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CONNEC TIV ITY AND DENSITY IN THE SET OF FRAME LETS

Mar cin Bownik

Abstra ct. We show that the set of all framelets is pathwise connected and dense both
in L2(R,dx) and L2(R,d!/|!|) norms. This answers an open problem posed by Larson
[12, 13].

1. Introducti on

One of the fundamertal areas of the theory of wavelets is the investigation of
properties of the collection of all wavelets as a subset of L2(R). Probably the most
prominent problem in this areais a quedion whether the collection of all orthonormal
wavelets (as a subsé of the unit sphere) is conneded in L2(R) norm [5, 17]. More
generally, one can also ask whether the colledion of all tight frame wavelets (as a
subsetof the unit ball) is conneded in L2(R) norm [7].

While these two questions remain open so far, there are several strong results
indicating that the answer to both quedions might be podtive. The joint work of
the Wutam consortium showed that the class of all multi resolution analysis (M RA)
wavelets is conneded [17]. Speegle shaved that the class of all minimally supported
frequency (M SF) wavelets is also conneded. On the other front, Paluszyrski, %ikie,
Weiss, and Xiao shoved the connrectivity for the classof MRA tight frame wavelets
[14, 15]. Finally, Garriges, Hernandez, $ikig, Soria, Weiss and Wilson showed that
the class of all tight framelets satisfying very mild conditions on their spedrum is
also conneded [7, 8].

Degpite this, litt le attention has beengiven sofar to the study of the properties of
the collection of all (not necessurily tight) frame wavelets. The goal of this work is to
changethis by showing that the set of all frame waveletsis connected. A remarkable
feature of our techniquesis that the connedivity is shovn not only in the usual L2(R)
norm, but also in Omulti plicativeOL2(R, d!/|!|) norm. Furthermore, we prove that
the collection of all wavelet frames is also densein both of thes norms.

We start by recalling some badc terminology. A frame wavelet, or in short a
framelet, is a function " ! L2(R) such that the a! ne sysem

k() =27 @x k), k! Z,

formsaframefor L2(R). Hence, werequire the existenceof constarts 0< ¢y # ¢; < $
such that |

(1.1) collf II2# |, k& # ¢ |If |2 forall f ! L2(R).
jktz
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We say that the aln e system is Bessl if only the upper bound holds in (1.1). Let
W be the set of all framelets

W= {"1 L%R):" is aframelet}.

It is well-known that W ' L2(R) is also a subsé of the spaceL?(R,d!/|!|), which
consigs of all functionsf sud that
" # | $1/2

” d
[If ||L2(R,d!/|!|) = R|f0(!)|2

7‘ < $ H
'
where the Fourier transform of f is dgbnedas

Q)= fx)e 2™ dx.
R
This is a consequence of thle fact that

(1.2) co#  |9@N2#c forae!! R
i1z

Hence W is a subset of the intersection L2(R) ( L2(R,d!/|!]), which canbe identibed
with the space
% " # $ 1/ 2 &

LE(R) = LA(R, (1+ V[tpd) = f:(If [l = P+ 1! <3
R

The spaceL 2(RR) appearsto be a natural choice for the study of the set of wavelets
and it wasalready introduced by Garriges and Speegle [9]. There, the authors proved
that the se of all orthonormal waveletsand also the set of all tight framelets are both
complete in LZ(R) norms. However, none of these sets is completein L2(R) norm nor
in L2(R,d!/]!|) norm alone, see [9].

2. Densit y

The questionwhether the setof all framelets is densein L2(R) wasposed by Larson
[12, 13]in 1996. In this section we give a positive answer to his question. We nedl
the following standard result, see [11, Theorem 13.0.1]

Lemma 2.1. Supmsethat f | L2(R) is suchthat 01 L$ (R) and
Q=o(!") as!) o
Q=o' "** asll|) $,

for some # > 0, Then the a! ne system {D/ T\f :j,k ! Z} is a Besselsejuene,
where Df (x) =  2f (2x), Tef (x) = f (x " k).

Theorem 2.1. The collection W of all framelets is dense in L3(RR).
Proof. Let
D={f! L*R):f! L® (R) and +R > 0 suppf' ['R," UR], [UR,R]}.
Since D is a dense subspaceof L2(R), it sulc esto shaw that
(2.1) -f ! D +asequerce of framelets {" ;};1 n sudh that jIoi/org [If " "jll#=0.
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Takeany f | D. Given#> Oandr > 1 dePrea function " =" (f,r,# ! LZ(R)
by
"=n04eml where'® = #1g, 0= L,
@2 s=p2rrdT U2 Z=RY (k+S).
k! z

Since supp'fi0 " [" 12,1 2], it is clear from the characterizing equations [10, Sedion
7.1] that " 9 is a tight framelet (with the frame constart #?). On the other hand,
while " ! does not have to be a framelet itself, the aln e system generated by it must
be Bessl by Lemma 2.1.

