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1. The classification §t°“l
. , etal
The final success of a major joint effort by s ! finit
Abstract large number of mathematicians is the recent com- resu.
abstract gletlon ?f tgef c1a5ﬁ1f1cgtion of ffiﬂite simp}e rith
We address the graph isomorphism problem and ggugsn :gﬁﬁicaiogng e uniqueness of the Monster). ‘ suga
; d - ormation on this achievement muta
Eg%:;idgfgggaﬁﬁggii complexity problems of computa féﬁ] Col. A more detailed account can be found in thTh
r . . . e
The main results are these: h?hﬁrg islno doubt t%aththis Eesult, the1 roof of gggs
1. : . . : . which involves several thousand pages, will have an L
cité anﬁ giﬁngﬁials§§?3n8%§2§3§2m0§°at§§$ensézgiﬁ- enormous impact on large sections of mathematics. tion
tation sroup (68 8. The solutions of many old Eroblems in group theor grou
A2, i poEynomial time algorithm to find elements gre known to follow, such as the nonexistence o ifi
of given prime order p in a permutation group of “transitive permutation groups and indeed =~ an BEP
order divisible by p. essentlallg complete 1list of doubly transitive Th
A3, A polynomial time reduction of the problem  S8IOUYps; Schreier”s conjecture that the outer auto- . desc
f finding “Sylow subgroups of permutation groups mg{p.lsﬂ group of & finite simple group is solv- ' de
SYLFIND} to finding the intersection of two cosets gble; the conjecture that ever¥ finite TlTEIT frou~ ze
of germutation groups ?INT). As a_consequence, omne %s generatedfby two elements tcf, [Call,lkel,[Ka2 ' rece
can find $¥1ow subgroups of solvable groups and of :: su{¥§ys ° morgl cogsequgnces o ombinatorics
groups with bounded nonabelian composition factors ic 2? f K ?rfa ¥ epefited from these results Mas
S polynomial time. {caz], 1[cPss],[ka2],[vwel],[Pa2 f af h?ye other clas
K4. A polynomial time algorithm to solve SYLFIND ields, such gs model theory ([¢Ll,[cHL ) 3 number 3‘ tive
for finite simple groups. theory (see [Fel) and universal algebra [Pall. log
/1os rig%;ialm of the presen% gﬁperlls gg_dxscuss Aalgo- : n
. c og . : : ¢ consequences o e clasgification, At the
(103" o sraphs of valents*iess than s ania conser  Prasoniyimey ve freuableco give s mobmoml  if
guent Spfoutd moderaicly exponent ol gonerel graph  Ling) MOTILE, f0 solve such o seemingly haralens  Che
isomorphism test in explcy/nm Iog nC :teps. ?“taiion dggog doﬁ °fd§r d%viﬁiblf by p, without (iﬁe
. . . invoking detailed knowledge of the classification. supe
A6. A moderately exponential, n 8182§$thm The fundamentgllinformgtign abgut ff%?ite si?ple t'DE
. . . . _ roups sha need is the followin, see 1o
£g€h£N¥orcg?Ei%§g :;tse%%: we obtain an n algo 'Calg,[GoX§. Apart from a finite numbgr f bett
tﬁpoggd;g gro%ps (thesg i?al; neverhconcern usg, ; ther
All th . e finite simple groups fa into the followin
ochil Chgee probiems have stroms, Ligks to. cach  afegorics:’eyliicigeitia ol prime ority, slieaars exp
FIND was solved in polynomial time and applied to o8 groups and groups of Lie type. The  groups of ment
bounded valence Igo in [Lull, Now, FIND is Lie type are matrix groups over finite fields. They Ca
reduced to INT. Interesting special cases of SyL-  2%¢ divided into a finite number of infinite fami- gal
FIND belong to NPA coNP and are not known to have lies. Each family is parametrized by the dimension the
subexponent 1al solutions. of the matrices and _the order of the field. The dep!
(All Ehe‘rgsultg stated depend on the classifica- ca;:sig:l(p%%%%%%ivgor:pegizint1g%ézr fogr O{ tggse ;;p]
- mplectic
tion of finite 31mp1§(§§oups. We note that no pre grtbgsonalf and unitagy roups}. The’ﬁemZiging ten ; CuT]
. 150 d . amilies of groups o ie type, the so-called | pre:
;::;gs oftesglggcyn less w@ﬁ:ﬁ cﬁfextbigazzgﬁ tﬁgi exceptional groups , have bounded dimensions and : was
%géess.tgere gs anotéherh radical breakthrough in ?i:lg us parametrized by only the order of the all
s independent of the previous one, the simple Statements de : SE3 : ‘ )
1ce . . Tevl .St e pending on the classificatjon of of
%ﬁggﬁgrc523§i§$§§§§§? 18 an 1nd18pensab1e tool ror finite simple groups will be marked by CFSG&. OfF
; the
2. Complexity problems in computational group theory 2?;
{
The two basic tools in analyzing group structure
are composition factors and Sylow subgroups. Both lat
can be regarded as building b¥ocks of a group. tha
Supported in part by NSF Grants MCS 7903130 and MCS Finding them is a problem analogous to factoring rec
838Y756 integers; we are "taking the group apart to see [BK
* ‘Currently visiting Dept. Computer and Info.  What makes it tick®, .
Sci., University of Oregon, Eugene, Ore. It may be of particular interest to note that
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some natgral subproblems of SYLFIND (finding Sylow
wbiroups belong to NP~ coNP while no  subexponen-—
tial solution is known for them. An example : Does
4 given permutation group G have an element of

