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INTRODUCTION

o A great deal of work was done on 2-transitive groups during the last

- century and the beginning of this one. There has been a recent resurgence

z of interest in them for several reasons. First of all, many finite simple
groups either have 2-transitive permutation representations or are closely
related to groups that do. Also, recent work on finite simple groups has

- made the study of permutation groups more accessible. Finally, the close
relationship between these groups and finite geometries has been recognized
and has benefitted both group theory and geometry.

This survey will be concerned with designs having 2-transitive auto-
morphism groups. A complete account of the relationship between designs and
groups, as it was known in 1968, is contained in the peautiful book of
DEMBOWSKI [40]. However, quite a lot has been done since then.

Since this is a combinatorics conference, I will try to minimize the
group theory. However, the interplay between the groups and the designs
they act on is fundamental to the subject: the fact that the automorphism
group G of a design V) permutes both the points and blocks of U suggests
that these two actions should be played off against one another. Moreover,
the manner in which designs occur in group-theoretic situations is a basic
source for geometric problems and geometric theorems.

The difference between the study of 2-transitive designs and 2-tran-
sitive groups seems to be as follows. In the former case, one makes an
assumption concerning the set stabilizer (or point-wise stabilizer) of a
block: its transitivity properties, index in G, etc. In the latter case,
one assumes structural properties of the stabilizer of one or more points.
Just how fine a distinction this is can be seen from papers of O'NaN [128,
1357, HARADA [63], ASCHBACHER [2,5], SHULT [1497, KANTOR, O'NAN & SEITZ
{1071, and HERING, KANTOR & SEITZ [66], where designs are explicitly or
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implicitly obtained in the course of "purely"” group-theoretic investigations,
So as not to give a false impression, it should be noted that the re-
lationship between permutation groups, geometry and combinatorics has been
known for a long time - see the books of BURNSIDE [18] and CARMICHAEL [32].
There are also important relationships between projective planes and
groups. However, I will not discuss collineation groups of projective,
affine, or inversive planes at all - that would require a survey paper of
its own. Incidentally, most of the problems and methods considered here
become meaningless or trivial in the case of such planes. I hope to demon-
strate the richness of the geometric nature of a subject spawned in part

by, but quite different from, projective planes.

The organization of this paper is as follows. Section 1 consists of
little more than geometric and group-theoretic notation. Section 2 dis-
cusses the elementary, well-known construction of designs from 2-transitive
groups.

In the remaining sections, G will be an automorphism group 2-transitive
on the points of a design D. One natural approach is to first try to find D,
and then f£find G. Unfortunately, even if D is known to be a projective or an
affine space, it is still very difficult to determine G (see section 3).
This fact is, in turn, undoubtedly partly to blame for the difficulties
encountered in the situations described in sections 6-10.

Section 4 contains a brief discussion of the geometry of the Mathieu
groups. These designs and groups will arise in later sections.

The subject matter of this survey properly begins in section 5. There,
and in the remaining sections, a variety of possible restrictions on 2-tran-—
sitive designs are discussed. In each case, classical projective or
affine spaces satisfy the additional hypothesis and partly motivate its
study. With the exception of section 5, the goal will be the determination
of D, not of G.

Section 5 is devoted almost exclusively to results of O'NAN. The main
geometric application of his striking classification theorems is to the
subgroup of G fixing all the blocks through a point of D.

HALL [58] considered the case where the 2-transitive design D is a
Steiner triple system. In section 6, a more general situation is studied:

A =1, and the stabilizer of two points fixes all points on the line

through them.

,H..nf
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In section 7, it is assumed that the pointwise stabilizer of a block
of D is transitive on the complement of the block. An added combinatorial
ponus here is the relevance of geometric lattices.

However, the richest combinatorial structure occurs in section 8,
where D is assumed to be a symmetric design. As the length of the section
indicates, more work has been done in this case than in any other. There
are also several applications, which are discussed in sections 8 and 9;
these include difference sets (section 8), Hadamard matrices (section 9),
symmetric 3-designs (section 9), the suborbit structure of permutation
groups (section 8), and the reducibility of certain complex polynomials
(section 8}. J

Section 9 briefly discusses symmetric 3-designs. Finally, section 10
contains a variety of miscellaneocus topics. An appendix lists the known
2-transitive groups.

