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ABSTRACT. The permutation representations in the title are all determined, and no
surprises are found to occur.

1. Introduction. A group G has rank 3 in its permutation representation on the
cosets of a subgroup K if there are exactly 3 (K, K )-double-cosets; that is, if K has
exactly 3 orbits on the set G/K of K-cosets. Such permutation representations have
been studied a great deal during the past 15 years; classical groups have been
intensively studied for more than a century. The purpose of this paper is to relate
these two areas, by proving the following results.

THEOREM 1.1. Let M be one of the groups

Sp(2m —2,q9), Q°(2m,q), Q2m—1,q9) or SU(m,q)

for m=3 and q a prime power. Let M < G with G/Z(M) < Aut(M/Z(M)).
Assume that G acts as a primitive rank 3 permutation group on the set X of cosets of a
subgroup K of G. Then (at least) one of the following holds up to conjugacy under
Aut(M/Z(M)).

(i) X is an M-orbit of singular (or isotropic) points.

(i) X is an M-orbit of maximal totally singular (or isotropic) subspaces and
M = Sp(4, q), SU(4, q), SUGS, q), 2 (6,9), 27 (8, g) or €7 (10, ¢).

(iii) X is any M-orbit of nonsingular points and M = SU(m,2), Q* (2m,2),
Q*(2m,3) or Q2m — 1,3).

(iv) X is either orbit of nonsingular hyperplanes of M = Q(2m — 1,4) or Q(2m — 1, 8)
(where G = Q(2m — 1,8) - 3 in the latter case).

V)M = SUG@3,3), KN M = PSL(3,2) (Mitchell [40], Suzuki [S6]).

(vi) M = SU3,5), K N M = 3 -A, (Mitchell [40], Higman [24]).

(vi)) M = SU4,3), K N M = 4 -PSL(3,4) (Hartley [21], McLaughlin [38]).

(viii) M = Sp(6,2), K = G,(2) (Edge [15], Frame [19]).

(ix) M = Q(7,3), KN M= G,(3).

(x) M = SU(6,2), KN M =3 -PSU@4,3) -2 (Fischer [17)).
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THEOREM 1.2. Let M = PSL(n, q) < G < Aut M. Assume that G acts as a primitive
rank 3 permutation group on the set X of cosets of a subgroup K of G. Then (at least)
one of the following occurs up to conjugacy under Aut M.

(i) X is the set of lines for M, n = 4.

(ii) M = PSL(2,4) = PSL(2,5), | X|= (3),

M = PSL(2,9) = A, | X|= (3),
M = PSL(4,2) = Ag, | X|= (3), or
G = PTL(2,8), | X|= (3).
(iii) M = PSL(3,4), M N K = A,.
(iv) M = PSL(4,3), M N K = PSp(4,3).

The reader is cautioned that isomorphisms between, and automorphisms of, the
various groups allow many different ways of viewing some of these cases. Specifically,
the isomorphisms PSp(4, q) = Q(5, q), PSU(4, q) = PQ™ (6, q),
PSL(4, q) = PQ" (6, q) and PSU(4,2) = PSp(4, 3) lead to numerous representations
under (1.1i). Similarly, a triality automorphism of PQ™ (8, q) can be applied to
(1.1iii) and a polarity automorphism can be applied to (1.2i).

