the adjoint

action by any representative for wy in G = GL,(C).

Since A is Koszul, we can consider our universal graded deformation AY and its associated
localization algebra Z (fl{f) as given by Corollary We wish to relate this localization algebra
with one arising from geometry, specifically, from the equivariant cohomology of a Spaltenstein
variety.

As before, let i, v be compositions of n, and suppose that u* < v!. Let P, C G := GL,(C) be
the parabolic subgroup with Lie algebra p,, and let

XZ,IG/PV:{O:F()CFlCFQC"'CC”’dim(cFi:Dl—i-"'—Fﬂi}

be the associated partial flag variety. (Note that on the geometric side it is v, not u, which specifies
the parabolic; this is related to Remark below.) The cotangent bundle 7% X, may be identified

with the variety of pairs
{(Fe,N) € X, xg| NF; C F;_; for all i > 0}.

The moment map 7: T*X,, — g* is a resolution of the closure of a nilpotent coadjoint orbit; the
Spaltenstein variety X} is the fiber of this map over a point in an orbit of type u. More precisely,
we identify g* with g via the inner product (A, B) := tr(AB), and we let N, € g* be the nilpotent
matrix defined by N, (e;) = e;41 if ¢ and i 4 1 are in the same p-block, and N, (e;) = 0 otherwise,
where ¢; is the i*" standard basis element of C". Then we define

XH .— W_I(NM) = {F. c XV | N#E C Fi,1 for all 7 > 0}

v

Let T C G be the maximal torus consisting of diagonal matrices. It acts naturally on the flag
variety X, and the subtorus T# := TWr = Z5(N, ) N'T preserves the subvariety X/

Remark 9.4. The group G whose flag variety we have introduced is morally the Langlands dual of

the group with Lie algebra g whose representations we are studying. In particular, the Lie algebra
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t of T should be identified with the dual of h. The Lie algebra t* is a subspace of t, so its dual h*
should be thought of as a quotient of .

This can be confusing, since the group GL,(C) is isomorphic to its own Langlands dual. In
particular, h* is isomorphic to t#, and the quotient map from b to h* is given by averaging over

W,.. We will, however, be careful never to use this isomorphism; we will always distinguish between
t and b.

Recall that the T-fixed points in the flag variety X, are in bijection with W/W,, by w — py,,
where p,, is the flag Fo(w) given by F;(w) = Span{e,;) | 1 <j <1 +--- + 7}

Proposition 9.5. The set of TH-fized points in X} is {p, | w € Z'}.

Proof. First we show that a TH-fixed point in X} must in fact be fixed by T. Let Vi,...,V, be the
vector spaces spanned by the standard basis vectors in the p-blocks, so that an element of T lies
in T* if and only if it acts on each V; by multiplication by a scalar. Let Fy € X/ be fixed by T*;
we need to show that each F; is spanned by vectors in the standard basis. Since F, is fixed by T#,
we have F; = @;Zl F; N'Vj for each i. The operator N, acts on V; as a regular nilpotent matrix
which sends each e, to ex4q or to 0. Since N, (F1 NV;) =0 and N,(F;NV;) C F;_1 NV fori > 1,
it follows that F; N'Vj is spanned by vectors ey, and so F; is as well.

Thus all our fixed points are of the form p,, for some w € W/W,,. In order to have p,, € X}/, we
must have N, (F;(w)) C Fj_i(w) for all ¢ > 0. This is equivalent to saying that if j < k lie in the
same fi-block, then w™1(j) lies in a later v-block than w=1(k), or equivalently, (way); > (way ).
Therefore p,, € X} if and only if w € 7. O

We will show below that the torus-equivariant cohomology of X/ is isomorphic to the local-
ization algebra of the universal deformation of A). However, the torus T* is too large in general.
For instance, take n = 3 and let u = v be the partition (2,1). Then Z' has only one element, so
Al = C and its degree two part is zero, while T* is two-dimensional. The action of T* will factor
through a quotient torus which we define as follows.

Let A = /%, the transpose partition to v.

Definition 9.6. Let J be the collection of all subsets J C {1,...,n} such that J is a union of
u-blocks and
[J| = A1+ -+ Ak,

where k is the number of p-blocks appearing in J.

Note that the existence of such a J other than {1,...,n} implies that there is an index where
the dominance inequality required for u* < X is an equality. Thus, the elements of J measure
where T comes closest to not being less than .

