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SUBGROUPS OF CLASSICAL GROUPS
GENERATED BY LONG ROOT ELEMENTS'
BY
WILLIAM M. KANTOR

ABSTRACT. All conjugacy classes of subgroups G of classical groups of
characteristic p are determined, which are generated by a conjugacy class of
long root elements and satisfy O,(G) < G’ N Z(G).

1. Introduction. The purpose of this paper is to determine all the conjugacy
classes of subgroups G of a classical group of characteristic p, which are
generated by a conjugacy class X of elements of long root groups, and satisfy
0,(G) < G’ N Z(G). Here, % consists of transvections in the case of special
linear, symplectic and unitary groups. In the case of orthogonal groups, if the
dimension is at least 5 then each x € X is an element of order 1 or p
centralizing A+ for some totally singular 2-space A4.

The resulting classification is presented in §§2 and 11. The lengths of the
lists are due to our not having assumed the irreducibility of G.

These results are a first step towards the determination of all subgroups of
Chevalley groups generated by elements of long root groups. Comments on
this general problem, along with some examples, are presented in §12.

A number of related results have already been proved. McLaughlin [18],
[19], Piper [22], [23], Wagner [34], [35], Pollatsek [26], and Key [16] have
studied irreducible groups generated by transvections, settling all but the case
in which each axis arises from exactly one nontrivial transvection. Stark [27]
studied subgroups of odd characteristic orthogonal groups generated by
entire long root groups; however, she missed one class of examples (see (I 4)
in §2). The results of Thompson [32] and Ho [13], [14] on quadratic pairs
produce a characterization of the possible groups G, provided p > 2 and G is
irreducible; however, these results do not provide information concerning
which groups can be embedded in which others. Moreover, reducibility and
characteristic p =2 allow a number of interesting examples, related to
indecomposability and cohomological questions.

Our proof is quite different from those of the above references, in that we
start by knowing the structure of G. This is accomplished by quoting very
difficult classification theorems due to Fischer [7], Aschbacher [1], [2], and
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Timmesfeld [33]. More generally, these apply immediately to the aforemen-
tioned general problem concerning Chevalley groups. While it would perhaps
be preferable to obtain a direct approach to such problems, a significant
reduction in labor is provided by knowing G, and then studying its embed-
dings, as opposed to what is almost the reverse point of view. However, these
classification theorems are of much less value when O _(G) > Z(G)-and in
fact we have not used them in this case, relying instead on the given module.
Another way in which the module can provide simplifications is through the
use of results of Steinberg [29]. However, we have not assumed irreducibility,
and not even the degrees of the basic modules of most Chevalley groups are
known; moreover, we are interested in embeddings in £(¥), not just GL(V).

§§3 and 4 contain preliminary results and notation. The proof of the main
theorem occupies §§5-10.

Most group-theoretic notation will be standard. G* = G — {1}; 0(G) is
the largest solvable normal subgroup of G; 4 X B is the semidirect product
of A and B, with 4 normal; n- G is an extension of G by a group of order n.
Let G act on the vector space V. If W is a subspace of V, then Gy, is its
stabilizer, G,/ = Gy, /Cgz(W) is the group induced on W, and [G, W] =
[W, Gl =<wg — wlw € W, g € G); similar notation applies even when W
is the quotient of two subspaces. Further notation will be found in the next
section.

I am indebted to H. Pollatsek, G. M. Seitz and E. Stensholt for numerous
helpful discussions.

2. Examples. While notation for special linear groups is standard, that for
orthogonal ones is less so. Ours will be as follows. Let V' = V' (n, q) be an
n-dimensional vector space over GF(q). Equip V with a nondegenerate
quadratic form Q, along with the associated symmetric form ( , ). Thus,
rad V=V N V' is 0, except when g is even, n is odd, dim rad ¥ = 1, and
Q(rad V) # 0. A subspace W of V is totally singular if Q(W) = 0, nonde-
generate if Q restricted to W is nondegenerate, and nonsingular if it is
nondegenerate and either rad W =0 or dim W =1. A vector v € V is
singular if Q (v) = 0, nonsingular if Q (v) # 0.