The 2-transitive representations for G have been determined by Curtis, Kantor
and Seitz [9]; from this result, the imprimitive rank 3 representations of G can be
obtained (see §11). Our approach is similar to theirs, especially their note “Added in
proof”. Both arguments rely heavily on the degrees of the nonprincipal irreducible
constituents of 1§, where B is a Borel subgroup (and G is semilinear on the natural
module ¥ for.M). All such degrees are divisible by p, with only 3 exceptions for
G = Sp(2n, 2). This fact, which follows from Hoefsmit [26], was not available in [9];
on the other hand, 2-transitivity permitted counting arguments in {9] which have no
parallels here. (Only if G = Sp(6,2) or Sp(8,2) are we able to use the standard
rationality conditions for the parameters of a rank 3 group.) When combined with a
result of Seitz [50], this divisibility implies that 1$ and 1§ have exactly one
nonprincipal constituent x in common. In almost all cases, this fact by itself is
strong enough to determine K. (A more general classification based upon this idea is
found in (11.1).) Computations within the Weyl group yield strong transitivity
properties for the action of K on V. Now a method of Perin [46] applies and K can
be determined. The analogues of (1.1) and (1.2) for the remaining Chevalley groups
seem blocked by the problem of finding all subgroups transitive (or almost transitive)
on one or more classes of parabolic subgroups.

The only other results of this type are the beautiful theorem of Seitz [51] which
proves the same result for g large relative to m, and the determination by Bannai [2]
(resp., Cohen [5]) of all representations of rank at most 5 of 4, and S, (resp., of rank
3 of all complex reflection groups). It seems quite difficult to extend our arguments
to higher rank representations.

The paper is organized as follows. In §2 we present some notation and numerous
preliminary results. Characters of the Weyl groups of type B, and D, are discussed in
§3, and applied to G in §4; this is where some of Hoefsmit’s results are described.

Highly transitive subgroups of G are crucial to our approach. These are studied
for small dimensions in §5, and for large dimensions in §6 (using Perin’s method).
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We obtain a number of extensions of Seitz’s flag-transitive theorem. For example,
subgroups transitive on points, lines and planes (if planes exist) are all determined;
mere transitivity on lines suffices for unitary geometries of dimension at least 8. On
the other hand, §§5 and 6 contain many technical results with hypotheses tailored to
the proof of (1.1). The proofs tend to be involved and unpleasant, due in part to
several interesting (and annoying) exceptions. These exceptions, which arise in §5,
are carried over to §6, where reductions are made to small dimensional situations.

The proof of (1.1) occupies §§7-9. The basic ideas in the proof of (1.1) can be
clearly seen in §§7-8. In particular, the precision with which the Pigeon-Hole
Principle applies is evident in (8.1). In §9 we deal with two exceptional and tedious
cases: Sp(2n,2), where 14 contains two nonprincipal characters of odd degree; and
the possibility of graph automorphisms arising in the case of PQ™* (8, q).

The proof of (1.2) appears in §10. This result is much simpler than (1.1), and its
proof is relatively self-contained. The reader may wish to start the paper with that
section.

One of the features of our proofs of (1.1) and (1.2) is that the rank 3 hypothesis is
not fully used. Consequently, other subgroups of classical groups are able to occur
which, from our point of view, behave very much like stabilizers in rank 3
representations. This is discussed in §11, where more general technical results are
indicated (a generalization of much of (1.2) having already been proved in (10.1)). In
§11 we have also listed the known examples of rank 3 representations of other
Chevalley groups.

Finally, §12 fepresents a change of topic, though not of method. In [25], Higman
and McLaughlin studied subgroups K of I'Sp(¥V') or T'U(V') which are rank 3 on the
set of points of V. A complete determination was made by Perin [46], except in the
case Sp(2n,2). (For a stronger unitary result, see our (6.1).) The orthogonal case was
examined by Stark [54] for odd characteristic and small dimensions. By imitating
Perin [46] and some portions of §6, we will prove the following result.

THEOREM 1.3. Suppose that K <TO~(d, q), d =5, and that K has rank 3 on
points. If d is odd, assume that q is odd. Then K = Q™ (d, q).

We are indebted to Dr. Jan Saxl for his invaluable assistance with parts of §3. We
are also grateful to Professor Harriet Pollatsek for a number of helpful remarks.

Finally, we are very grateful to the referee for his diligence and his many
constructive suggestions and comments.