Throughout the paper -and especially in section 10- I have occa-
sionally digressed slightly from the main topic. In most cases, geometric
guestions related to 2-transitive groups are raised, even if designs are
not involved. In fact, it would be absurd to claim that the only relation-
ship between combinatorics and 2-transitive groups is through designs. The
best examples of this, which will not be described here, are the graph
extension theorem of SHULT [147] and the growing theory of 2-graphs
(SEIDEL [143]; HIGMAN [71]; TAYLOR [155,1561). Also, if G is 2- but not
3-transitive, Ox determines graphs on S - {x} which have yet to be studied.
Probably the most basic problem in the combinatorial approach to 2-tran-
sitive groups is to find ways to use groups, designs, and graphs
simultaneously. Thus far, this problem has been considered briefly in only

two papers: SIMS [150] and O'Nan [133].

I am indebted to the following people for comments which helped in
the preparation of this survey: P. CAMERON, M. FRIED, N. ITO, W. KNAFPP,
H. NaGaO, P. NEUMANN, and R. NODA.

1. BACKGROUND

A. Designs

A design D consists of a set S of points (*varieties" of wheat in the

original statistical context), together with certain subsets called blocks,
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such that the following conditions hold for some integers v,b,k,r,A:
there are v points, b blocks, k points per block, x blocks per point, and
X blocks through any two distinct points. The following non-degeneracy
conditions will also be assumed: v 2 k+2 > 4, and some k-subset of S is
not a block. The parameters v, b, k, r, A satisfy vr = bk and A(v - 1) =
=r(k - 1). Also, b 2 v (FISHER'S inequality).

D is a symmetric design if b = v, or equivalently, if r = k. The
parameters v, k, A, and n = k - A then satisfy further restrictions (see
DEMBOWSKI [40, § 2.1]), but these will not be needed. A Hadamard design is
a symmetric design with v = 2k+1.

If x is a point of a design D, then @x denotes the set S - {x} of
points together with the sets B - {x}, where B is a block on x. D is called
an extension of ex.

If B is a block of D, then Um denotes the set of points of B and the
sets B n C, where C is any block other than B. This is again a design if D
is symmetric.

The complementary design D' of D is the design having the same point
set as U, and whose blocks are the complements of those of D.

) A t-design is a design D such that each set of t points is in the same
number yﬁ > 0 of blocks. If yn = 1, D is also called a Steiner system
s(t,k,v).

A line of D consists of the intersection of all the blocks containing
two given points. Two points are contained in 2 unique line. While lines
of a design can usually have different sizes, they will automatically have
the same size in this paper. Note that, when A = 1, blocks are lines; in
this case, I will use the more suggestive term line. Also, if A =1, a
subspace of U is a set A of points such that, whenever x and y are distinct
points of A, their line is contained in A.

an automorphism of D is a permutation of the points which also per-
mutes the blocks. The automorphisms of D form a group Aut D, the auto-
morphism group of D. The fact that Aut D permutes both the points and
blocks is crucial.

1£ D is a symmetric design, the dual design T has the roles of points
and blocks interchanged. 7 is symmetric, with the same parameters as D.
aAn antiautomorphism (or correlation) of D is an isomorphism 8: D > D. Then

8 induces an isomorphism D - D, also called 8, by acting on the points and

blocks of D as 8 does on the blocks of D. 8 is a polarity if 82 = 1 (i.e.
g -1 :

if x € y implies y ¢ va. If g is in Aut D, so is & "g8. The group
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(Aut U) <8> contains Aut D as a subgroup of index 2, and contains all anti-
automorphisms of U,

The following notation will be used for the classical geometries:
mmmﬂa~nv~ 1 £ e < d-1, denotes the design of points and e-spaces of PG(d,q):
and
vmmﬁa.nv. 1 s e € d-1, denotes the design of points and e-spaces of AG(d,q).

As usual, PG(2,q) = mmpﬁm.@v and AG(2,q) = >OHAN.QV. The automorphism
group of PG(d,q) is PTL(d+1,9) -

In section 7, geometric lattices will arise. These are (finite) lat-—
tices L such that each element is a join of points (i.e., atoms), and which
satisfy the exchange condition: if x and y are points, and X € L, then
x £ Xandy < x V X imply x <y V X. Each X € L then has a dimension
dim(X), where dim(0) = -1, dim(X) = dim(Y) - 1 if X < Y is maximal in ¥,
and dim(X vV ¥) + dim(X A ¥) <€ dim(X) + dim(Y) (for all X,Y € L) . Moreover,
bases of X can be introduced as sets of dim(X) + 1 points of L, none of
which is in the join of the rest. The usual replacement conditions then

hold for bases.