For any J € J, let 17 := >_,_;e; € t* C t = C", and let T}/ be the quotient of T# by the
connected subtorus with Lie algebra spanned by {1; | J € J}, so

LieT!' =t :=t"/Span{l; | J € J}.
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The meaning of the sets J € J is explained by the following combinatorial result. For any
JcAl,...,n} let Wy:={weW|w(J)=J}

Lemma 9.7. For any J € J, the set {wa, | w € I} is contained in a single Wy-orbit. In

particular, the inner product (way,, 1) is independent of w for w € I}

Proof. We can assume that ™ < ), since otherwise 7}, = (). Take an element J € 7, and suppose
that |[J| = A1 + - - - + \¢. Fix a permutation w € W. The vector wa, has v; entries equal to —i for
all i € Z, so if we let m; = #{j € J | (way,); = —i}, we have m; < v; for all i. If w € Z/ then way,
lies in AI, so the entries in each u-block are strictly decreasing. In particular, each u-block has
distinct entries, and since J is the union of exactly k p-blocks, we must have m; < k for all i € Z.
But then
|J| = Zml < Zmin(yi,k:) =M+ + =1
ic? ic?,
so we must have m; = min(v;, k) for all 7. This means that the multiset of entries of wa, in the

places j € J is independent of w € Z}. ]
Proposition 9.8. The action of T* on X} factors through the quotient TH — T} .

Proof. Take any J € J, and let Ty C T* be the connected subtorus with Lie algebra C-1;. We need
to show that T acts trivially on X}'. Suppose not; then X} must meet more than one connected
component of the fixed point set (X, )%, and so the fixed point set (X}')”" must also meet more
than one component. But two T-fixed points py, pys lie in the same component of (XV)T’ if and

only if w and w’ lie in the same Wj-orbit, contradicting Lemma. |9.7] ]

The following is our main result relating Spaltenstein varieties with category O. The next

section is devoted to its proof.

Theorem 9.9. The universal deformation AL of AY is malleable and flexible. There is an isomor-
phism of localization algebras between Z(AL) and H, (X1).
n

Remark 9.10. Theorem implies that the rings Z(A}) and H*(X/') are isomorphic. Another
proof of this can be obtained by using [Bru0O8b], which gives a presentation by generators and
relations for Z(A%), and [BOJ, which shows that the same presentation gives H*(X/'). The proof
of Theorem uses some technical results of Brundan from [Bru08a] which were also used in
[BruO8b|, so our proof is not entirely new.

Note also that Theorems and 9.9 imply that t§ and Z((A})")y = (Ae)e = Z (Azo)g must
be isomorphic, as they can all be interpreted as the base of the universal deformation of A%. This
also follows from Brundan’s work: in fact, our description of t, is exactly the degree two part of
the isomorphism H*(XZO) = Z(AZO) given in [Bru08b).

Remark 9.11. Like the algebras B(V) considered in Section [8] the algebras Al are related to the
geometry of certain symplectic algebraic varieties. Let S* be the Slodowy slice to the nilpotent

matrix N, constructed explicitly in [Slo80, §7.4], and recall the moment map 7: T*X, — g*.
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The preimage S/ := 771(SH*) is a smooth symplectic algebraic variety, and the projection 7 is a
symplectic resolution of singularities [Maf05, Theorem 12]. The variety S deformation retracts
onto the Spaltenstein variety X/, and the irreducible components of X} are Lagrangian in Sk
We conjecture that A} is isomorphic to the Ext-algebra of a sum of Lagrangians in the Fukaya
category of S¥. This conjecture is completely analogous to the one that we made above involving
B(V) and the hypertoric variety 9t(V) in Remark When N, is the zero matrix, so that SI
is isomorphic to the cotangent bundle of the partial flag variety, our conjecture follows from the
Beilinson-Bernstein localization theorem [BBS81] and the work of Kapustin, Witten, Nadler, and
Zaslow relating the Fukaya category of a cotangent bundle to the category of perverse sheaves on
the base [KW0T7, NZ09].

10 Deformed category O

In this section we prove Theorem In order to understand the universal deformation flf,‘,
we will compare it to a ring EZ coming from the “deformed category O” considered by Soergel
[S0e90, [Soe92] and Fiebig [Fie03, [Fie06, [Fie08]. Here the deformation comes from deforming the
action of the Cartan subalgebra. Results of Fiebig and Soergel allow us to show that ﬁz carries a
formal grading in the sense of Remark so it comes from the universal deformation by extension
of scalars. It is easy to construct deformed standard objects in the deformed category O, and to
compute their central characters. We use this to show that the “formal localization algebra” Z(/TZ)
is isomorphic to the completion of the the equivariant cohomology ring of the Spaltenstein X/, but
for the larger torus T+ D T} .

