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ON UNITARY POLARITIES OF FINITE PROJECTIVE
PLANES

WILLTIAM M. KANTOR

1. Introduction. A unitary polarity of a finite projective plane & of
order ¢2 is a polarity 6 having ¢* 4+ 1 absolute points and such that each non-
absolute line contains precisely ¢ + 1 absolute points. Let G(8) be the group
of collineations of &2 centralizing 6. In [15] and [16], A. Hoffer considered
restrictions on G(8) which force & to be desarguesian. The present paper is
a continuation of Hoffer’'s work. The following are our main results.

THEOREM 1. Let 8 be a unitary polarity of a finite projective plane P of order g?.
Suppose that T is a subgroup of G(8) transitive on the pairs x, X, with x an abso-
lute point and X a nonabsolute line containing x. Then P is desarguesian and
T contains PSU (3, qg).

THEOREM 1I. Let 0 be a unitary polarity of a finite projective plane P of
order g®. Suppose that there are at least three non-collinear absolute points x such
that G (8) contains q (x, x%)-elations. Then P is desarguesian.

Our definition of a unitary polarity shows that the absolute points and
nonabsolute lines form a 2 — (¢ 4+ 1,¢ + 1, 1) design % (9) [7, p. 155].
Theorem I then implies that & is desarguesian if G(§) is flag-transitive on
9 (9). Theorem 11 is intended to parallel part of the Lenz-Barlotti classification
of projective planes (see [7]). This result was proved independently by
Hoffer, except when ¢ is odd and G(8) contains Baer involutions. See § 6 for
further remarks in the direction of a Lenz-Barlotti type of classification of
finite planes having a unitary polarity.

The proofs of these theorems depend heavily on recent classification theorems
concerning finite simple groups and permutation groups [1; 2; 4; 5; 11; 13;
14; 18; 20; 27; 28; 29]. For the most part, the proofs use standard ideas. The
only interesting feature is the use of methods and results involving transfer
and fusion in order to handle Baer involutions in planes of odd order. A great
deal of control over Baer involutions is provided by a result of Seib [26]. Our
arguments are, however, {requently too group theoretic, and more geometric
methods would be desirable.

We will use standard geometric and group theoretic notation. If A is a
subgroup of a finite group, C(A) and N (A) are its centralizer and normalizer,
A’ its commutator subgroup, and O(4) its largest normal subgroup of odd
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order. If @, 8 € A then [a, 8] = a7 'a8 and of = f7'af. If A acts on a set S
of points, then AS is the induced permutation group, while, if |S] > 1, A(S)
denotes the pointwise stabilizer of S; if T"is a subset of .S, Az is the global
stabilizer of 7. In particular, if A acts on a projective plane P and L is a line,
A(L) is the group of perspectivities with axis L. If x is a point, A(x) denotes
the linewise stabilizer of x. Thus, if also A centralizes a polarity 6 of P, then
A(L) consists of (L?, L)-perspectivities, while A(x) consists of (x, x?)-perspec-
tivities. If § € A is planar, then &; will denote the subplane consisting of its
fixed points and lines. If S is a set of points of P, then 5 N S is the set of
points of S in £;.

For all the relevant geometric definitions, see [7], especially §§ 3.1 and 3.3.

2. Preliminary lemmas. Let & be a projective plane of odd order ¢.

LeEmMA (2.1). (Ostrom [23]; Liineburg [19].) Let o be an snvolutory (x, X)-
homology and = an involutory (y, ¥)-homology. If X # Y and o1 = 70 then
() or is an involutory (X M Y, xy)-homology; and
(ii) o is the only involutory (x, X')-homology.

LEMMA (2.2). There is no abelian collineation group of order 8 generated by
three involutory homologies not all having the same axis.

Proof. Otherwise, let p, o, 7 be the given homologies and T' = (p, 0, ). We
may assume that ¢ € T'(x, X) and that 7 € I'(y, Y), X # Y. Then p fixes
x,y, XN Y, X, Y, and xy, so x,y or X M YV is the centre and X, ¥ or xy
the axis of p. This contradicts (2.1).

LEMMA (2.3). Let B be an oval and x,y € B, x # 3. Then there s at most one
nontrivial homology preserving B fixing x and y.

