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ABSTRACT. The notion of a quasi-affine system, originally introduced by Ron
and Shen [20] for integer expansive dilations, is extended to the class of rational
expansive dilations. It is shown that an affine system is a tight frame if and
only if its quasi-affine counterpart is also a tight frame. As a consequence it
is shown that for a large class of dilations (including all one dimensional real
dilations) an orthonormal affine system is complete if and only if the Calderén
condition holds.

1. Introduction

The main goal of this work is to show the following fact that was conjectured
by G. Weiss in 1999.

THEOREM 1.1. Suppose a € R, |a| 1, € R e esse
|al a € s0 00 R, e s 0o pee
0
1.1 | a | 1 o e €R

oreo er, Theorem 1.1 still holds if 1.1 is replaced by a weaker condition

1.2 % 2In |a|
which is an immediate conse uence of 1.1 . The formulae 1.1 and 1.2 are often
referred to as a alderon condition, see , , 1, .1, 1, .12.

There is also a natural higher dimensional ersion of Theorem 1.1, where the
dilation factor a is replaced by an e pansi e dilation matri . Theorem 1.1 was
initially shown in the case of e pansi e dilations preser inglattice by the author

shortly after that an alternati e proof of this fact wasalsogi enby . es otnik
21. owe er, it was not clear whether any of these two approaches e tend to
dilation matrices that do not necessarily preser e the lattice , or some other full
rank lattice . e ertheless, we are going to show that the methods de eloped

2C 0.
wavelet, affine system, quasi-affine system, rational dilation, shift
invariant system, oversampling, Calderén condition.



in and based on wuasi a ne systems can be e tended to a much larger class
of e pansi e dilations including, e.g., all one dimensional real dilations. n order
to achie e this we must e tend the concept of a uasi a ne system to a class
of rational e pansi e dilations, which was originally introduced only for integer
e pansi e dilations by on and Shen 20 .

ecently, a third approach showing Theorem 1.1 has been de ised. . auge
sen 1 , independently from the author, has also shown Theorem 1.1, i.e., Weiss
conjecture in one dimensional case, and later in multidimensional case 1 . n con

trast to the approach presented in this paper and based on shift in ariant spaces
and uasi a nesystems, augesen s methodsin ol e almost periodic functions and
semi continuous wa elet systems these are a ne systems in which discrete trans
lations are substituted by continuous ones. augesen s methods are uite ersatile
and can be applied not only to all e pansi e dilations but also to certain non
e pansi e dilations, i.e., a dilation  amplifying for the wa elet

This paper is organi ed as follows. n Section 2 we recall some basic results
about shift in ariant systems. We also introduce an o ersampling procedure which
issubse uently used tode ne uasi a nesystems for rational dilations. n Section
we show the e ui alence of a ne tight frames and uasi a ne tight frames. inally,
in Section we use these results to show our main result.

We start by establishing some necessary terminology. The translation by €

R is the dilation by non singular matri is
|det |
E 0 1. . Suppose R and is an
e pansi e matri , i.e., all eigen alues of satisfy | | 1. The esse

associated with the dilation is de ned as
€ € S

erefor € R weset |det | for € , €

E 0 1. . Suppose is non singular matri . We say that a
measurable subset of R is u P e if modulo sets
of measure ero. Gi en such  we introduce the closed subspace R
by

€ R supp 0
We say that isa wu ee for associated
with |, where is multiplicati ely in ariant, if is an orthonormal basis
of

We will use the following theorem characteri ing a ne systems being
tight frames, which is a generali ation of a well known characteri ation theorem
for dyadic dilations 1 , and integer dilations 2, 9. n the case of arbitrary

non integer e pansi e dilations and R Theorem 1. has been shown in one
dimension in 11 and in higher dimensions in 10 . The general case of Theorem
1. follows erbatim by an easy adaptation of the argument gi en in 10 .

THEOREM 1. . Suppose e s
e 0 s 1 o 0



0 € ee e oes ese o0 e 0s, e,

1. eR 0 So e €

I t ndo r in

n this section we recall some basic results about shift in ariant S systems
and then we describe a simple procedure of o ersampling a S system that is not
necessarily S with respect to the standard lattice

E 0 .1. Suppose that is a full rank lattice, i.e, , where

is an non singular matri . We say that a closed subspace R is

s S with respect to the lattice ,if €  implies € for all

€ . Gi en a countable family R and the lattice we de ne the S
system and S space by

2.1 € € Span
When we often drop the superscript , and we simply say that is S .

Gi enaS system we are often interested in determining whether
forms a frame for . ne possible way of achie ing this is to consider a dual
Gramian of introduced by on and Shen 19 . or simplicity we restrict
our attention to the case of , since this will be su cient for our work.

