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CO NNEC TIV ITY AND DENS I TY IN THE SET OF FR AME LETS

Mar cin Bo wni k

Abstra ct. We show that the set of all fram elets is path wise connected and dense both
in L 2(R, dx) and L 2(R, d! / |! |) norms. T his answers an open problem posed by Larson
[12, 13].

1. In t r oducti on

One of the fundamental areas of the theory of wavelets is the investigation of
properties of the collection of all wavelets as a subset of L 2(R). Probably the most
prominent problem in th is areais a quest ion whether the collection of all orthonormal
wavelets (as a subset of the unit sphere) is connected in L 2(R) norm [5, 17]. More
generally, one can also ask whether the collect ion of all t ight frame wavelets (as a
subsetof the unit ball) is connected in L 2(R) norm [7].

While these two questions remain open so far, there are several strong results
indicating that the answer to both questi ons might be positiv e. The joint work of
the Wutam consortium showed that the class of all multi resolution analysis (M RA)
wavelets is connected [17]. Speegleshowed that the class of all minimally supported
frequency (MSF) wavelets is also connected. On the other front , Paluszy«nski, ÿSiki«c,
Weiss, and Xiao showed the connectiv it y for the class of MRA ti ght frame wavelets
[14, 15]. Finally, Garrig«os, Hern«andez, ÿSiki«c, Soria, Weiss, and Wi lson showed that
the class of all tight framelets satisfying very mild condit ions on their spectr um is
also connected [7, 8].

Despite th is, litt le attention has beengiven so far to the study of the properties of
the collection of all (not necessarily ti ght) frame wavelets. The goal of this work is to
changethis by showing that the set of all frame wavelets is connected. A remarkable
feature of our techniquesis that the connecti vit y is shown not only in the usual L 2(R)
norm, but also in Òmulti plicativeÓL 2(R, d! / |! |) norm. Furthermore, we prove that
the collection of all wavelet frames is also densein both of these norms.

We start by recalling some basic terminology. A frame wavelet, or in short a
framelet, is a function " ! L 2(R) such that the a! ne system

" j ,k (x) = 2j / 2" (2j x " k), j , k ! Z,

formsa framefor L 2(R). Hence,werequire theexistenceof constants 0 < c0 # c1 < $
such that

(1.1) c0||f ||2 #
!

j ,k ! Z

|%f , " j ,k &|2 # c1||f ||2 for all f ! L 2(R).
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We say that the a!n e system is Bessel if only the upper bound holds in (1.1). Let
W be the set of all framelets

W = { " ! L 2(R) : " is a framelet} .

It is well-known that W ' L 2(R) is also a subset of the spaceL 2(R, d! / |! |), which
consists of all functions f such that

||f ||L 2 (R,d! / |! |) =
" #

R
| öf (! )|2

d!
|! |

$ 1/ 2

< $ ,

where the Fourier t ransform of f is deÞnedas

öf (! ) =
#

R
f (x)e" 2" ix! dx.

This is a consequence of the fact that

(1.2) c0 #
!

j ! Z

| ö" (2j ! )|2 # c1 for a.e. ! ! R.

Hence, W is a subset of the intersection L 2(R) ( L 2(R, d! / |! |), which can be identiÞed
with the space

L 2
#(R) := L 2(R, (1 + 1/ |! |)d! ) =

%
f : ||f ||# =

" #

R
| öf (! )|2(1 + 1/ |! |)d!

$ 1/ 2

< $
&

.

The spaceL 2
#(R) appearsto be a natural choice for the study of the set of wavelets

and it wasalready intro duced by Garrig«os and Speegle [9]. There, the authors proved
that the set of all orthonormal waveletsand also the set of all tight framelets are both
complete in L 2

#(R) norms. However, none of these sets is complete in L 2(R) norm nor
in L 2(R, d! / |! |) norm alone, see [9].

2. Densit y

The questionwhether the set of all framelets is dense in L 2(R) wasposed by Larson
[12, 13] in 1996. In this section we give a positive answer to his question. We need
the following standard result, see [11, Theorem 13.0.1].

Lemma 2.1. Suppose that f ! L 2(R) is such that öf ! L $ (R) and

öf (! ) = O(|! |#) as ! ) 0,

öf (! ) = O(|! |" 1/ 2" #) as |! | ) $ ,

for some # > 0. Then the a! ne system { D j Tk f : j , k ! Z} is a Bessel sequence,
where D f (x) =

*
2f (2x), Tk f (x) = f (x " k).