Proof. Such a homology o fixes the tangents X and Y to B at x and y,
respectively. Then o fixes X M Y, so o is an (X N Y, xy)-homology. If
z € B — {x,v}, the group of (X MY, xy)-homologies preserving B moves 3
to at most two points of B, proving the result.

LeMMA (2.4). Let B be an oval and T be a collineation group of P preserving
B and 2-transitive on B. If T' contains an involutory homology, then P is desar-
guesian, B is a conic, and T has a normal subgroup acting faithfully on B as
PSL (2, q) in its usual representation.

Proof. We may assume that no proper normal subgroup of I' meets the
stated requirements. By a result of Liineburg (7, p. 186], it suffices to show
that T acts on B as PSL(2, ¢).

If no involution in T fixes a point of B, then T' is either PSL (2,9)org>3
and T has a normal elementary abelian subgroup of order ¢ 41 transitive
on B [4]. By (2.2), only the former possibility can occur.

If no involution in T fixes more than two points, but some involution fixes

N e > Y
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two points of B, then T is PSL(2,¢q) or ¢ = 5 and T is 4, [13]. However,
in the latter case T contains PSL(2, 5), so & is desarguesian and B is a conic
[7, p. 186], and then A cannot preserve B.

Finally, suppose that some involution a fixes more than two points of B.
Then « is a Baer involution, so ¢ = 1(mod 4). Since an involutory homology
fixing no points of B is an odd permutation of B, by (2.1) there is an involutory
homology ¢ fixing two points x, ¥y € B, and by (2.2), no conjugate ¢ of o
fixes x and y. Once again, it follows that I' has a normal subgroup containing ¢
acting on B as PSL(2, ¢q) [18, Theorem B].

LEMMA (2.5). Let T be a collineation group of &P such that the following
conditions hold:
(@) T contains tnvolutory homologies having different centres and also tnvolu-
tory homologies having different axes;
(b) All involutions in T are homologies;
(c) T has no normal subgroup of index 2; and
d) Zz(r/0(I)) = 1.
Then T/0(T) is tsomorphic to one of the following:
(1) a subgroup of PTL(2, m) containing PSL (2, m), for some odd m,
(i1) a subgroup of PTL (3, m) containing PSL (3, m), for some odd m;
(iii) a subgroup of PTU(3, m) containing PSU (3, m), for some odd m;
(1V) A7,’
(v) My
(vi) PSU(3, 4); or
(vii) @ subgroup of PTL(2,2°), AutSz(2%), or PITU(, 2% containing
PSL (2, 2¢), Sz(2¢), or PSU(3, 2°), respectively, where 2° = 8. Moreover, in
this case, commuting involutions have the same centre and axis.

Proof. Suppose that T' contains no elementary abelian subgroup of order 8.
By [2], one of (i)-(vi)} must hold.

Now suppose that I' has an elementary abelian subgroup 2 of order 8.
By (2.2), 2 = T'{(x, X) for some x, X. Let 1 £ o € Z. Set S = «xT.

We claim that [T, isodd if y € S — {x}. For if r € T, is an involution, it
centralizes some involution ¢’ having centre x and some involution ¢/ having
centre y. We may assume that x is not the centre of r, replacing ¥ by «x if
necessary. Then (2.1ii) implies that ¢’ is the only (x, X’)-involution, where
X'’ is the axis of ¢’. If X’ = X, this contradicts our choice of ¢. If X’ # X,
there is a unique (x, X)-involution [7, p. 120], which is again a contradiction.

It follows that |T(S)| is odd and that I'® is one of the groups in (vii) [5],
except that 2° might be 4. However, PSL(2, 4) = PSL(2, 5) appears in (i),
while PSU (3, 4) appears in (vi).

3. Unitary polarities. Let 8 be a unitary polarity of a projective plane &
of order ¢2. Its set of absolute points is denoted 4.
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LemMa (3.1). (Seib [26].) Let a be a Baer involution in G(0). Then 6 induces
an orthogonal polarity on P, In particular,
() if q is even, then PPo M A = LM A, for some nonabsolute line L; and
(i) if g is odd, then Py M A is an oval in Pa, and o fixes some nonabsolute
line meeting Po N A and some nonabsolute line not meeting Py M A.

LEmMa (3.2). If « € G(9) ¢s a Baer involution and g = 3(mod 4), then o
induces an odd permutation on the set of nonabsolute lines.

