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FURTHER PROBLEMS CONCERNING FINITE
GEOMETRIES AND FINITE GROUPS

WILLIAM M. KANTOR

This note is intended as a very long footnote to the other finite geometry
papers in this volume. Areas of overlap between finite geometry (or combinator-
ics) and finite groups will be listed which were either not mentioned, or were
only briefly alluded to, at the conference. However, the descriptions and
bibliography given here will also be brief: the goal is to indicate research
directions, not to give a comprehensive survey.

1. Buekenhout and Tits discussed building-like geometries at this conference.
Tits pointed out that they are readily constructed from arithmetic groups.
However, flag-transitive examples may be harder to find, and may be of interest
for arithmetic groups when their diagrams are extended Dynkin diagrams.

The only known finite flag-transitive examples having such diagrams are
related to sporadic groups: one example of
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arising from the Lyons-Sims group, three of
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arising from PQ7(6, 3) - 2, PSU(6, 2) and 2+ (8, 2) which are related to Fischer
groups, and a fourth with the latter diagram (due to Ronan and Smith) arising
from Suz. The universal covers of the corresponding complexes are buildings (by
a theorem of Tits), and deserve study. '

Further interesting examples of building-like geometries must exist. Presuma-
bly, finite examples even exist (undoubtedly with small groups) involving non-
classical generalized polygons.

2. The study of generalized polygons has recently attracted a great deal of
attention. In addition to Tits’ and Weiss’ work on Moufang polygons and their
generalizations (discussed by Weiss at the conference), there have been major
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and elegantly geometric characterizations of the generalized quadrangles (34]
and hexagons [40], [26] which arise from Chevalley groups. As yet, 2F(q)
octagons have not been characterized geometrically.

However, no finite hexagons or octagons are presently known other than
those arising from Chevalley groups. The existence of other examples is a
fundamental problem in this area.

Only a few types of nonclassical generalized quadrangles are known, as well.
Most of the known ones can be obtained by modifying a parabolic subgroup of
a rank 2 Chevalley group. The elementary group-theoretic construction is found
in [22]), where new quadrangles are then obtained using G,(g). Analogous
constructions exist for hexagons and octagons, but have yet to yield new
examples. Entirely new construction procedures are needed; however, it seems
very likely that these would also be group-theoretic.

In general, finite quadrangles seem tighter (and hence scarcer) than projective
planes, hexagons much tighter still, and octagons so tight that very few types
should exist. However, no Bruck-Ryser theorem is known. If a generalized
polygon has s + 1 points per line and ¢ + 1 lines per point (where s > 1 and
¢ > 1), then some restrictions on s and ¢ were obtained by Feit and Higman [14].
For quadrangles and octagons, the inequality s < 12 has been known for a while
[16], [17]. This year, s < ¢* was finally proved for hexagons [15]. Much more
should be possible (compare [33, §4]).

A curious variation of these inequalities has recently been suggested. Cameron
found a short combinatorial proof that a generalized quadrangle with 3 lines per
point is necessarily finite, at the same time obtaining s < ¢2 (= 4) in this case. |
obtained the same results when there are just 4 lines per point, by a group-theo-
retic argument.

Generalized polygons were a crucial ingredient in the determination of all
2-transitive collineation groups of finite projective spaces [6]. Embeddings of
generalized quadrangles into projective spaces were classified in [3]). The corre-
sponding problem for hexagons remains open. However, very restrictive embed-
dings of generalized polygons into projective spaces were essential in [6] (and
led, incidentally, to an elementary construction of the G,(q) hexagons).

3. There is undoubtedly a great deal left to be learned about the geometry of
finite Chevalley groups, even in the case of rank > 3. This was already made
clear by Tits 20 years ago [35}, [36], and was discussed in detail by Shult at the
conference.

Geometry permeates recent work on groups generated by long root elements
(8], [9], [20], as well as applications of that work [7], [21]. An entirely geometric
approach was used in a different generation question [37]: the determination of
all primitive subgroups of GL(n, q) generated by reflections.

4. The characters of the centralizer algebras are known for the permutation
representations of PSL(n, g) on i-spaces for 1 <i <n—1[13], and of classical
groups acting on maximal totally isotropic (or singular) subspaces [31]). These
computations are highly geometric. The character values are polynomials in g,
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which are related to classical hypergeometric functions. Combinatorial applica-
tions of these results are given in [32]. Further results can be obtained using
Hoefsmit’s work [18] on the centralizer algebra of 16.

The combinatorial analogues of permutation representations are coherent
configurations, and in particular, association schemes. The latter have proven to
be fundamental in coding theory [12], [28], and have motivated the study of the
characters of especially important examples (as in the preceding paragraph).

A survey of many group theoretic uses of coherent configurations is given in
[4].

More recently, coherent configurations have led in other directions. Some
were discussed by Bannai at the conference. Another involves the Krein Condi-
tion and its combinatorial consequences, as well as properties of irreducible
constituents of permutation characters [6]. Yet another generalizes the graph
theoretic notion of coherent configuration to higher dimensional complexes [10].

5. Group theory has had important applications to coding theory (cf. [25]).
The most familiar examples of this involve the Mathieu groups and the Golay
codes. The relevance of invariant theory to coding theory is discussed in [25] and
[29]. (Further combinatorial applications of invariant theory are described in
[30] and its references.)

Quadratic residue codes arise by taking the degree %(q + 1) representations of
SL(2, ¢) modulo a prime not dividing g. This led Ward [38] to study analogous
codes arising from Weil representations of Sp(2n, ¢).

Groups generated by transvections over GF(2) have very recently been crucial
in the study (by Pless, Sloane and Ward) of codes over GF(3).

Liebler [24] has found that modular representations of symmetric groups yield
very interesting codes. (Naturally, representations of symmetric groups are
related to enormous numbers of combinatorial questions (see, €.g., [30])).

Recent results of E. Anders are especially promising: he obtained a coding
theoretic proof of the Bruck-Ryser theorem, as well as various generalizations of
it—including Hughes’ results [19] concerning collineations.

6. Wielandt [39] showed that |G| < 24" for a uniprimitive permutation group
G of degree n. This has just been greatly improved by Babai [1], who proved that
|G| < exp(4n'/*(log n)?).

His proof is entirely combinatorial. Namely, he showed that any primitive
coherent configuration on n points has a “distinguishing subset” S of size
< 4n'/? log n: for any distinct points x, y, there is an s in S such that (x, s) and
(y, s) are in different relations. His original motivation for finding such an S
came from a problem concerning computational complexity. His methods prob-
ably will have other group theoretic applications.

Cameron has pointed out that the classification of all finite simple groups will
yield the inequality |G| < nI°®8'°8” except for some explicit, familiar types of
primitive groups. A direct proof of this would undoubtedly have to be partly
combinatorial.

An entirely different type of inequality relates the rank of G to F*(G), when
the latter group is simple [2], [27], [21]. Complete determinations have been
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made for rank 2, and for rank 3 when F*(G) is an alternating or classical group
[2], [11], [23]. The rank 3 representations of the remaining Chevalley groups have
yet to be determined; however, this is known to be a finite problem [27]. The
determination of all primitive rank 3 groups with F*(G) neither solvable nor
simple remains open; combinatorial arguments will presumably be needed in
order to relate the underlying graph to the blocks of imprimitivity of F*(G).
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