O (V) is the group of all linear transformations preserving Q. This is
denoted O *(n, q) or O ~(n, q) when n is even and Q has index %n resp.
3n — 1; while O(n, ¢) = O *(n, g) = O ~(n, q) when n is odd (a convenient
notation for future use). Excluding the cases O *(2, ¢), O(3, q) and O ~(4, q),
a long root element is an x € O(V) of the form (v)x = v — (v, a)b + (v, b)a
for a, b in a totally singular 2-space T; if T = <{a, b) then x # 1, and T is
denoted A(x). The group X of all long root elements corresponding to T is a
long root group. Set (X" = Q(V) (alias 2*(n, q)). PAV) and PQ*(n, q)
are now defined as usual.
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(v)t, = v — (v,a)Q(a) 'a.
If ¢ is odd, ¢, is a reflection; write Q=" (V) = Q*(V){t,> with 7 = + if Q(a)
is a square, and — otherwise. PQ*"(¥) is defined similarly; note that
PQ**(2n, q) = PQ*~(2n, q). The notation PQ*"(2n + 1, g), which is
especially redundant when —i, € Q(2n + 1, g), will be used to indicate
which class of reflections is under consideration.

If ¢ is even, then ¢, is a transvection and O(V) is generated by these
transvections (except for O *(4, 2)). Also, ¢, € Q(¥) if and only if » is odd, in
which case (V) = Sp(V/rad V), {t,|b € <a, rad V), Q(b) # 0} induces the
group of ¢ transvections of ¥ /rad V with direction <a, rad V) /rad V, and
the long root groups of 2(¥) become short root groups of Sp(¥/rad V).

There are natural isomorphisms PQ(5, ¢) = PSU(4, q) sending long root
elements to transvections. Also, PO =" (5, 3) = PSU (4, 2){¢) with ¢ a field
automorphism, PQ " (4, 3) = S, and PO ~(4, q) = PGL(2, g*){o) with 0 an
involutory field automorphism.

We will be concerned with the following examples of subgroups G of Q(V)
generated by long root elements. In each case, there are no proper G-
invariant subspaces V,, V, with ¥ = V, L V,. In each case, we give the
number of conjugacy classes of embeddings of G in Q(¥) of the stated type,
unless there is just one class.

Examples irreducible on V /rad V.

a1y G =%, q).

I2) G =9 (2n, q) < *(2n, g%, obtained by extending GF(q) to GF(g?).
(Alternatively, this is the natural embedding obtained by twisting 2*(2n, ¢%).)

I3)G=SUQ2n,q)<Q*(@n,q) or G=SURn+1,9) <L (4n + 2, q).
Here, Q(v) = trace[v, v], where [, ] denotes a nondegenerate hermitian form
on V(2n,q* and trace refers to the trace map GF(q* — GF(q). For
SU(@2n, q) there are two such embeddings, conjugate in O *(4n, q), corre-
sponding to the two possibilities for the class of maximal totally singular
subspaces for Q which contains the maximal totally isotropic subspaces for
(.1

I14)G/Z2(G)=PUT,q), |Z(G)|=@2,9—1), G <Q*(, q). There are
two classes of such embeddings, conjugate in O *(8, g), arising from the spin
representation of 2*(8, g). The embeddings of G/Z (G) are conjugate to the
usual embedding PQ(7, g) < PR*(8, ¢) in Aut PQ*(8, g).

(I5) G=07%4, q) < 5, g) for q even. These are obtained by taking the
usual embedding of O*(4,q) in Q(5, q), and then applying the graph
automorphism. The involutions of the usual embedding which are short root
elements are transformed into long root elements. (O *(4, 2) must be ex-
cluded.)

(I6) G = Gy(q) < (7, g), using the standard embedding of G,(q).
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(I7) G =3Dy(q) < 2*(8, ¢°), using the standard embedding.

(I18) G = HJ < G,(4) < 7, 4). Here, there are two classes of embeddings
of the Hall-Janko group HJ in G,(4), conjugate under the field automor-
phisms of both G,(4) and £(7, 4).

19 G=3-PQ"(6,3) < GU(6,2) < 2*(12, 2). The latter embedding is
as in (I 3). There is exactly one possibility for the former embedding (Fischer
[7, 16.1.12]).

T110) G=4 %S, <Q*(2n, q), with ¢q even, + for n even and — for n
odd, and A4 the direct product of n — 1 cyclic subgroups of order a|q + 1.
This is obtained by writing ¥ = ¥, L --- L1 V, with each V; a 2-dimen-
sional space having no nonzero singular vectors. Then let 4, be the direct
product of n cyclic groups of order a fixing the above decomposition, let S,
permute the Vs, and set A = [4,, S,].

Note that S, splits ¥ as W, ® W, with W, totally singular, and trans-
positions thus act as long root elements. One example of such a group G
arises with n = a = 3 and |G| = 3*- 2, O5(G) being extraspecial; in fact,
G=SU@G2.