Most of the following material on deformed category O can be found in Fiebig’s paper [Fie03].
However, he does not treat the parabolic case; when necessary, we will indicate how his arguments
can be extended; see also [Strl §2]. Let u, v be compositions of n as in the previous section, and
assume that 4™ < v¢, so the block O is nonzero. Let S* := Sym(t*)* = Sym h*. A p-deformation
algebra is a commutative noetherian S*-algebra D with structure map 7: S* — D. Given a u-
deformation algebra and a weight o € A C h*, the a-weight space of a left U(g) ® D-module M
is

My, :={veM|Hv= («a(H)+ 7(H"))v for all H € b},
where H# denotes the image of H in the quotient h* of h. Let p = p,, be the parabolic subalgebra

determined by pu, as defined in the previous section, and let D be a u-deformation algebra.

Definition 10.1. The D-deformed p-parabolic category O} is the category of finitely generated
U(g) ® D-modules M such that

o M =@, cp My, and
e (U(p)® D)v is a finitely generated D-module for all v € M.

For instance, if D = C and the map S* — C kills h#, then OF is the usual parabolic category OH.
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If D — D' is a map to another p-deformation algebra, then M — M ®p D’ defines a base change
functor OF — OF,,.

Deformed standard objects in Of, which we call deformed Verma modules, are defined in
the following way. Let m = Zy(t#) C p be the centralizer of t#; it is the subalgebra of block diagonal
matrices for the p-blocks. For each o € Al‘f there is a finite-dimensional irreducible m-module E,
with highest weight a — p, and these give all finite-dimensional irreducible modules with integral

weights. For a € A/J[, we define a deformed Verma module
Mb(0) i= Ulg) G (Ea @ D),

where U(p) acts on E, via the map U(p) — U(m) obtained by projecting away the off-diagonal
blocks of p, and on D via U(p) — S* 5 D. It is an object of OF, where D acts only on the last
factor. Since it is generated as a module over U(g) ® D by 1 ® v ® 1, where v € E,, is a highest
weight vector, the action of D induces an isomorphism End 3, (]\/4\ #(a)) = D. For any map D — D’
of pu-deformation algebras, we have a natural isomorphism M} (o) ®p D' = M}, («). The object
M (@) is the standard cover of the simple module L(«) in the usual parabolic category O*.

To apply Fiebig’s results we need our deformation algebra to be local. Let S = HiZO S be the

i
>0

category O%ﬂ. We denote the deformed Verma modules in this category by M Mla) == M gi# ().

completion of S* at the graded maximal ideal S, and let O denote the corresponding deformed

Definition 10.2. A Verma flag for an object M € OM is a finite filtration with subquotients that

are isomorphic to deformed Verma modules.

Theorem 10.3. [Fie03 §2] The category O" has enough projectives. The base change functor
On — Oé = OF induces bijections between isomorphism classes of simples in O" and in OF, and
between isomorphism classes of indecomposible projectives in both categories. All projective objects
in O* have Verma flags. If P € OH s projective and M € OH has a Verma flag, then Hom g, (P, M)

is a free §“-m0dule, and the natural map
Homg, (P, M) ®g, C — Homowu (P ®g, C, M ®g, C)

18 an isomorphism.

Remark 10.4. Note that Fiebig does not treat the parabolic case. He assumes that p is a Borel
subgroup, meaning that p; < 1 for all ¢, so W, = {1}. We call such a composition regular.
The main argument in [Fie03] that needs modifying when g is not regular is Lemma 2.3, which
constructs the projectives. He explains that arguments of Rocha-Caridi and Wallach [RCW82] can
be adapted to the deformed situation. The arguments of [RCWS82] do cover the parabolic case, so

extending Fiebig’s arguments is straightforward.