First, we claim that " given by (2.2) is a framelet. By the above obsevation and
a basic perturbation argumernt, the a! ne sysem generaed by " is Bessd as well.
Hence it sulce sto show that the lower frame bound of " is postive; in fadt, at least
#2. More precisdy, it is enough to show that for every j | Z,

#
! .
2.3) ," . &F. #  [Pd.
k! Z 2s
Indeed, (2.3) implies that
Lo roF
9%," |k &F . # )P = #2IE )P,
jlzkl z jrz 2

sincethe family {2 Sr}j1 z partiti ons R modulo null sets Finally, to prove (2.3) we
usea standard periodization argument

9%, " | k&F = ' |%,D’ Ty" &F = ' 9B T, T &F
k! Z k! Z k! Z

ook _ 2 _ # ok o I
= D" if(l+ 1O + DHkd . 2 2 (1 + )9 + Dk d

U2 2 S

# #
=2 |21)y%°0)Pdt = # 11Q)|2d!,
S, 2 S;

Where"in the perultimate step we have used that supp'® = S, ' [ 1/2,1/2] and
supp'©' ' Z, lies outside the periodization of S; .
Next, we estimate the distancebetween" and f in LZ(R) norm

#
NE " "= 11" MA@+ va
#R #
= ()" #2@+ Y| d + Q)" OL )P+ 1! [)al.
Sr

R\ S,
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A simple calculation showsthat the Prst integral equals#2(2ln(2)+ 2" ") for sulc iently
larger, i.e., for r > In(R)/ In(2). Since'0! = 1, O the second integral equals
#

#
s ROPas v = [P+ 2/
ki 2y oy K+Sr k! Z, 0&|k| R41 K+Sr
# 2R+ DIIQIE (IS |+ Lus diIH)
# 2R+ 1[IMI5 "+ In(L+ 2 ")/@" 2.
Hence

I|f " " (f,r,#||2) 0 as#) Oandr) $.
Therefore, functions " = " (f,r,#) are the required framelets approximating f in
LZ(R) norm. !
Remark 2.1. A closer inspection of the proof of Theorem 2.1 shows that the set
Wq = {" ! L%(R):" is aframelet which hasa dual framelet}.

is also densein LZ(R) norm. Recall that $ is a dual framelet to a framelet " if
!

f = %," | k &bj K forall f ! L2(R).
jklz

It is well known, see[6], that ($,") is a pair of dual framelets if and only if {$; :
j.k! Z}y and {"jk :j,k! Z} are Bessd sequences and the following characterizing

equations hold
|

(2.4) C $eino@iny=1 forae !,
itz

(2.5) P2 1Yo (! + g) =0 fora.e ! andfor odd q! Z.
i=0

It is alsowell known that Wy is a proper subset of W, see e.g. [3, Theorem 2].

Indeed, to verify the density of Wy it sulc esto show that * = " (f,r,#) given by
(2.2) hasa dual framelet. Let $! L2(R) be given by

$=# 15, whereS, = ["2 ", 2 "1, 227 L2 "]

Sincer > 1, it is easyto seethat $ is a tight framelet. Moreover, (2.4) is immediate.
To prove (2.5) it su! cesto obsenethat if $(211) £ Othen 211 | S,. Consequently,
21+ g/ supp'('j for any q! Z\ {0} by the choice of the set Z, and (2.2). Hence,
'0(2 (1 + g)) = 0and (2.5) must hold. This showsthat ($," ) is a pair of dual framelets
and completes the proof of Remark 2.1.