order p* where p is a given prime and p’ is the
largest power of p dividing the order of G ?

Easy reductions show that the following problems
ere polynomial time equivalent: finding the cen-
tralizer of a permutation_in a given group, finding
the stabilizer of a given subset, f nding the
intersection of two permutation groups %glven by
generators), finding the 1gtefsec ion of two cosets
of.permutatﬁog groups (INT Lu2l. Graph isomor-
phism (ISO) is easily feducgd to these. SYLFIND is
also reducible to them (Section 8).

—Sememls o 2 DNk

. The results depend on the classification in vary-
1n%hways. . . . ..

e polynomial time simplicity test gnd the
dgtermlnatlon of the composition” factors (Section
5) uses the classification through Schreier”s con-
Jecture stated in the previous section.

Finding elements of given prime order P, _and more
generally  finding Sylow p-subgroups  of .simple
iroups in polynomial " time, present { relies on

etailed knowledge of properties of all families of
finite simple groups (Sections 6,7). Part of this
result, combined with the composition factors algo-
rithm, yields a polynomial time algorithm for find-
ing eiements of given prime order in arbitrary per-
mutation groups. A

The reduction of SYLFIND to INT (Section 8) usss
the Sylow subgroups of finite simple groups (A4).
However, restricting the reduction to solvable
groups and groups with bounded nonabelian composi-
tion factors, we find .Sylow subgroups of such
groups in polynomial time without using the clas-
f1f1Tat10n. This relies on the INT alg?rlt of

Lu% ) combined with estimates from [Pal] and

The; timing analysis of the INT algorithm
described in Sectlon 10 requires estimates on the
orders of primitive permutatjon Trfupa Using the
recent elementary bounds of [Ba2],[B 4], we obtain

an exp(cv/n 10g2n) time bound for INT. Using _the
classification, one can essentially list all primi-
tive permutation groups of order greater than

nl°8 “[cal], bringing down the INT running time to
nc/H. More significantly, this list provides a tool
that might eventually lead to a subexponential

(i,e. exp(go(lb) INT algorithm and thereby to
subexponential ISO and SYL IND algorithms.,

Due to an n to n2 blowup in the IS0 to INT reduc-
tion, the current INT algorithms do not yield a
better than brute force ISO test, Notwithstanding,
there is a moderately exponential,

exp(c/n 1og5/2n) IS0 test which refefs i the ele-
mentary bounds mentioned above (see |BL g.. A naive
se of those consequences of the classification

Cal mentioned in the previous faragraph reduces
the exponent of 105 n from 5/2 to 1. A further Jin-
depth analysis, details of which will be outlined
in Section results in the best current bound,
exp(c/n log n), (It may be curious to note that the
current bound for factoring n-digit integers looks

precisely like this Djl; tge constant ¢
was recently improved tSch]. It 1is actu-
ally the underlyin nCd/lOg d ISO bound for graphs

of " valency less than d that makes significant use
of the classification.
Finally we mention that I
the moderately exponential ISO and INT algorithms
both serve as ~subroutines in a polynomial time
algorithm. Namely, isomorphism of distributive
lattices can be tested_in 93+°€1) steps [Ba6].(Note
that isomorphism of distributive lattices has only
f;ce?t%y been brought down to polynomial time

.

somewvhat surprisingly,
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4. Notation and preliminaries

4,1. Basic group theory. We assume .that the
reader 1s familiar with some of the_bas1c‘notton7
f group theory such as that contained in [Ro
?simple groups, composition factors, Sylow p-
subgroups, center, conjugate elements and subgroups
(notation: for H a subgroup and g an element of G,

P= —IH ), commutator subgroup = derived subgroup
(degoteﬁ c'?, derived series, solvability, direct
products, the grojectlve linear groups)., [Ro]l con-
tains some of the basic material] on permutation
groups_as_well (orbits giablllzers ;s we shall also
need the beginning of twil, .