Suppose that is some subset of a ilbert space . e ne an operator

by . We say that is a esse if s

bounded. n addition, if is bounded from below then we say that is a e.
The e ope o of is de ned as . The lower
and upper frame bounds of a frame are de ned as || I and || || ,
respecti ely. f the lower and upper bounds of a frame are e ual then we
say that is a tight frame.

E O . . Suppose R is a countable set such that
2.2 | | forae. €R
The u of is a map from the fundamental domain
1 21 2 intoself adjoint in nite matrices de ned fora.e. € by
2. N for €
ote that if a matri de nes a bounded operator on
for some € | by , where is the standard
basis of , then € isa essel family and
is the frame operator of the set € . b iously, the
con erse to this is also true. urthermore, it follows from 19, Theorem . . that
2.2 is a necessary but no su cient condition for to be a essel family.
The following result due to on and Shen 19 characteri es when the system of
translates of a gi en family of functions is a frame or essel familyifa 0

in terms of the dual Gramian, see also , Theorem 2. ii .



THEOREM . . Suppose R s ou e s s es e

sse s eo S sp e e ou s0 a ,
e’
all || | Ll 0 €

0 e u s s es
2, all | Il o € o e €
ee
2. span €
s e euw 0 0

ecall that, in general, a range function is a mapping
closed subspace of

and there is one to one correspondence between S spacesof R  and measurable

range functions due to a classical result of elson 1, , 1 . ecall also that

whene er the dual Gramian is bounded it represents the frame operator of
€ , and hence is always a self adjoint operator

satisfying

2. ran and ker for a.e. €

where is gi en by 2.

n this section we are primarily interested in o lattices ,i.e., ,
where is an non singular matri with rational entries. n this situation
de ne ,the e su eof by . We introduce two uotient
groups

iscalled an e e so group,
iscalledano es p group.
ntuiti ely, the e tension group measures how much the rational latice e
tends beyond , whereas the o ersampling group determines how much o ersam
pling is needed to obtain a minimal superlattice of containing the standard lattice

E O . . Suppose R is a countable set and is a rational
lattice. e ne theoes pe sse of by

2. _
o

where the union runs o er representati es of distinct cosets of the o ersampling
group , is an integral sublattice of , and | | is the order of

y the abo e de nition is always S with respect to . ndeed, by 2.

S € €



ote that if then no o ersampling occurs, and the o ersampled system

The following lemma gi es an e plicit formula for the dual
Gramian of

EMM . . Suppose R s s es

, s 0
e e u 0 s e o € s
E— S
2.9
0 0o e se
ere, isthe wu lattice of ,i.e.,
eR € for €
That is, if then

ROO . The proof is purely computational. ote that by
and 2. ,

ence, by the de nition of the dual Gramian

1
|
1
|
sing | || | 1 |det |and emma 2. this yields 2.9 .
EMM e e 0 e s e su e
e o €
0 €
2.10 | |
0 0 €
ROO . i € . ote that the map € [ ] 1
gi en by for € is a well de ned group homomorphism.
Since the uotent group has a nite order, is a nite subgroup of
owe er, any nite subgroup of  consists of roots of unity of a certain order
ence, 0 1 , where depends on the
choice of € . learly, 1if € ,and 1if € . Since

has the same cardinality for each € and
for 1 we obtain 2.10 .



u i n t orr tion di tion

The goal of this section is to introduce and study a class of uasi a ne systems
for rational e pansi e dilations. riginally uasi a ne systems ha e been intro
duced and in estigated only for integer e pansi e dilation matrices by on and
Shen 20 . Their importance stems from the fact that the frame property carries
o er when mo ing from an a ne system to its corresponding uasi a ne system,
and ice ersa. urthermore, uasi a ne systems are shift in ariant and thus much
easier to study than a ne systems which are dilation in ariant.

ur goal is to introduce the notion of a uasi a ne frame for rational e pansi e
dilations that o erlaps with the usual de nition in the case of integer dilations. The
main idea of on and Shen 20 is to o ersample negati e scales of the a ne system
at a rate adapted to the scale in order for the resulting system to be shift in ariant.

en though by doing this the orthogonality of the a ne system is not carried
o er to the corresponding uasi a ne system, howe er, it turns out that the frame
property is preser ed.

n order to de ne wuasi a ne systems for rational e pansi e dilations we need
to o ersample both negati e and positi e scales of the a ne system at a rate
proportional to the scale which results in a uasi a ne system that in general
coincides with the a ne system only at the scale ero. ence, it is less clear than
in the case of integer e pansi e dilations where both systems coincide at all non
negati e scales , whether there is any relationship between a ne and wuasi a ne
systems. e ertheless, it turns out the frame property still carries o er between
a ne and wuasia ne systems.