Proof. By (3.1), a fixes ¢% of the ¢2(¢> — ¢ + 1) nonabsolute lines, and
¢*(g? — ¢+ 1) — ¢* = 2(mod 4).

LEMMA (3.3). If q is odd and a € G(0) is a Baer involution, then {a) is the
pointwise stabilizer ® of P M A in G(6).

Proof. By (3.1), & fixes &, pointwise and fixes some nonabsolute lines L
and L’ such that Z, N ANL # @ =P, N ANL". Since ® acts regularly
on L—(P.NANL) and L — (L. NANL), it follows that
|®llg — Lg+1) =2

LEmMA (3.4). If q is even, x € A, and there is a Baer involution o € G(6)
fixing x, then all involutory elations in G (0) with centre x commule.

Proof. Choose L as in (3.1i). Let o and 7 be involutory (x, x?)-elations in
G(8). Then [a, ¢] is an elation fixing L M A pointwise, so as is a Baer involu-
tion. Similarly, [as, 7] = 1. Thus, acr = ra¢ = aro.

LemMa (3.5). If q is even, T < G(8) 1is transitive on A and T contains an
involutory elation o, then either

(i) O(T){e) Q T and O(T) is transitive on A, or

(i) P is desarguesian and, if ¢ > 2, T contains PSU(3, ¢).

Proof. Suppose that (i) does not hold and that T' has no proper normal
subgroup satisfying the conditions on I. If I' contains a Baer involution
then, by (3.4), for each x ¢ A there is a nontrivial normal 2-subgroup of
I'(x). By a theorem of Shult [27], T has a normal subgroup satisfying our
conditions but containing no Baer involution.

Thus, T has no Baer involutions. By a theorem of Bender [5], T acts on 4
as PSL (2, ¢%), Sz(¢g¥?), or PSU(3, ¢) in its usual representation. In the first
two cases, we have |T'(x)] = ¢3 or ¢%?, respectively, which is absurd. In the
last case, (ii) holds by a result of Hoffer [16].

We note that if ¢ = 2, there is a group of order 18 meeting the requirements
of (3.5).

LEMMA (3.6). Suppose that q is even, T < G(8) s tramsitive on A, and T
has no nontrivial normal subgroup intransitive on A. If O(T') # 1, then ¢ = 2.

Proof. By the Feit-Thompson Theorem [9], ¢ + 1 = p* for some prime p.
Thus, g+ 1 =p = 3.
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LeMmMma (3.7). Let Ao be a subset of A containing at least three non-collinear
points. Suppose that whenever x,y € A, x £y, we have xy M\ A C Ay. Then
Ao = A

Proof Let 2 € A4 — Ao Each of the nonabsolute lines through z contains
at most one point of 4. Thus, g% = |4,]. However, 4, is the set of points of a
design with 2 = g+ land A = 1. Thus, [do] 2 1+ k(E —1) = ¢+ ¢+ 1,
which is a contradiction.

We conclude this section with a general result concerning designs with
A= 1

LEMMA (3.8). Let & be a design with N\ = 1 and T an automorphism group
transitive on non-incident point-line pairs. Then T is 2-transitive on points.

Proof. [24; 17]. For each point x, T, is transitive on the blocks not on x.
Let T, have ¢ orbits of points #x and ¢ orbits of blocks on x. As each point-
orbit determines such a block-orbit, we have ¢’ < ¢. Also, t + 1 = ¢ + 1, by
[7, p. 78]. Thus, if x € X then T,x is transitive on X — {x}. Now Iy is
2-transitive on X, and the block-transitivity of T yields (3.8).

4. Preliminaries for Theorem I. Let &, ¢, 8 and T' be as in Theorem I.
We may assume that T has no proper normal subgroup flag-transitive on
% (8). By a result of Higman and McLaughlin [7, pp. 79-80], T is primitive
on the set 4 of absolute points.

Letx,vy € A,x # y,50 L = xy ¢ A% Let Z be a Sylow 2-subgroup of T.

LEMMA (4.1). If q is even, then Theorem I holds.

Proof. We may assume that 2 fixes x. If a central involution ¢ of X is an
elation, the result follows from (3.5) and (3.6). Suppose that ¢ is a Baer
involution and that , A = LM A (see (3.1)). Then 2 fixes L. Since T,
is transitive on the ¢ nonabsolute lines through x, this is impossible.