Theorem gives us for each o € AZ a projective object ﬁ“(a) such that ﬁ“(a) ®g, C &

PH(a). If v is another composition of n, we define & = «, as before, and let O be the full
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subcategory of O whose objects are all quotients of direct sums of ﬁ“(woz) forw € Z);. Then ]3,5‘ =
Dz P! (wa) is a projective generator of this category, so Homgpu (P}, —) defines an equivalence
of categories between Ol and finitely generated right modules over AY := End(P}). Theorem
also implies that the image of M H(way,) satisfies the formal analogues of the hypotheses of
Corollary so it is isomorphic to the deformed standard object in the category of zzl\’,f—modules
which we defined in Section [l

The base change functor @5 — O} sends ]3# to P}, so it induces a ring homomorphism
AY 5 AP, Theorem implies that A is a flat deformation of A” over Spec Sk, We wish to
use Remark to relate this deformation to the universal deformation A%. To do this, we need to
construct a formal grading on AY.

When p is regular, we use a geometric interpretation of deformed category O due to Soergel
[Soe92] and Fiebig [Fie03, [Fie08] to construct our formal grading; we then deduce the case when
w is general from this. So assume for the moment that p is regular. To indicate this, we omit the
superscript p from our notations.

As in the last section, let X, denote the partial flag variety G/P,, and let T' C G be the diagonal
subtorus acting on X,,. Let S := Symt* = H7(pt), and let S = [1;2, Si be the completion of S at
the graded maximal ideal. For an element w € W/W,, let C,, C X, denote the B-orbit containing
the T-fixed point p,,. Let 7 be the center of XV,

Theorem 10.5. We have g—algebm isomorphisms
Hy(X,)®sS = Z = Endg (R),
where Py := ﬁ(wgay) is the antidominant projective. The functor
V= Homéu(ﬁo, —): O, = Z —mod

is full and faithful on objects with a Verma flag (in particular, on projectives) and we have natural

Z-module isomorphisms
VP(way) 2 THAH(Cp) ®s S and VM (way,) = HE(Cy) ®5 S

for all w € W/W,,.

Proof. The identification of the center of A, is accomplished in [Soe90, Theorem 9] and [Fie03,

3.6]. Fiebig’s proof is instructive from our point of view: he shows that the map

Z = @ Endéy(]\?(wa)) = @ S =~ HyXxNoss
weW/W, weW/W,

is an injection, and the relations cutting out the image are the same as those that describe the image
HA(X,) — HA(XT) in terms of the T-invariant curves in X,, [GKM98, 1.2.2]. Since tensoring with
S is exact for graded S-modules, this gives the first isomorphism in Theorem It also gives the
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identification of VM (wa,) with H(Cy) ®5 S.

The full faithfulness of V is proven in [Fie08, 7.1]. Finally, [Fie08, 7.6] identifies VP(wa,)
with the completion of sections of a sheaf on a “moment graph” constructed from the zero and
one-dimensional orbits of X,. By [BMO1} §2] this gives exactly IH}(C\,) ®g S. O

Corollary 10.6. We have §—algebm isomorphisms

A, = Endz| @ VP(wa,)| = Endgyx)| €D MHH(CL) | ®sS.
’LUEW/WV 'LUGW/WV

This gives our formal grading of A\V in the non-parabolic case: the i*" graded piece consists of
maps which increase degree of the intersection cohomology groups on the right by i. The grading

in the general case now arises from the following proposition.

Proposition 10.7. Let u,v be arbitrary compositions of n. There is a surjective map from ;1\1, to
Eff, with kernel generated by the idempotents {e, | w € T, \ ZL'} and the kernel of the projection
b — b~

Remark 10.8. In fact, the kernel is generated by the idempotents alone, but we do not need this,

and will not prove it.

Proof. We construct a truncation functor 7: (’3,, — O! which is the deformed analogue of the
functor that takes the maximal p-locally finite quotient of objects in category O. We do this in
two steps. First, for an object M € @l,, define M* := M @5 §“, the image of M under the functor
O — Og,. Next, define
Q = @ P(wa)*,
weL \IL

and define 7M to be the cokernel of the natural map Homogu(Q,M“) ®g, Q@ — MF. Tt is the
largest quotient of M* which contains no subquotients isomorphic to any simple object L(wa)*
with w € Z,, \ ZV,.