We briefly review some standard notation.

An action of a group G on a set X is a homomor—

phism g+—> of G onto a subgroup G> of Sym(X),
the group of all permutations of X. The orbit of

xeX is xC={x8: geG}, where x® is the image of x

under g . Here, le|=lG:Gx| where G_ is the stabi-
: R

lizer {geG: x°=x}. Let ny denote er\Gy.

If xC=x then G is said to be transitive on X, In
this situation, one looks for G-invariant parti-
tions of X. If there is no such_ nontrivial parti-
tion then G is called primitive ; ,othervise G is
imprimitive. The blocks oE_a_C?1pvarlant partition
are called blocks of imprimitivity. G acts transi-
tively on them, This gction is primitive 1§f the
partition is minimal ?the blocks are maximal).

For H<G (H a subgroug of G) and g¢G, the cosets
gl and Hg of H will be called subcosets of G. The
empty set will also be regarded as a subcoset of G.
With™ this convention, the intersection of subcosets
is always a subcoset. Right and left cosets make no
difference since a left coset of H is a right coset
of another subgroup, conjugate to H, For every
subgroup H<G there 1s a natural G-action on the set

G/H of (left) co?egs.
If ¢: 6=> Sym(X) and ¥: G-> Sym(Y) are two
actions  of Ehg sam? §roup G then a map f: X~>Y is
g)i=fy(g

a G-map if for every g in G.
Our I:end gf proof" mark is i#Y

4.2, Algorithms. Throughout this paper, X will
denote ~an n-set. The inputs of our algorithms will
be_permutation groups, usuall{ acting on X.

Every permutation group will be given by a set of
gen rating permutations. A nonempty subcoset Hg of

ym(X) can be represented by specifying a set of
generators of H and a representative %. B

Given a permutation group G the following can be
found in polynomial "time; the order of G, the
pointwise stabilizer of a given subset, the derived
series, the orbits of % a mtnlmai ﬁfigltlon into
blocks of imprimitivity ([si],[At],[F ..

Our complexity estimates vlil be given in terms
of n (the degree of the input %roup) rather than
in terms of the input length. O course i an
input group is represented by an uqreasonaﬁly large
number of generators, then the time required to

engv edyndant generators has to be added
fSl?,fFHLi. ?It 18 easy to see that any set of
n log n permutations’ contains redundant ones. A
more 'nvo}vgd argument shows that even 2n is too
much [Ba3]. ..

Let Kﬁbe a clasi of flngte groupg clgsed under
isomorphisms, taking subgroups and factor Zroups.
For any such we shall be interested in the Fol-
lowing four problems.

Finding Sylow subgroups (SYLFIND(K)) )
INPUT: a” permutation group GeK and a prime p.
OUTPUT: a Sylow p-subgroup of G.

Sylow conjugacy (SYLCONJ(K)) .
¥NPUT: a permutation grou? GeK , a g ime 8 and
two Sylow p-subgroups P{1) and P(2) of G.

OUTPUT: geG such that P(1)5 = p(2).

Coset intersection (INT(K))

INPUT: a set X, tw gubgroups G,H and two ele-
ments §,h of Sym(X) where at feast one of
G,H belongs to .

OUTBUT: the subcoset Ggr Hh of Sym(X).