We may now assume in §§ 4 and 5 that ¢ is odd. From now on, we will also
assume that Theorem 1 is false for our &2 and T

LemMma (4.2). O(T") = 1, T has no central involution, and T' has no normal
subgroup of index 2.

Proof. Since |A] is even and T is primitive on 4, the first statement holds.
If ' > I'* and |T:T* = 2, then T'* is transitive on 4. Also, I';* is transitive
on the ¢2 absolute lines on x, since ¢? is odd. This contradicts our minimal
choice of T.

LEmMmA (4.3). Suppose that T contains an involutory homology. Then T is
generated by its involutory homologies. There are ¢*(¢*> — q + 1) involutory
homologies, and they are conjugate. If o is an involutory homology with axis L,
then ¢ € Z(T(L)) and C(s) — {o) contains g* — q involutory homologies.
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Proof. If T* is the subgroup generated by the involutory homologies of T,
then Gleason’s lemma [7, p. 191] implies that T,* is transitive on the non-
absolute lines on x. Since T* is transitive on A4, we must have I'* = T by
the minimality of T'.

By (2.1), ¢ € Z(I'(L)) and all involutory homologies are conjugate. There
are ¢*>(¢> — ¢ + 1) conjugates. If z€ 4 — ANL, then ¢ centralizes the
unique involution in T'(zz°). Thus, o centralizes @—q)/lg+1) =¢—¢
involutory homologies other than o.

LEMMA (4.4). T contains Baer involutions.

Proof. Suppose that all involutions are homologies. By (2.2), T' has no
elementary abelian subgroup of order 8. By (4.2) and (2.5), T is isomorphic
to one of the following groups: PSL(2, m), 47, PSL(3, m), PSU(3, m), M,
or PSU(3, 4); here, m is an odd prime power. By (4.3), the ordered pair
(@ —g+1),¢2—¢q) must be (m(m+1)/2, (@mF1)/2), (15,8),
(m2(m? + m + 1), m*> + m), (m*m?> —m + 1), m* — m), (11-5-3,12), or
(65 -+ 3,2), It is immediate that T is PSU(3, ¢), and the lemma follows from
a result of Hoffer [16].

LeMMA (4.5). ¢ = 1(mod 4), and we may assume that Z = Tz, =T,

Proof. ¢ = 1(mod 4) by (4.4), (4.2), and (3.2), and the second statement
follows from ¢® + 1 = 2(mod 4).

The remainder of the proof of Theorem I will now be divided into two cases:
(A) T contains involutory homologies, and (B) T' contains no involutory
homologies.

5. Proof of Theorem 1.

Case A. T' contains involutory homologies. In this case, T' is generated by its
involutory homologies, and these are all conjugate by (4.3). I'(L) contains
a unique involutory homology .

LemMA (5.1). Let o be a Baer involution and set B = P.NA. Then Cla)®
is 3-tramsitive and acts as a subgroup of PTL(2,q) containing PGL(2, g).
Moreover, the subgroup Ci(a) of Cla) gemerated by its involutory homologies
is isomorphic to PGL(2, q), and all its involutions are homologies.

Proof. B is an oval in &, by (3.1). Let xo, ¥ € B, %o # yo. Then « cen-
tralizes the unique involution oo € T' (%o, ¥0). Here, oo fixes just two points
of B. By Gleason's lemma [7, p. 191], C(a)? is 2-transitive. By (2.4), Cla)®
contains a normal subgroup acting on B as PSL(2, ¢) in its usual representa-
tion.

By (3.1), a fixes a line L’ not meeting B. The involution in T'(L’) centralizes
o but fixes no point of B. Thus, C1()? is PGL 2, 9.
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It remains to show that C;(e«) contains no nontrivial element fixing B
pointwise. If this were not so, then & € Ci(a) by (3.3). Let =; be a Sylow
2-subgroup of Ci(a). Let oy and o2 be involutory homologies in =; such that
(o1, 62)% = Z,%. By (3.1), (o1, 03) < 2, and « is conjugate to no element
of (o1, 02). Since |Z1:{o1, 02)] = 2 by (3.3), Thompson’s transfer lemma
[14, Lemma 2.3] implies that Ci(a) has a normal subgroup of index 2 not
containing a. This contradicts the definition of Ci(a).