Theorem 2.1. The collection W of all framelets is dense in L 2
#(R).

Proof. Let

D = { f ! L 2(R) : öf ! L $ (R) and +R > 0 supp öf ' [" R, " 1/R ] , [1/R , R]} .

Since D is a dense subspaceof L 2
#(R), it su!c esto show that

(2.1) - f ! D + a sequence of framelets { " j } j ! N such that lim
j %$

||f " " j ||# = 0.
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Take any f ! D. Given # > 0 and r > 1 deÞne a function " = " (f , r , #) ! L 2
#(R)

by

(2.2)
" = " 0 + " 1, where ö" 0 = #1Sr , ö" 1 = öf 1Z r ,

Sr = [" 2" r , " 2" r " 1] , [2" r " 1, 2" r ], Zr = R \
'

k ! Z

(k + Sr ).

Since supp ö" 0 ' [" 1/ 2, 1/ 2], it is clear from the characterizing equations [10, Secti on
7.1] that " 0 is a tight framelet (with the frame constant #2). On the other hand,
while " 1 does not have to be a framelet itself, the a!n e system generated by it must
be Bessel by Lemma 2.1.

Fir st , we claim that " given by (2.2) is a framelet. By the above observation and
a basic pertur bation argument, the a! ne system generated by " is Bessel as well.
Hence, it su!ce s to show that the lower frame bound of " is positi ve; in fact, at least
#2. More precisely, it is enough to show that for every j ! Z,

(2.3)
!

k ! Z

|%f , " j ,k &|2 . #2

#

2j Sr

| öf (! )|2d! .

Indeed, (2.3) implies that

!

j ! Z

!

k ! Z

|%f , " j ,k &|2 . #2
!

j ! Z

#

2j Sr

| öf (! )|2d! = #2||f ||2,

since the family { 2j Sr } j ! Z partiti ons R modulo null sets. Finally, to prove (2.3) we
usea standard periodization argument

!

k ! Z

|%f , " j ,k &|2 =
!

k ! Z

|%f , D j Tk " &|2 =
!

k ! Z

|%D " j f , Tk " &|2

=
# 1/ 2

" 1/ 2

(
(
(
(
!

l ! Z

D̂ " j f (! + l) ö" (! + l)

(
(
(
(

2

d! . 2j
#

Sr

(
(
(
(
!

l ! Z

öf (2j (! + l)) ö" (! + l)

(
(
(
(

2

d!

= 2j
#

Sr

| öf (2j ! ) ö" 0(! )|2d! = #2

#

2j Sr

| öf (! )|2d! ,

where in the penultimate step we have used that supp ö" 0 = Sr ' [" 1/ 2, 1/ 2] and
supp ö" 1 ' Zr lies outside the periodization of Sr .

Next, we estimate the distancebetween " and f in L 2
#(R) norm

||f " " ||2# =
#

R
| öf (! ) " ö" (! )|2(1 + 1/ |! |)d!

=
#

Sr

| öf (! ) " #|2(1 + 1/ |! |)d! +
#

R\ Sr

| öf (! ) " ö" 1(! )|2(1 + 1/ |! |)d! .
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A simplecalculation showsthat the Þrst integral equals#2(2 ln(2)+ 2" r ) for su!c ientl y
large r , i.e., for r > ln(R)/ ln(2). Since ö" 1 = 1Z r

öf , the second integral equals
#

S
k ! Z\{ 0 } k+Sr

| öf (! )|2(1 + 1/ |! |)d! =
!

k ! Z, 0&=|k |' R+1

#

k+Sr

| öf (! )|2(1 + 1/ |! |)d!

# 2(R + 1)|| öf ||2$ (|Sr | +
#

R
11+Sr d! / |! |)

# 2(R + 1)|| öf ||2$ (2" r + ln((1 + 2" r )/ (1 " 2" r ))) .

Hence,
||f " " (f , r , #)||2# ) 0 as # ) 0 and r ) $ .

Therefore, functions " = " (f , r , #) are the required framelets approximatin g f in
L 2

#(R) norm. !

Remark 2.1. A closer inspection of the proof of Theorem 2.1 shows that the set

Wd = { " ! L 2(R) : " is a framelet which has a dual framelet} .

is also densein L 2
#(R) norm. Recall that $ is a dual framelet to a framelet " if

f =
!

j ,k ! Z

%f , " j ,k &$j ,k for all f ! L 2(R).