It follows that this functor does indeed send (51, to (55 . It is not hard to see that 7 is right exact
and left adjoint to the inclusion ¢: ol — (5,,, so it sends projectives to projectives, and in fact sends
a projective generator of @V to a projective generator of @ﬁ . This gives a natural homomorphism
A, — Al , which clearly contains the ideal described in the statement of the theorem. It is also
surjective, since the adjunction map M — ¢7M is surjective for any M. Our description of the

kernel now follows from the characterization of 7M in the previous paragraph. O

Let AY be the universal deformation of A%. Let S/ be the symmetric algebra of Z((A%)")5,
so Al is an S-algebra. Theorem Remark and Proposition now imply the following

result.
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Theorem 10.9. There exists a linear map i : Z((A)')s — ¥, inducing a graded ring homomor-

phism S5 — §”, such that we have an §“—algebm isomorphism
b Alwg S

By itself, Theorem doesn’t help us understand the universal deformation. For instance,
if it turned out that 1, = 0, then we would have A\,‘f ~ AY® Sk, However, the following result

implies that AY carries all the information of the universal deformation.

Proposition 10.10. The map ¥t of Theorem is injective. As a result, we have an S, -algebra

isomorphism
A= P (Ar) @on st
i>0

I

where the map S* — S5 comes from any left inverse of VL.

We postpone the proof of Proposition [10.10] until we have established some further properties
of the deformation A. Note that since the maps A, — A% — A are surjective, they induce maps

between the centers of these algebras.
Lemma 10.11. The maps Z(A,) — Z(AY) — Z(AL) are surjective.

Proof. By [Bru0O8a, Theorem 2], the action of the center of the enveloping algebra induces a sur-
jection Z(U(g)) — Z(AL). Tt follows that Z(U(g)) ® S* surjects onto Z(AL) and (as a special
case) Z(U(g)) ® S surjects onto Z(A,). The result then follows from the surjectivity of the maps
2(U(e) ® 5~ Z(U(9)) ® 5 — Z(U(9)). 0

Remark 10.12. Proposition|10.10|and Lemma|10.11|together imply that the universal deformation

A# is flexible in the sense of Section [6]

The center of A acts on the deformed Verma module M H(wa) by a character
hi: Z(A) — Endey (M* (wa)) = S,

When p is regular, which we indicate as usual by omitting p from the notation, Theorem [10.5
identifies h,, with the map H7}(X,) ®g S - H7 (pw) ®s S = § induced by restriction. In terms of

the identification
Hi(X,) = H5(X,) e Hilpt) = Hp, (o) Onzn Hipt) = ™ g S,
we have hy(f ® g) = g - w(f). In particular, in degree 2 we have
HA(X,)2bp" @b and hy(z,y) =y + w(x). (10)

The characters of deformed parabolic Verma modules are determined by the non-parabolic charac-

ters via the following result.
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Lemma 10.13. The diagram

~ hw —~
Z(Ay) S
Z(Al) ——gn

commutes, where the left vertical map is the natural projection.

Proof. Using the proof of Proposition [10.7], we see that the deformed parabolic Verma module
M\“(wa) = H/\/f\(wa) is a quotient of J/\I\(wa) ®g Sk, O

Remark 10.14. Proposition [10.10] Lemma [10.13] and our formula for the characters h,, in Equa-
tion together imply that the universal deformation A% is malleable in the sense of Section
Bl

We now use these calculations to determine the center of A%. This result, along with Proposition

[10.10] will complete the proof of Theorem [0.9
Theorem 10.15. The formal localization algebra Z(AL) is isomorphic to H:. (X)) ® Sk

Proof. Consider the commutative diagram

- @hw
Z(4,) A
|
~ Dht S
2(a%) B

where ¢ is the quotient map S — Sk for all w € TV , and kills all terms for w ¢ Z};. The horizontal
maps are injective by Equation and Lemma [10.13} while the left vertical map is surjective by
Lemma [10.11] Thus we have an isomorphism Z(A=%Y) 2 ¢(Im @h,, ).

This diagram has a topological analogue:

H;(Xl/) ®s S - wé.éy 5
lq

~ H)* g

(X0 g0 G —— @ s

weTH

The left vertical map is the composition of the restriction to the subtorus T# with the restriction
to X#. The maps ¢* and (¢#)* are the restrictions to the fixed point sets, which are indexed as
indicated by Proposition [9.5)

Both X, and X} have vanishing odd cohomology, so they are equivariantly formal, which implies

that the horizontal maps are injections. The restriction from H*(X,) to H*(X/}') is surjective by
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[BOL Corollary 2.5]. Together with equivariant formality this implies that the left vertical map is
surjective, so we have an isomorphism H3,. (X)) = ¢(Im:*). We have already seen in the proof of
Proposition that ¢* is identified with ®h,,, so this proves the theorem. ]

By Lemma [10.13| the image of (z,y) under the composition
B &b Z(A,)s — Z(AM)y — End(M*(wa))

is multiplication by (y + w(z))* € h* C S*. It follows from [Bru08a, Theorem 2] that any two
simples in O can be connected by a chain of non-trivial Ext! groups, so by Lemma we see that

the image of 5 contains
Y= {(w(ay) —v(aw))! | v,w € ZH} C h*.