Lemma (5.2). Let Z, x, y and L be as in Lemma (4.5). Then ¢ € Z(Z), and
2 has a normal Klein subgroup {o, o) with o a Baer involution.

Proof. Suppose first that T has no normal Klein subgroup. Then 2 is
dihedral or quasidihedral {10, p. 199], and by (4.2) has a single class of involu-
tions [10, pp. 260, 265], which is not the case.

We may thus assume that Z has a normal Klein subgroup of the form
(o, ). Here, |2:Cz(p)] = 2.

Suppose that ¢ is a homology with axis L. Then Cz(p) fixes {x, y} and
{x', %}, where ',y € ANL, x vy. Set A= C:(¢)zyary. Then
[Cs(e):A] <4, so |A] 2 [2|/8. Since x,y,%’,y" are noncollinear, A fixes
pointwise a subplane of . Let a € Z(A) be an involution. We use the nota-
tion of (5.1). A? fixes more than two points.

Let Z; be a Sylow 2-subgroup of Ci(e) normalized by A. By (5.1),
Z1MA = Cil@) VA = 1. Consequently, |[Z:A] = |Z4][A] = 8|A|, since =
is dihedral of order =8. However, 8A| 2 |Z| = [Z:A]. Thus, Z:A is a Sylow
2-subgroup of T and [Z,| = 8. In particular, ¢ is not a square, so A? = 1.
Now ZiA = Zi(a) and « is conjugate to no element of =;. By Thompson's
transfer lemma [14, Lemma 2.3], T has a normal subgroup of index 2. This
contradicts (4.2).

LeMMA (5.3). If an involutory homology p centralizes a 2-group A, all of whose
wmvolutions are homologies, then either p € A or |A| < 2.

Proof. Suppose that p ¢ A, and let M be the axis of p. Then no nontrivial
element of A fixes a point of M M A. Since ¢ + 1 = 2(mod 4), we have
(Al = 2.

LeMMA (5.4). Z(Z) contains no Baer involution.

Proof. Let « € Z(Z) be a Baer involution. Set =, = 3 M C(a). Then
Z; 4 Z and T = ZA, where a € A and A? fixes more than 2 points. Here,
A/{a) is cyclic, so A is either cyclic or the direct product of (&) with a cyclic
group. By (5.1) and Thompson’s transfer lemma [14, Lemma 2.3], A is not
cyclic.

Let 8 be an involution in A — (a). Set =; = (4, 7), with = an involutory
homology, 47 = w= and [A, 7] = 1. Since ¢ is a square, |u| = 8.

Note that u# = uo or p~'o. For, u fixes just two points of B. In view of the
action of 8 on B, 8 acts on {u) as the involutory automorphism of GF (¢) acts

FII

on GF(g)*. Consequently,
Vg = 3(mod 4).

Set g* = B or Br, so uf* =
(u®, 7,A) has index 2 in X
Z* > (Cz(B8*) of T, and since

On the other hand, (¢, )
Burnside [12, p. 203], a anc
{o, B*) are conjugate in T ar

LemMMa (5.5). T has o
1= {u, 7)1 ZisaSylow:
tory homology, and {s) = Z
group, and [A, 7] = 1. If B
Each element of T — Z.,A co

Proof. By (5.2) and (5.4)
of C(a) Then 21 = 3N C1
of order at least 8, by (5.1)

By (5.1), Cz(a) = ElA,
Clearly, A centralizes an inv
A is cyclic or the direct proc
involution in {y) and v # 8
ing a Klein group and fixing

Since 3, is generated by t
Finally, the last assertion fo

LemMMA (5.6). A 15 cyclic.

Proof. Assume that A =
|u| = 8. As in the proof of
involution such that uf = w

Since p™ = u~! and ub =
p? = u. Then ¢? € C(u) M
considering the abelian grot
Also, since B¢ centralizes u?,
Clearly, 8¢ ¢ (s, a).

Suppose that ¢? = u. Set
However, 8¢ € {0, a, 8) — (
pt

Thus, ¢* = 1. Then ¢
whereas B¢ ¢ Cs(a). If B¢
B by af, if necessary, in ¢
(5.1) and (5.4), Cs(8) is
contains a subgroup isomo
homology p ¢ Z:. By (5.3)
element whose square is g, :