It is well known, see [6], that ($, " ) is a pair of dual framelets if and only if { $j ,k :
j , k ! Z} and { " j ,k : j , k ! Z} are Bessel sequences and the following characterizing
equations hold

!

j ! Z

ö$(2j ! ) ö" (2j ! ) = 1 for a.e. ! ,(2.4)

$!

j =0

ö$(2j ! ) ö" (2j (! + q)) = 0 for a.e. ! and for odd q ! Z.(2.5)

It is also well known that Wd is a proper subset of W, see e.g. [3, Theorem 2].

Indeed, to verify the density of Wd it su!c es to show that " = " (f , r , #) given by
(2.2) has a dual framelet. Let $ ! L 2(R) be given by

ö$ = #" 11Sr , where Sr = [" 2" r , " 2" r " 1] , [2" r " 1, 2" r ].

Since r > 1, it is easy to seethat $ is a ti ght framelet. Moreover, (2.4) is immediate.
To prove (2.5) it su! cesto observe that if ö$(2j ! ) /= 0 then 2j ! ! Sr . Consequentl y,
2j ! + q /! supp ö" for any q ! Z \ { 0} by the choice of the set Zr and (2.2). Hence,
ö" (2j (! + q)) = 0 and (2.5) must hold. This shows that ($, " ) is a pair of dual framelets
and completes the proof of Remark 2.1.

3. Connectivi t y

In th is section we show the connectiv it y of the set of frame wavelets.

Theorem 3.1. The collection W of all framelets is pathwise connected in L 2
#(R).
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Proof. Let " 0 ! W be an arbitr ary framelet. Let " 1 be a Þxedti ght framelet deÞned
by

ö" 1 = 1[" 1/ 2," 1/ 4]( [1/ 4,1/ 2].

We will prove that there exists a path of framelets { " t } t ! [0,1] ' W such that that
map t 0) " t is conti nuous in L 2

#(R) norm. In fact, th is path is given explicitly by

(3.1)
" t = $0 + $1, where ö$0 = ö" 01Z t , ö$1 = t1St , t ! [0, 1],

St = [" t/ 2, " t/ 4] , [t/ 4, t/ 2], Zt = R \
'

k ! Z

(k + [" t/ 2, t/ 2]).

First , we claim that " t ! W for every t ! (0, 1). As in the proof of Theorem 2.1 we
usea standard periodization argument. For any f ! L 2(R) and j ! Z,

!

k ! Z

|%f , (" t )j ,k &|2 =
# 1/ 2

" 1/ 2

(
(
(
(
!

l ! Z

D̂ " j f (! + l) ö" t (! + l)

(
(
(
(

2

d!

= 2j
# t / 2

" t/ 2

(
(
(
(
!

l ! Z

öf (2j (! + l)) ö" t (! + l)

(
(
(
(

2

d!

+ 2j
#

[" 1/ 2,1/ 2]\ [" t / 2,t/ 2]

(
(
(
(
!

l ! Z

öf (2j (! + l)) ö" t (! + l)

(
(
(
(

2

d!

= 2j
# t / 2

" t/ 2

(
(
(
(
!

l ! Z

öf (2j (! + l)) ö$1(! + l)

(
(
(
(

2

d!

+ 2j
#

[" 1/ 2,1/ 2]\ [" t / 2,t/ 2]

(
(
(
(
!

l ! Z

öf (2j (! + l)) ö$0(! + l)

(
(
(
(

2

d!

The last two integrals can be easily computed

2j
# t / 2

" t/ 2

(
(
(
(
!

l ! Z

öf (2j (! + l)) ö$1(! + l)

(
(
(
(

2

d! = 2j t2
#

St

| öf (2j ! )|2d! = t2
#

2j St

| öf (! )|2d! .

2j
#

[" 1/ 2,1/ 2]\ [" t/ 2,t/ 2]

(
(
(
(
!

l ! Z

öf (2j (! + l)) ö$0(! + l)

(
(
(
(

2

d!

# 2j
# 1/ 2

" 1/ 2

(
(
(
(
!

l ! Z

öf (2j (! + l)) ö" 0(! + l)

(
(
(
(

2

d! =
!

k ! Z

|%f , (" 0)j ,k &|2.

Summing the above formulas over j ! Z we have

t2||f ||2 #
!

j ! Z

!

k ! Z

|%f , (" t )j ,k &|2 # t2||f ||2 +
!

j ! Z

!

k ! Z

|%f , (" 0)j ,k &|2.