3. Connectivi ty
In this section we shawv the connectivity of the set of frame wavelets.

Theorem 3.1. The collection W of all framelkets is pathwise connected in LZ(R).
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Proof. Let " °! W be an arbitr ary framelet. Let " ! be a bxedtight framelet dePned
by

Ol = Loy vayra -

We will prove that there exists a path of framelets {" '}, 0,1 = W sud that that
map t 0) "t is continuous in LZ(R) norm. In fad, this path is given explicitly by
"t=9"+3',  where$’='®1;, §=tlg, t! [01]

E.1) S =[P U2 Y4, [Uat2, Z.=R\ (k+ [ t/2t/2]).
k! Z

First, we claim that "1 W for every t! (0,1). As in the proof of Theorem 2.1 we
usea standard periodization argumert. Forany f | L2(R) andj ! Z,

! #Fuslh ._ 2
9, (" )k &F = E D if(l+1)0Q + ')E d!
k! Z U2y, 7
Fualt _ 2
=2 E 2l (1 + 1)0(1 + |)E d!
"t 2 nz
] 2
+ 2 21 (1 + 1)o@ + D dl
U2, 2N[" 2 2]y 5
Fualt ke
=2 o2 (1 + 1) 91! + |)E d!
"2 nz
E! E?
+ 2 21 (1 + ) + D d
U2, 2Nt 2]y 2
The lag two integrals can be easly computed
#mE! E E #
2 2 (1 + 1)S( + Ded =22 Q2 N))Pd! = t2 [f(1)[d!.
nz St 21 Sy
# E! o ..EZ
2 Q2 (1 + 1) + 1k d!
U2 2N Y202, 2
) # 1/2 gl L I 2 |
# 2 2 (1 + 1) + Dk d! = 9%, (" °); «&F.
U277 k! Z

Summing the above formulas over j | Z we have
| | | |

EIFIZ# 19, ) R&F# IR 1%, (" %)« &F.
jtzk!' z jtzk! z

This provesthat "t ! W for each t! [0, 1].
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Finally, the continuity of the path {" '}y o1 in LZ(R) is a consequenceof the
Lebesgyue Dominated Convergence Theorem. Indeed, for any 0# t < t) # 1 we have
" # $12

||ut non t"“## |.60(!)|21ZI\Zt"(1+ ]./l'l)dl

R
" # $12
+ tls, " t1s.[*(L+ V/|!])a!
R

A simple application of the Lebesgue Dominated ConvergenceTheorem shows that
foreacht! [0,1], ||"'" "!|l#) Oast)) t, which completes the proof of Theorem
3.1 !

Remark 3.1 The arguments usel in the proof of Theorem 3.1 shaw that the sg of
dual framelets Wy is also pathwise connected in LZ(R) norm. Indeed, it su! cesto
obsenethat eadh ", t! (0,1], given by (3.1) is in Wy, regardless whether " © 1 Wy,
or not. In particular, if "°! Wy, then we would have a cortinuous path {" '}, 0,1]
inside Wg.

To prove Remark 3.1, let $' | L2(R) be given by & = t" 15, where S; =
["t/2,"t/4], [/4,t/2land 0 < t # 1. As in the proof of Remark 2.1, it is not
hard to verify that ($!,"!) is a pair of dual framelets employing the characterizing
equations (2.4) and (2.5).

4. Extensions to higher dimensions

Theorems 2.1 and 3.1 are also valid for more general framelets associated with
exparsive dilationsin R". Recall that n 1 n real matrix A is said to be expansive if
all eigevalues%of A satisfy |9% > 1. A quasi-nom associated with expansive matrix
B is a measurable mapping &: R" ) [0,$ ), such that

() &!')=023 =0,
(i) &B!)=|detB|&!) forall ! ! R",
(i) +c> 0 & + 1) # c(&!) + &!))) forall I,1) 1 R",
Basic properties about quasi-noms, including the fact that all quas-norms asociated
with a bxed dilati on are equivalert, can be found in [2].
In this sdting, a framelet is a function " ! L?(R"), suc that the system

"ik(x) = |det AP/ (Alx " k), ! Z, k! Z",
forms a frame for L2(R"). As before, let W = W4 be the set of all framelets
Wa = {" ! L*R"):" is aframelet}.

It is well-known that every " | W, with frame constants 0< ¢y # ¢; < $ satisbes
the inequality |
(4.1) co# |OBIN22#c forae!! R",

itz

whereB = A*. Therefore, W ' L2(R") is alsoa subse of the space L2(R", d! /&(!)),

which consids of all functions f sud that
" # $12
s o
2R s 0)) = - [fA)] 0] <$,
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where & is a quasi-norm associated with the dilation B = A*. Indeed, this is a
consejuence of (4.1) and a calculation asin [1, Theorem 2.5]. Hence,W is a subset
of the intersedion L2(R") ( L2(R, d!/&(!)), which can be identi bedwith the space

L3(R") = L3(R, (1 + V&())d!).
Then we can generalize Theorem 2.1 and 3.1.