I111) G=(4 X E)X S, < Q*(2n, q), with g even, A the direct product
of n cyclic groups of order a|gq = 1, and E an elementary abelian 2-group of
order 2"~ !. This is obtained by writing ¥ =¥, L --- L V, with the V,
isomorphic nonsingular 2-spaces. Then let A4 be the direct product of n cyclic
groups of order a, one per V. Let E, be the group generated by n transvec-
tions, one per V,, so that AE, induces a dihedral group on each V;, and set
E = E, N V). Finally, S, permutes the V;’s. A typical example is the
subgroup N of BN fame.

Examples having G fixing maximal totally singular subspaces W,, W, with
V=W, ® W, The actions of G on W, and W, are contragredient. If
dim W, is even, then there will be two classes of embeddings of each type,
fused in O (V).

(RT 1) G= SL(n,q) or Sp(n,q) in Q*(2n,q), or G = SU(n, q) in
Q+t@2n, 3. '

(RT2)G = 0*(n, q) < R*(2n, g), q even.

(RT3) G = S,,n > 6, embedded in Q*(2n — 2d, 2); d = (2, n).

The action of G on W, can be described as follows. Regard G inside
SL(n, q), consisting of permutations of a basis u,, ..., u, of V, = V(n, 2).
Then transpositions are transvections. There are exactly two proper invariant
subspaces: V; = (Zu;» and V,_, = {Saqu|Za; = 0}, where V, < V,_, iff n
iseven. Now W, =V,_,/(V,_, N V).

Note that this even embeds G in an orthogonal group on V,: define the
quadratic form Q' by Q'(x) = 1 and (4, ) = 1 for i # j, and note that G
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preserves Q’. Hence, G < O *(V,), the sign depending on the residue class of
n (mod 4).

Note also that G acts indecomposably on V, if n is even. This leads directly
to (RT 4):

RTHG=S,,<"@n,2)and Q*(4n — 2,2),2n > 6.

(RT5)G =34, < Q%(6, 4).

(RT6)G = SL(2,5 < SL2,9<2%4,9).

RT7)G=3-PQ"(6,3) < GU(6,2) < Q*(12,4)asin(19).

(RT 8) G = SU4, 2) < GL(5, 4) < 2*(10, 4). To construct this, let x € L
=3-PQ™"(6,3) < GU(6, 4) as in (I 9), with x a transvection. Then C;(x)
= (x) X Gy X Z(L), with {x) X G, generated by transvections and G, =
SU(@4, 2). Now regard G as G, acting on the axis W, of x. By Fischer
[7, 16.1.10], there is just one class of indecomposable embeddings G <
GL(S, 4).

Note that this embedding is equivalent to its contragredient: an element of
Q*(10, 4) interchanging W, and W, can be chosen to normalize G and hence
induce its graph automorphism.

(RT9) G =4 XS, < SL(n, 2) < Q*(2n, 2°), corresponding to (I 10). A
typical example is a monomial subgroup of SL(n, 2'). Note that 4 has an
element inducing a scalar transformation on W, of order (a, n).

Examples having G reducible on V /tad V in which G is contained in no Levi
Jactor.

(RL1)G =9Q2n - 1,q) < 2*(2n, q), geven and n > 3.

(RL2) G = 0%@4, q) < U5, q) < L*(6, q), g even, the former embedding
being (I 5).

(RL3) G = Gy(q) < 2%(8, q), g even.

(RL 4) HJ < Q*(8, 4). There are two classes, conjugate by a field automor-
phism.

(RL 5) G =SU@4,2) < Q*(10,2). This is obtained by taking a trans-
vection x in L = 3- PQ™"(6, 3), regarding L < GU (6, 2) < 27%(12, 2) as in
(19), and letting G = C,(x) act on W /W for a l-space W of A(x). Note
that V' ® gr(,) GF(4) yields (RT 8).

(RL 6) G = SU4,2) < 2*(10, 4). This is more complicated. There are
exactly two totally singular invariant 5-spaces W,, W,, with W, N W, = R of
dimension 1 and G acting on R*/R as in (RT 1). There is a single class of
embeddings in O *(10, 4) (two in @ = Q*(10, 4)), constructed as follows.

Set P = 0,(p). Let L = SU4,2) act on R*/R as in (RT 8), with L
centralizing a nonsingular 2-space of V = V' (10,4). Let L fix the totally
singular 4-spaces W,/ R of R* /R, and let P; < P correspond to W,/R as in
(4.6). Then |P| = 4* and P = P, X P,. Since the P, are contragredient for L