Color automorphism (CAUT(K)) Step 4. Choose any x,y in X with x # y G/N
INPUT: a s th, a coloring : X->{colors}, a Z <~ the set_o¥ fixed points of G sim
group acting on X, and a permutation for each z in z g g max
3 (g3 if (for some g in G, x% =y, y& = 3) str
OU§PU : _the set of G —auto?orphisms of the then fix such coni
coloring, i.e. AUT(Gg,d) = Y <= (x,y,2z,...J, the cycle of g G(i
g containing x . . bil
{heGg: ¢(x)=¢(x®) for all xeX}. Y? <- the set of G-images og Y (iden- c(i
tif 1¥§ cyclic B?rmutatlons act
CAUT(K) is_clearly a subcase of INT(K). They are cal ST_ACTION(Y") lar
ctuall ol nomia{ tjme _equivalent for any K Step 5. Choose any x in rep
?LuZ? %t ollows from Pai] nd [BCP] that "the for each "y in X-{x} . act
INT(K} algorithm given by [Lul] works in polynomial Y <- G-orbit of {x,y} (in the set of pro
time when K is the class’ of solvable groups or more unordered xa1rs in
generally a class of groups with bounded nonabelian call TEST_ACTION(Y) wis
composition factors. This result will b? crucial Step 6. Choose any "x in X of
for applications of the SYLFIND(K) to INT(K) reduc- for each "y,z,w in X
tion ?see Cor. 8.2).(§h§ gctual restriction on K is H <- <ny, - bw
n weaker, cf.Cor. 8.2, . abo
even w ’ if (,4.G) then call TEST ACTION(G/H) whe
4.3. Complexity classes. By a ggggfggglz Step 7. Output "Simple (non-abelianT" I
exgonentlag function of u we mean a function . er
1-c Comments on proving the correctness f REDUCE: g.z
bounded by O(exp(u ~) for some positive constant It is easy to check that, if REDUCE(G) outputs a sim
c. . . subgroup then it has correctly identified a proper 180
An algorithm is moderatel exponential if its normal subgroup of G and if it outputs a set then act
running time is a moderate{y exponential function it has constructed a smaller permutation domain. to
of u=log b where b is the running time of the It is necessary to show that, if the output is Thi
natural brute force algorithm associated with the "Simple" then is, indeed, "simple. Step
problem. If b=n! (as in our examples) then log b reduces the prob}em to the_grlmltive case {(now a Pro
can be replaced by n in this definition. . standard technique), Hence, if ¢ ig abelian, it Bym
An algorithm is” subexponential if its running necessarily has prime order, easily justifying the whe
o(l) . . proclamation "Simple" within Step 2, The problem, and
time is exp(N “’) where N is_the input length. This then, is to prove that, if the algorithm reaches
class is invariant under polynomial reductionms, in Step 7 then G is simple. Passing Step 2 also means Pro
countrast to the moderately exponential class. that G = G/. This was a natural test to perform set
The best known algorithims for factoring integers since the derived group is normal and is easy to is
[Dil,[Sch], graph isomorphism (section 9), Sylow compute (FHLl. However, when all is said and done,
subgroups and coset intersection for general groups we"ll see that this step played a more subtle role. mus
sections ,103 are moderately exponential. Pri- Step 3 detects the presence of a normal subgroup of
malit ?Pom , isomorghism of projective planes [Mil small index (< n), covering a few special cases. or
and of tournaments [BL] are subeXponential. ] par
Steps.  4,5,6 are motivated by . (non- con
L. classification-dependent) results on primitive per- If
5. Simplicity test and composition factors mutation grou*s Tge, especially the O'Nan-Scott the
= - Theorem 1in [Call).  Such resuits establish rela- k <
We show tions between the structure of a primitive action ex]
. L. of G and the nature of N _ where N is the socle poi
Theorem 5.1. (CFSG) Testing simplicity of permuta- of G, Since N 1is necessarily transitive, n =
tion groups is in P. INI/TNXI. If we can force an action in which the cis
: . cos . . Thu
Proof. We describe a polynomial-time algorithm point stabilizers in N are increased, we thereby der
which accepts, as ingut, generators of a reduce the size of the domain. For example, sug— ple
subgroup, G, of Sym(X), where 15 a set of size pose N =1, We show, in_such case, that the whe
n a?d outputs exac%ly"one of the following: algorithm terminates in Step « The reason is: mut
i) "6 is simple. . . . ove
(i1 Generatorspof a proper normal sub§rogp of G. There is a unique element h in N such that xh =y »
(iii) A faithful action of G on a set of size < n. h . ] E
. . and them 2z =y is left fixed by G_ . When we duc
It is then clear how repeated application  of ) . Xy gre
REDUCE in case (iii) guarantees a polynomial-time process z, g will exist. Though we may not have is
simplicity test, g = h, one can show that the cycle, Y, of ¢ con- mir
At several points in REDUCE it is useful to con~ taining x 1is also a cycle of "h. he set Y" will is
sider 1induced representations of G, In the fol- then consist of cycles of elements of N. Since a
lowing procedure, is a_set, with Y| > 1, on the action of h on” Y" has a fixed point (namely in
which E acts transitively.  (G,X,n are globai.) Y), ~TEST ACTION(Y") will either output a kermel or
? 7r1m1t1ve action on a set of size less than n = Prc
procedure TEST_ACTION(Y) ) N, ) . T
Y" <- a minimal G-block system in Y Steps > and 6 play analogous roles in reducing mit
N <= the kernel of the G-actiom on Y~ the domain for other possible actions of . the
if EN # 1) then (output N; stop) . Without reference to the classification, one ver- Pro
if (J¥71 < n) then ?output Y"; stop) ifies that the algorithm can get to Step 7 only if du
return N is simple, which puts between N_ “and
: Aut(N), and G = G° (recall, ve passed Step 2), At 1
i REDUCE has seven major steps: that point the classification-de endent Schreier”s
§ Step 1. Let Y be any non-trivial orbit “conjecture” is invoked. It implies, in such case,
; Call TEST ACTION(Y) that™ G = N, # ]
The simplicity test is more than the languaﬁe
Step 2. If (G # G”) then . recognition algorithm announced in Theorem 5.1. In
if (G7 # 1) then (output G7; stop) the non-simple case a witness, a proper normal sub-
else (output "Simple {abelian)™; stop) group, is output. We can exploit this observation. ’
Step 3. Let W be any subset of G of size n+l . th
for each g,K in W ) Theorem 5.2 (CFSG) Given generators for a permuta- th
N <~ normal closuyre of <gh™' > tion group, G, a composition series for G, includ- cal
if (N # G) then (output N; stop) ing Eermutatlon representations of the quotients,
can be constructed in polynomial time. Pr
. . . [
Proof. It suffices to be able to exhibit a maximal %E
normal subgroup, N, of G and a representation of fa
on
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G/N, If G is simple, then N = 1. Otherwise, the
simplicity test returns a proper (not necessarily
maximal) normal subgroup, N, of G. One can con-
struct a non-trivial action of G whose kernel
contains N: Let be the least index such that
Clit)N < G(1§F %herg G(j) denotes the point sta-
bjlizer of the first j points in X); tggn G =
th_ acts on the _laft coset space G/G(i+l)N, N
acting trivially. If the kernel of this action is
larger than N then replace N by the kernel and
repeat. Otherw}se, we have constructed a_ faithful
action of G/N. If G/N 1s not s?mgle, find a
proper normal subgroup, replace N by (the pullback
in  Sym(X) ofg that subgroup and repeat. Other-
w%seélge#gave the required N = and representation
o .