Theorem 4.1. The collection W, of all framelets assaiated with an expansive dila-
tion A is dense and pathwise connected in LZ(R").

Proof. To show density of W, we mimic the proof of Theorem 2.1. Let
D={f! L*R"): ! L® (R") and +R > 0 suppfO' B(0,R)\ B(0, /R)}.

be a densesubspace of LZ(R"). Since B = A# is expansive, we can bnd an €ellipsoid
E satisfying %E' B(E) for some %> 1, see[2]. Moreover, by resaling we can also
assimethat E' [" /2,1 2].

Givenf ! D,#> Oandr! Ndemea function" =" (f,r,#)! LZ(R") by
=0+l where'® = #g, '0'=fO7,
(4.2) S =B 'E\B'"'E, Z =R"\  (k+$S).
k! zn
A similar argument asin Theorem 2.1 showsthat " = " (f,r,#) is a framelet and

[If" "(,r,®|ls) O as#) Oandr) $.

Likewise, to showv conrectivity of W, it sul cesto bPnd a continuous path of
framelets{" '} jo,1]' Wa, where" ®! W, is an arbitrary framelet and " ' ! W, is
a bxedtight framelet debned by

0l = 1E\B#1(E)-

Following the approach of Theorem 3.1, we can debre this path explicitl y by
"t=g+8',  where®’ =1, 9 =tlg, t! [01]

(4-3) S =t(E\B YE), Z =R\  (k+tE).

k! zn
An easy adaptati on of the proof of Theorem 3.1 showsthat "t ! W, forall t! [0, 1]
and t 0) " ! is cortinuous in L(R") norm. .

Remark 4.1. As an immediate cons@uenceof Theorem 4.1 we conclude that the set
of all framelets W (or its higher dimensional counterpart W,) is not complete in
LZ(R) norm (or LZ(R") norm). This is in stark contrast with the result of Garriges
and Speegle[9], which established the completnessof the se of tight framelets.

This suggest that it might be worthwhile to consider a more regricted class of
framdets satisfying some prescribed frame bounds 0 < ¢y # ¢; < $ . More predsely,
let

W(cy,ci) = {" ! L%(R):" satisPes(1.1)}.
While it isclearthat the density of W (cy, ¢;) fails, seethe example below, it is an open
problem whether the set W (cy, ¢;) is connected in LZ(R) (or evenin L2(R)) norm. In
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the caee when ¢y = ¢, this reducesto the challenging quedion of connedivity in the
sa of tight frameles [7].

Note that in the proof of Theorem 3.1, we have a somewhat limited control on the
frame bounds of the intermediate framelets {" '}, [o.1;- In fact, it is possble that a
lower frame bound of "' could be arbitrarily closeto zero for small t > 0. Hence,
despitethat the endpoints " © and " ! might have nice frame bounds, the intermediate
framelets constructed in the proof of Theorem 3.1 may lie outside W (¢, ¢).

Example 4.1. We claim that a function $ ! L%(R), ® = 1 1/2,1/2) does not be
belong to the L2-norm closure of W(cy,c;) for any 0 < ¢y # ¢; < $ . Indeed, if
"1 W(co,c1), then by (1.1) and FatouOdemma

!

9." | (&F# cilIf |2 forall f 1 L2(R).

ikl z
On the other hand, a standard periodization argument shows that
#
! ! STuz
1%, $; k&F = 2 Q2 )]2d = $ forall 0F f ! L%(R).
jklz itz "2

Therefore, it is esential that no redrictions are imposedon frame bounds of the set
W in Theorem 2.1.

Finally, we would like to recall a related open problem posed by Larson in [12].
Is the set of all Riesz wavelets densein L2(R) norm? Naturally, one may also ask
whether the same sd is pathwise conneded in L2(R) norm or consider the same
question for LZ(IR) norm. None of these questions has been answered so far.

A partial positivereault in thisdirection hasbeenrecently obtained by Cabrelli and
Molter [4], where the authors proved that any f | L2(R") can be approximated in
L2(R") norm by a Rieszwavelet associated to some expansive dilation matrix A and
sone lattice of translates”. However, both the dilation A and the lattice " must vary
with the accuracy of approximation. Hence the original problem of Larson remains
open, sinceit asks about density of Riesz wavelets for a bxed (e.g. dyadic) dilation
and a bxed lattice of translates (e.g. integers). It is worth adding that Cabrelli and
Molter [4] have also obtained a similar result on the density of frame wavelets asin
Section 2 and independertly of this work.
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