Using this, we can finally prove Proposition [10.10

Proof of Proposition[10.10. We have dim Span(X) < rank ) < dim Z (A'ZD)Q, so it will be enough
to show that dim Span(X) = dim Z(AZO)Q.

As we noted in Remark [9.10, Brundan [BruO8b] shows that Z (Azo)g =~ ;. Lemma shows
that the pairing between h* and t* induces a well-defined pairing between ¥ (a subspace of h#)
and t,; (a quotient of t*). We will show that this pairing is non-degenerate.

As we saw in the proof of Lemma the set {w(a,) | w € I’} is the set of all vectors in Z"
which have v_; entries equal to i for all ¢ € Z, and for which the entries in each p-block are strictly
decreasing. It follows that if the p-blocks are reordered, the effect on the set X is just to apply the
appropriate permutation to each element. The same holds for t/, so without loss of generality we
can assume that g = ™. It is also easy to see that we can take v = v™T.

We must show that every element in t* which pairs to zero with ¥ must lie in the span of

{1,]J € J}. To do this, let ky < --- < k;, be the solutions k to the equation
P14 e = A+ Ag,

and let J; be the union of the first k; u-blocks. Then Lemma [9.7]says that for any vector wa,, and
any ¢ the multiset of entries indexed by j € J; \ J;—1 is independent of w. It is also clear that the
entries in each J; \ J;—1 can be chosen independently. It follows that without loss of generality we
can assume that J = {{1,...,n}}.

We make this assumption, and proceed by induction on the number of nonzero entries in p. If
there is only one, then t,, = 0 and we are done. Otherwise, consider filling the y-blocks with entries
of a,,, starting with the left-most block first. If we fill the first block with the entries 1, ..., u1, then

the remaining blocks give an element of {w(ay,/) | w € Iﬁ,,} for the pair

wo=(p2,ps,...) and V' = (1 — 1, .. 00 — Lvp41,...) 7
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We can describe the transpose partition ) := (¢/)! as follows: if m is the unique integer such that

Am > p1 and Ap41 < pg, then
N = (AL Aty At + A — 11 A2 -+ )
Note that for these new partitions, we have p/ < X and J = {{1,...,n}}
Nt ) = Mt ) > (e ) 2 (pot e ) = (o) ik <m
and
Mo A X)) = A+ N — ) > (2o pgen) = (py + -+ pg) ik >me

Using permutations that keep the first block fixed, we obtain an inclusion X/ < Y and by
our inductive hypothesis, no element of the span of this subset is annihilated by t,;, which pairs via
the surjective quotient map t, — tﬁ,/

The kernel of this map is one dimensional, spanned by the element 1j; ;) which has all 1’s on
the first block and 0’s elsewhere. So by the inductive hypothesis, we only need to find an element
of ¥ which pairs non-trivially with this vector. That is, we must find v and w in Z} for which
v(a,) and w(ay) have different entries in the first block. Rather than construct the whole vector,
we note that a choice of entries in the first block can be extended to a vector of the form w(ay, ) if
and only if the remaining partitions p” and v” still satisfy the dominance condition (u”)™ < M.

We have already noted that we can take the entries in our first block to be 1,..., 1. We claim
that 1,...,pu1 — 1,1 + 1 will also extend to a vector of the form v(a,) for v € Z'. This will finish
the proof, since the difference of these vectors will pair non-trivially with 1(; ,,;], and thus establish
non-degeneracy.

In this case, we have

"n__ +
V= (Vl —1,,.,7VM171 *13V,u1ayu1+1*17V/L1+2a"') :

If vy, = vy, 41, then v/ = 0", so (u”)T <N = X and we are done. Otherwise, we find that
(V”)t = ()‘1’ ctt )\m72a >\m71 - 1, )\m+1 + )\m — U1 + ]., )\m+2, e )

Since Ay + -+ + A1 > f1 + -+ + fm—1 by assumption, we have p < (¢”)t, and so it is possible to

continue filling the remaining blocks. O
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