We remark on three other of the
above methods and
vhere in this paper.

In some instances, it is useful to go beyond the
ermutation representations guaranteed bZ.Theorem
g.Z and construct the "natural™ representation of a
simple group. For egampli, the improved graph
isomorphism test (section 9), requires the natural
action of a permutation grou% which is isomorphic
to the full alternating group {on some other set).
This can be done efficiently:

Propogition 5.3. Given a germutagion group, G <
5 mEX%, it is possible to detect %n polynomial time
whether G is isomorphic to Alt(Y), for some Y,
and, if so, to construct such Y.

applications

Proof., The algorithm employs reductions to smaller
sets as_in REDUCE. As usual, we ma¥ ?s§ume that G
i t(Y). Then X

is primitive. Suppose that ¢ = A

Y
must be G-isomorphic either to ( x) » for some k,

or to
parts.
cgnvertlng the
I

the set of partitions of Y into m_ equal
We indicate the procedure for detecting and
former; the other case is similar.
k =1, then we k?ow it and take Y = X, Assume
then that k > 1 (and we may suppose n > 5 and
k <n/2). It is not difficult to s OY that there
exist  k-tuples aﬁb,c in Y equivalently,
points in X) such that H <G,1,:6,.,6,,> is pre
cisely the stablilizer in Alt(Y) of a (k-1)-set.
Thus, G/Y is G-isomorphic to the set of all unor-
dered (k—1§7tup1es in Y. Hence, trying all tri-
ples a,? ¢ in X, we should find "an instance
vhere é/Hl_< IX1, so that G/H is a smaller per—
mutatiin domain; replace X by G/H and start
over, ##

More generally, see Theorem 6.1. .