This provesthat " t ! W for each t ! [0, 1].
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Finally, the cont inuity of the path { " t } t ! [0,1] in L 2
#(R) is a consequenceof the

Lebesgue Dominated Convergence Theorem. Indeed, for any 0 # t < t) # 1 we have

||" t " " t "
||# #

" #

R
| ö" 0(! )|21Z t \ Z t " (1 + 1/ |! |)d!

$ 1/ 2

+
" #

R
|t1St " t )1St " |

2(1 + 1/ |! |)d!
$ 1/ 2

.

A simple application of the LebesgueDominated ConvergenceTheorem shows that
for each t ! [0, 1], ||" t " " t "

||# ) 0 as t) ) t, which completes the proof of Theorem
3.1. !

Remark 3.1. The arguments used in the proof of Theorem 3.1 show that the set of
dual framelets Wd is also pathwise connected in L 2

#(R) norm. Indeed, it su! ces to
observe that each " t , t ! (0, 1], given by (3.1) is in Wd, regardless whether " 0 ! Wd,
or not. In parti cular, if " 0 ! Wd, then we would have a continuous path { " t } t ! [0,1]

inside Wd.

To prove Remark 3.1, let $t ! L 2(R) be given by ö$t = t" 11St , where St =
[" t/ 2, " t/ 4] , [t/ 4, t/ 2] and 0 < t # 1. As in the proof of Remark 2.1, it is not
hard to verify that ($t , " t ) is a pair of dual framelets employing the characterizing
equations (2.4) and (2.5).

4. Extensions to hi gher di mens ions

Theorems 2.1 and 3.1 are also valid for more general framelets associated with
expansive dilation s in Rn . Recall that n 1 n real matri x A is said to be expansive if
all eigenvalues%of A satisfy |%| > 1. A quasi-norm associated with expansive matrix
B is a measurable mapping &: Rn ) [0, $ ), such that

(i) &(! ) = 0 2 3 ! = 0,
(ii ) &(B ! ) = | det B |&(! ) for all ! ! Rn ,
(ii i) +c > 0 &(! + ! )) # c(&(! ) + &(! ))) for all ! , ! ) ! Rn .
Basic properties about quasi-norms, including the fact that all quasi-norms associated
with a Þxed dilati on are equivalent, can be found in [2].

In th is sett ing, a framelet is a function " ! L 2(Rn ), such that the system

" j ,k (x) = | det A|j / 2" (Aj x " k), j ! Z, k ! Zn ,

forms a frame for L 2(Rn ). As before, let W = WA be the set of all framelets

WA = { " ! L 2(Rn ) : " is a framelet} .

It is well-known that every " ! WA with frame constants 0 < c0 # c1 < $ satisÞes
the inequalit y

(4.1) c0 #
!

j ! Z

| ö" (B j ! )|2 # c1 for a.e. ! ! Rn ,

whereB = A#. Therefore, WA ' L 2(Rn ) is alsoa subset of thespaceL 2(Rn , d! /&(! )),
which consists of all functions f such that

||f ||L 2 (Rn ,d! /$ (! )) =
" #

Rn
| öf (! )|2

d!
&(! )

$ 1/ 2

< $ ,
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where & is a quasi-norm associated with the dilation B = A#. Indeed, th is is a
consequence of (4.1) and a calculation as in [1, Theorem 2.5]. Hence,W is a subset
of the intersecti on L 2(Rn ) ( L 2(R, d! /&(! )), which can be identi Þedwith the space

L 2
$(Rn ) := L 2(R, (1 + 1/&(! ))d! ).

Then we can generalize Theorem 2.1 and 3.1.

Theorem 4.1. The collection WA of all framelets associated with an expansive dila-
tion A is dense and pathwise connected in L 2

$(Rn ).

Proof. To show densit y of WA we mimic the proof of Theorem 2.1. Let

D = { f ! L 2(Rn ) : öf ! L $ (Rn ) and +R > 0 supp öf ' B (0, R) \ B (0, 1/R )} .

be a densesubspace of L 2
$(Rn ). Since B = A# is expansive, we can Þnd an ell ipsoid

E satisfying %E' B (E) for some %> 1, see [2]. Moreover, by rescaling we can also
assume that E ' [" 1/ 2, 1/ 2]n .