E 0 .1. Suppose R and is an
rational e pansi e matri . The wu s esse associated with the
dilation is de ned as

1

emark that the a ne system can be e ui alently introduced as

M E . . otethatif is an integer e pansi e matri then e nition
.1 o erlaps with the usual de nition of a uasi a ne system, i.e.,

S (S S
where for € R and € , € we set
|det | if 0
|det | if 0

ndeed, if  has integer entries then by 2.

for 0
|det | for 0



M E . . The uasi a ne system has a relati ely simple algebraic form
also in one dimension. Suppose a € s a dilation factor, where |a]
1, ged 1, € . Then we claim that the uasi a ne system
associated with a is gi en by

€ S
erefor € R and € we set
— a if 0
— a if 0
ote the abo e con ention for in the case when a is an integer is consistent

with  ample .2. To show the claim not that by 2.

’

for
for
THEOREM . . Suppose s 0 ep s e
, ee s U P e suse o R
e e es se s e 0 s 1o 0
s us e ou ep s e 0 s 1o
ROO . Theorem 1. gi esa characteri ation of being a tight frame with
constant 1 in terms of the e uation 1. . ote that 1. can be reduced to the
form
1 for a.e. €R
andforall € . tisclearthat 1. implies . . Toseethecon erseimplication
take any e , € , € ,
1 1
n the other hand, since the system is shift in ariant we can characteri e
to be a tight frame using Theorem 2. and emma 2. . ur goal is to show
that the resulting condition is precisely . . ndeed, let denote the dual
Gramian of for € . y emma2. ,for € and € we ha e
|det | €
0 otherwise
S

0 otherwise



since . et denote the dual Gramian of .y 1
and the additi ity of dual Gramians

1 €
0 otherwise

y Theorem 2. and 2. it follows that is a tight frame with constant
1 for if and only if the dual Gramian of satis es
[l for € and for a.e. €
where is the range function corresponding to . n other words,
is a tight frame with constant 1 for if and only if the dual Gramian is
an orthogonal projection onto for a.e. . ecall that the range function
of is gi en by
S 0 €
Therefore, is a tight frame with constant 1 for if and only if its dual
Gramian satis es
1 if and €
) for a.e. €
0 otherwise
y . we conclude that . ise ui alent with
1
fora.e. € ,and € . owe er,thisinturnis . , which was shown to be
e ui alent with being a tight frame with constant 1 for by Theorem
1. . This completes the proof of Theorem
Theorem . can be generali ed to the case of general dual frames. or

e ample, as it is in the case of integer dilations 12, 20 , one can show that

is a tight frame with constants a and if and only if its wuasi a ne counterpart
is a frame with the same constants. owe er, in this work we will only need

the following simple fact.

EMM .. e e Ssu p o0 SO0 eo e , s esse
0 s 1 e s So esse 0 s 1

ROO . or € de ne



Gi en any 0 de ne

which is a full rank sublattice of . We claim that for any 0,
1
—_— for | |
| |
where the sum runs o er all representati es of distinct cosets of . ndeed,
pick any | | and let be the integral sublattice of .y
2.,
| |
1 | 1
| | | |
Therefore,
1 1 1
| | I | |
1 1
I I
which shows . . y . |
1
lim lim | |
. 1
lim TR |
since is essel with constant 1. This completes the proof of emma
d ron condition nd co tn o n t

n this section we show that the alderon condition

1 | | 1 fora.e. €R

characteri es completeness of orthonormal a ne systems for a large class of e pan
si e dilation matrices including, e.g., for all one dimensional real dilations. This
fact was conjectured by G. Weiss and it was originally shown in the case of integer
e pansi e dilations by the author and es otnik 21 . erewee tend the meth
ods de eloped in  and based on uasi a ne systems to show this conjecture for
alarge class of e pansi e dilations. di erent approach based on semi continuous
wa elet systems was used by . augesen 1 ;1 to show this conjecture for arbi
trary e pansi e dilations.
We start with a result e tending , Theorem 2. to the case of rational e

pansi e dilations.



THEOREM .1. Suppose s 0 ep s e

, ee s U P e suse o R
ssu e s esse 0 s 1 e e 0o e
eu e
s e 0 s 1o s
e s ee eo o u o0 S
2 | 1 o e €R
0 so e us o sso e s
[ LI
ee S e su e se Su S p 0 S

0 Uuo seso esue eo

ecall from thata u s o  associated with an e pansi e dilation is a

measurable mapping R 0 satisfying
i 0 0,
ii |det | forall eR,
iii there is 0 so that for all eER .
n the case when R, is referred to as a e s u e ofa
uasi norm , and it can be shown that does not depend on the choice of
, see

ROO O THEOREM .1. The proof of Theorem .1 follows closely , The

orem 2. . The implication i ii is a conse uence of Theorem 1. . The
implication ii iii is a conse uence of
o — I — | | —
1
inally, we need to show the implication iii i . Since isa essel
family with constant 1, is also a essel family with constant 1 by emma
. et be the dual Gramian of .y Theorem 2. ; 2. ,and 2. we
ha e || || 1forae € . nparticular, forany €
1 | | | | | for a.e. €
y . forany € and for a.e. €

and hence by

| 1 fora.e. €R



Since

where  is the same as in iii , we actually ha e

| | 1 for ae. €

and thus for a.e. € . The abo e combined with . shows . , which implies
that is a tight frame with constant 1 by the proof of Theorem

en though Theorem .1 works nominally for rational dilations, howe er, it
enables us to show the conjecture of Weiss for a much larger class of dilations.
Theorem .2 e tends the main result of , Theorem 2.