The graph isomorphism test also requires the pro-
duction of the socle of a_ certain permutation
group. It happemns, at that point, that the socle
1s known to be non-abelian and to be the unique
minimal normal subgroup of G. In such a case, it
is precisely the normal closure of the last term in
a composition series of and so it is computable
in polynomial time. However, more generally

Proposition 5.4 (CFSG) Given a permutation Erogp,
G, . the sub%roug genergted by the non-abelian
minimal normal subgroups (the "non-abelian part™ of
the socle) can be found in_ polynomial time.

Proof. The following algorithm car be shown to pro-
duce the desired subgroup:

procedure NA_S0C(G)
<- a maximal normal subgroup of G |
K <~ the last term in the derived series of the
centralizer in G of N
if (K is simple) then output <K,NA SOC(N)>
else output NA SOC(N)

The complexity of findin
the socle is open (see 11.I).
that techniques like those in the
can be used for

the abelian factor of
We do note, however,
simplicity test

Proposition 5.5. Given %enerators for a permutation
groug G, the presence of an abelian normal subgroup
of can be detected in polynomial time. In
fact, if such exist, then generators for at least
one can be determined.

results which are needed else~
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There is a reduction to the primitive case (a bit
trickier than_ usual whereupon the algorithm
proceeds much like Steg 4 of REDUCE., We note that
this result is independent of the classification,

.Complete proofs o% the results in this section

will appear in [Lu3

6. The Replacement Theorem

In many situations, ome actually reduces to the
case of a simple subgroup G of Sym(X), (Examples
are found in Sections 7,8,9.) The following theorem
can be used to switch to the most natural permuta-
tion representation of G in that case.

Theorem 6.1 ( Replacement Theorem )(CFSG), There is

a polynomial-time algori which, when given a
simple group G<Sym(X) with |G| > 30

set W with |WI< n on which G acts such that one of
the fg}low;ng_holds S,
1) G is isomorphic to the alternating group on
W, ?gq acts on W as that group; or
(ii) G is isomorphic to a classical grou
defined on_a vector space V, and G acts on
exactly as it does on the set of all l-spaces of V.

-

Thus, if G ® PSL(d,q), PSp(d,q) PQ7(d,q) or

PSU(d,q) then W is the set gf ﬁgiﬁts of a ﬁgojec—
tive space PG(d-1,q).

» produces a

Qutline of the proof. As usual, we may assume that
is primitive on the n-set X. We may also assume
that G is not a sporadic simple group,” and there-
gore i1s an alternating group or a group of Lie
yBe.
et XcX. Sipce IG[>n results due to
(see [Wi,p.4l?§ and in [Ral
that fgr some k,m,d,q either
(a) G2A , and G 'is the
subs?t of the k-set; or

. (b) G=A", and G is the stabilizer of a parti-
tion into m equal parts of the k-set; or

(c) G is a classical group (ct, Ssection 1)
defined on a vector space V of imension d over the
field of order q, and G is the stabilizer of an
r-subspace of V, . .

Thus, we can identify X with a very natural set
X. Name1¥, in case " (a) is the set of all r-
subsets of the k-set; in_case (b) X is the set of
gagtlt;ons of the k-set into m equal parts; in case

c) X is an orbit of the set of all r-subspaces of
V. These cases can be dealt with independ nsly of
ang assumption on the order of G. In cases ?a and
(b) we have to replace X.bg_the k-gset. An algorithm
achlev1n§ this has been indicated in Prop. 5.3. In
case (c) we have to reglace_r by r=1." Once this

f

Bochert
lead to the conclusion

stabilizer of an r-

has been done, the new set X might only consist of

one of the G-orbits of l-spaces of V, in which

case the remaining orbits of l-spaces also must be

f§c378t§#Cted' etails of (c) can be found in
all.

It seems likily that, in the near future, analo-
gues of [Kall “will ﬁe proved for the exceptional
groups of Lie type. This would produce a signifi~-
cant reduction  of the exponent 36 in Theorem 6.1
(and , consequently, of the exponent 37 in the
proof of Theorem 7.1).

1. Elements of prime order

The following result is an algorithmic version of
an elementary theorem of Cauchy:

Theorem 7.1, Given a group G<Sym(X) and a
1vidin, IGI, an element of order p can be
polynomial time.

rime p
ound in

Proof. We begin with a reduction to the case of a

simple group G. Use Theorem 5.1 to find a set X7 on

which G acts such that 6X is X7 l<n;

let M be the gointwi e stabilizer of X’. If p| |M],
. (By

reglace G by Ba5], suc? a replacement can
take place at most 2n times. Thus, we may assume

simple and