2. Preliminaries.

A. Notation. Let V be a finite vector space of characteristic p equipped with a
symplectic, unitary, or orthogonal geometry. The corresponding Chevalley (or
twisted) group Chev(V) is Sp(V'), SU(V'), or = (V) (or just (V) if dim V' is odd).
Note that Chev(¥V') may have a nontrivial center.

The group of semisimilarities of ¥ will be denoted by I'(V') = I'Sp(V), TU(V') or
TOo* (V). This is the group of semilinear transformations g of ¥V such that
f(u®,08) = cf(u, v)° (or f(u®) = cf(u)") for some scalar c, some field automorphism
o, and all u,v € V; here, f is the sesquilinear (or quadratic) form on V. (See
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Dieudonné [13, 1.10, 1.16].) Modulo scalars, I'(¥V') is the automorphism group of
Chev(V) in almost all cases. The only exceptions occur for Sp(4,2¢) and 2% (8, q)
(Carter [3, Chapter 12]).

Chev(V') is generated by “long root elements”: nontrivial transvections in the
symplectic and unitary cases; in the orthogonal cases (with dim V' > 4), elements of
order p having L* as an eigenspace, for some totally singular line L. For more
information, see [13], [3] or [33].

There is a natural isomorphism Sp(2n, ¢) = Q2n + 1, q) for g even. We will
therefore only have to consider whichever one of these groups is most convenient in
a given situation, usually without even mentioning the other group. We will
frequently make use of the isomorphisms §(5, ¢g) = PSp(4, q),
PQ"(6,q) = PSL(4, q) and PQ™ (6, q) = PSU(4, q).

Totally singular (or isotropic) i-spaces will simply be called “i-spaces”. All other
subspaces will be modified by suitable adjectives. Points, lines and planes are, of
course, just 1-spaces, 2-spaces and 3-spaces. The letters x, y, z will be reserved for
points, L for lines, and E for planes. By abuse of language, we will write x € S in
placeof x C S.

The maximum dimension of an i-space will be denoted by n.

An (i, j)-flag consists of an i-space and a j-space containing it; also, in the
Q% (2n, q) case, there are (n, n)-flags, consisting of two n-spaces meeting in an
n — 1-space. A flag for Sp(V'), SU(V) and O~ (V') is a nested sequence of i-spaces,
one for each i = 1,...,n; a flag for Q" (2n, q) is a sequence (V,,...,V,_,,V,, V)
consisting of nested i-spaces for i=1,...,n — 2, along with two n-spaces
V,,V, D V,_, meetingin an n — l-space.

Throughout §§2-9, G will denote a group lying between Chev(V') and I'(V'), while K
will be a subgroup of G.

If W CV, then K, and Cx (W) are the set-wise and vector-wise stabilizers of W
in K; the semilinear group induced by K, on W is denoted K|} = K, /Cx(W).
Also, WK is the orbit of Wunder K; [V, K] =[K,V] = {oF =0 |k € K}; K’ is the
commutator subgroup of K, K is the last term of the commutator series for K,
Z(K) is the center of K, and O,(K) is the largest normal p-subgroup of K. If H is a
group, n -H is an extension of H by a group of order n, while H -n is H with an
automorphism of order » adjoined.

B. Some subgroups of classical groups. We will require a number of properties of
classical groups related to generation and transitivity. We will also make very
frequent use of the structure of the most obvious parabolic subgroups [9, §3]:

LEMMA 2.1. Let x be a point, and set Q = O,(G,), so that Q centralizes x* /x. Let
Q, be the group of transvections in Q.

(i) The representations of Cz(x) (resp., G,) on Q/Q, and x* /x are isomorphic
(resp., projectively isomorphic), via gQ, — [V, g0,]1/x.

(ii) In the orthogonal case, singular vectors in x* /x correspond to long root elements
in Q; nonsingular vectors correspond to nontrivial elements g € Q having
rad[V, g] # [V, gl.