Given f ! D, # > 0 and r ! N deÞne a function " = " (f , r , #) ! L 2
$(Rn ) by

(4.2)
" = " 0 + " 1, where ö" 0 = #1Sr , ö" 1 = öf 1Z r ,

Sr = B " r E \ B " r " 1E, Zr = Rn \
'

k ! Zn

(k + Sr ).

A simil ar argument as in Theorem 2.1 shows that " = " (f , r , #) is a framelet and

||f " " (f , r , #)||$ ) 0 as # ) 0 and r ) $ .

Likewise, to show connectiv it y of WA it su! ces to Þnd a cont inuous path of
framelets { " t } t ! [0,1] ' WA , where " 0 ! WA is an arbitrar y framelet and " 1 ! WA is
a Þxed tight framelet deÞned by

ö" 1 = 1E \ B # 1 (E ).

Following the approach of Theorem 3.1, we can deÞne thi s path explicitl y by

(4.3)
" t = $0 + $1, where ö$0 = ö" 01Z t , ö$1 = t1St , t ! [0, 1],

St = t(E \ B " 1(E )) , Zt = R \
'

k ! Zn

(k + tE ).

An easy adaptati on of the proof of Theorem 3.1 shows that " t ! WA for all t ! [0, 1]
and t 0) " t is conti nuous in L 2

$(Rn ) norm. !

Remark 4.1. As an immediate consequenceof Theorem 4.1 we conclude that the set
of all framelets W (or its higher dimensional counterpart WA ) is not complete in
L 2

#(R) norm (or L 2
$(Rn ) norm). This is in stark contrast with the result of Garrig«os

and Speegle[9], which established the completnessof the set of ti ght framelets.

Thi s suggest that it might be worthwhile to consider a more rest ricted class of
framelets satisfying some prescribed frame bounds 0 < c0 # c1 < $ . More precisely,
let

W(c0, c1) = { " ! L 2(R) : " satisÞes(1.1)} .

While it is clear that thedensity of W(c0, c1) fails, see theexample below, it is an open
problem whether the set W(c0, c1) is connected in L 2

#(R) (or even in L 2(R)) norm. In
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the case when c0 = c1, th is reducesto the challenging quest ion of connect ivit y in the
set of tight framelets [7].

Note that in the proof of Theorem 3.1, we have a somewhat limit ed control on the
frame bounds of the intermediate framelets { " t } t ! [0,1]. In fact, it is possible that a
lower frame bound of " t could be arbitrari ly close to zero for small t > 0. Hence,
despite that the endpoints " 0 and " 1 might have nice frame bounds, the intermediate
framelets constructed in the proof of Theorem 3.1 may lie outside W(c0, c1).

Ex ample 4.1. We claim that a function $ ! L 2(R), ö$ = 1[" 1/ 2,1/ 2] does not be
belong to the L 2-norm closure of W(c0, c1) for any 0 < c0 # c1 < $ . Indeed, if
" ! W(c0, c1), then by (1.1) and FatouÕslemma

!

j ,k ! Z

|%f , " j ,k &|2 # c1||f ||2 for all f ! L 2(R).

On the other hand, a standard periodization argument shows that

!

j ,k ! Z

|%f , $j ,k &|2 =
!

j ! Z

2j
# 1/ 2

" 1/ 2
| öf (2j ! )|2d! = $ for all 0 /= f ! L 2(R).

Therefore, it is essential that no restr icti ons are imposedon frame bounds of the set
W in Theorem 2.1.

Finally, we would like to recall a related open problem posed by Larson in [12].
Is the set of all Riesz wavelets densein L 2(R) norm? Natur ally, one may also ask
whether the same set is pathwise connected in L 2(R) norm or consider the same
question for L 2

#(R) norm. None of thesequestions has been answered so far.
A partial positive result in thi s directi on hasbeen recently obtained by Cabrell i and

Molter [4], where the authors proved that any f ! L 2(Rn ) can be approximated in
L 2(Rn ) norm by a Rieszwavelet associated to some expansive dilation matri x A and
some lattice of tr anslates". However, both the dilation A and the lattice " must vary
with the accuracy of approximation. Hence, the original problem of Larson remains
open, since it asks about density of Riesz wavelets for a Þxed (e.g. dyadic) dilation
and a Þxed lattice of translates (e.g. integers). It is worth adding that Cabrelli and
Molter [4] have also obtained a similar result on the densit y of frame wavelets as in
Section 2 and independently of this work.
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