THEOREM . . Suppose s ep s e su 0
€ , se e 0 U su eo Suppose
R S Su e esse s0 00
U 0 e ess 0o pee e e 00 eeu e
s 0o pee, e, s ee,
e s ee eo o0 u 0 8
1 | 1 o e €R
0 sOo e us o sso e ,
ee s e e s u e o

efore we start the proof of Theorem .2 we need to show emma

EMM . . e e Ssu p o So eo e , suppose 0 so e
e , 0 e e So ouo U Sses,

ee supp

ROO . y the orthogonality of

|det |

for all e 1 . Thus, by lancherel s formula

The condition 0 means that the rows of the matri
treated as ectors in R together with the standard basis ectors 1 0 0,



, 0 0 1 are linearly independent 0 er . y emma . we conclude that
is dense in R . Therefore, by the ourier n ersion ormulaand . |,

Oforae. €R and 1 . This completes the proof
of emma
EMM . . Suppose s e su e 0so
e e S e o0s R oe e es ss eos 10 0,
, 0 01 e e epe e oe e e se s e se
R
ROO . The proof of emma . uses an argument in ol ing the Weyl rite
rion of uniform distribution mod 1, and it can be found in , hapter 2, emma
2.
RO O O . . Suppose s ep s e 0
R ssu e esse s esse
0 s 1 e

| | 1 o e €R

ROO . The argument follows erbatim the proof of the necessity part
of Theorem 1. , see 10.

ROO O THEOREM . . s in Theorem .1 the implications i ii
and ii iii follow in the same manner. The implication iii ii isa
conse uence of roposition . and

| 1
where R is such that € partitions R . inally we are left
with ii i.

ssume rst that
0 for all € 0

et supp .- y emma . we ha e that the sets € are
pairwise disjoint modulo null sets and therefore by .1,

9 || | | .
or € let
span € €
Since , by the basic properties of the dimension function,
dim dim for a.e. €
since for the de nition and properties of the the dimension function

dim of aS space wereferto 1, . ere we only recall that the dimension



function of a S space  is a map dim 0 that measure the si e

of o0 erthe bers R . enceby .9,
dim | |
and we actually ha e .y .1 wealsohae R and
thus R ,ie., is complete.  oreo er,
this argument shows that has to be a combined S multiwa elet, see
ssume ne t that for some integer 1, is a full rank sublattice
of . et be the smallest among such integers. learly, 0
for 0 . oreo er, has rational entries and hence all matrices
for € are rational. Therefore, for any € ,
0

y emma ., and are disjoint for € , where supp
Therefore, the sets are pairwise disjoint modulo null sets ,
where

oreo er, by .1, R , and

.10 | | 1 forae. €eR
Therefore, to complete the proof, it su ces to show that the a ne system

€ € €
associated with the rational dilation is complete in . et be the
corresponding uasi a ne system, as gi en by e nition .1. et be the dual
Gramian of this system as in the proof of Theorem .. y . for e |,
Therefore, by .10 ,for €
| | 1 for a.e. €
oreo er, for e |,
0 for a.e. € € or €

y emma . , is essel with constant 1, hence by Theorem 2. |, || | 1

for a.e. . Therefore, for e ,
1 | |1 | |

hence 0 for all . This shows . and hence is an orthogonal
projection onto the range function corresponding to , where is

gi en by . . Therefore, is a tight frame with constant 1 for and



by Theorem . , is a tight frame with constant 1 for , and thus
is complete in . This completes the proof of Theorem .2.

s an immediate corollary of Theorem .2 we ha e

ORO R . . Suppose a s e ,la 1,
R s su so o0 o0 u 0 €eess 0o pee e e
00 eeu €
s 0o pee, e, s ee,
e s ee eo o u 0 S
a | 1 o e €R
e 0 uous eo o u o0 s
% 21n
We remark that the assumption that is orthogonal can be rela ed by

being essel with constant 1 at least when a is rational by Theorem .1, or
when a is positi e, see 1

inally, we remark that the e ui alence i iii in Theorem .2 can be
used to show the completeness theorem of Garrigos and Speegle 1 for a much
larger class of dilations than with integer entries satisfying the hypothesis of
Theorem .2. The argument follows erbatim
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