B. Permutation groups

Let H be a group inductng a group of permutations on a finite set S of
points. It is essential to allow the possibility that non-trivial elements
of H induce the identity on S. H(S) denotes the (normal) subgroup of H
consisting of those h € H fixing every point of S, that is, the pointwise

stabilizer of S. mm denotes the group of permutations of S induced by H.
s

Thus, B = H/H(S).
h :
xT denotes the image of x ¢ S under h € H. X! denotes the image of
h h
X € S under h ¢ H: X = {x | x ¢ x}.
g, = (h e H | " = X} is the (set) stabilizer of X in H. Clearly, Hy
contains the pointwise stabilizer H(X) of X, and Hy induces the permutation
X ~ . : : -
group mx = mx\mﬁxv on X. It is convenient to abbreviate mﬁxw = mx. If, say.,
(= = nH_ .
X,¥Y < M then mxx mx v . .
" denotes the orbit of x under H: x = {x | n e B}. The orbits of H
partition S.
H is transitive if 2 = 5 for some (and hence each) x. Clearly, H is

transitive on each of its orbits. H is regular if it is transitive and




370 W. M. KANTOR

B = 1 for some (and hence each) x. H is primitive on S if H is transitive
on S and B_ is a maximal subgroup of H. H is t-transtitive on S if it acts
transitively on the ordered t-subsets of S. In this case, mx is (t=-1)-
transitive on S - {x}. H is sharply t-transitive if it is regular on the
set of ordered t-subsets of $; for t 2 2, all such H have been determined
(ZASSENHAUS [171,172]; JORDAN [89, pp.345-361]; HALL [57, pp.72-731).

The rank of a transitive group E is the number of orbits of H_. Thus,
having rank 2 is the same as being 2-transitive. An Znvolution in H is an

element of order 2.

C. Preliminary lemmas

(1) ORBIT THEOREM. If G < Aut D, then G has at least as many block-orbits

as potnt-orbits. If D is symmetric, these numbers are the same (see

DEMBOWSKI [40, p.781).

(2) If D is a symmetric design, then each g € Aut D fizes the same number
of points and blocks (see DEMBOWSKI [40, p.81]).

(3) IFf D is symmetric and 1 # g € But D, then g fizes at most jv points
(FETT [44]). As noted in KaNTOR [102], FEIT's proof shows that, if g

fixes exactly jv points, then g is an involution and v = 4n.

(4) Let 4 act as a permutation group on S. Let K < H. Then the normalizer
N (K) of K is contained in the set-stabilizer 5 k) of the set Q(K)
of fized points of K. Moreover, if g € G then ax%) = 9.

(5) ORBIT LENGTH. If X = x> is an orbit of H on S, then |x| = ‘m"mx« is

the index in B of the stabilizer of x.

(6) Suppose H is as in 1B and let X and ¥ be orbits of H. If d is the
g.c.d of |x| and |¥l|, and x ¢ X, then each orbit of H on ¥ has size

divisible by |¥|/4. In particular, ©f & = 1 then G_1s transitive on Y.

2. CONSTRUCTIONS

A. Basic construction

(1) Let G be 2—-transitive on the fimite set s. Let B be any k~subset of s,
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and asswme that G is not transitive on (unordered) k~subsets of S..
Then the distinct sets mou g € G, are the blocks of a design
D = D(G,s,B).

PROOF. Each BY has |B| = k points. IE x7 =y, then g sets up a 1-1~
correspondence between the blocks on x and those on y; this provides us

with r. The same proof yields i. O

(2) G < aut D(G,s,B), and G is transitive on blocks. Hence, V(G,s,B) has

b = Moumm blocks (see 1C(5)). In particular, D(G,S,B) Is symmetric if

and only if le:c_| = v.

5!

Of course, the trouble with this construction is that B, and hence D,
may be totally unrelated to the action or structure of G. It is necessary
to choose B carefully if D is to provide information about G. This is what
will be done in later sections. One can, for example, assume that B is the
set of fixed points of 0x<~ x # y, or that G(B) is transitive on S - B.

In almost every case of interest, B is an orbit of some subgroup of G,
so that G_ is transitive on B. Note that, if A = 1, then necessarily Gy s

B
2~-transitive on B.

PROOF. If x,y,x',y' € B, x # y and x' # y', then any g € G such that

xJ = x' and <Q

= y' must fix B. 0

If G is t-transitive, then D(G,S,B) is clearly a t-design.

B. When is A = 1?

suppose D = D(G,S,B), where B is the set of fixed points of some sub-

set W of Ox< (where x # y). In this situation (as in the general one) it is
natural to ask when A = 1. The simplest answer is due to WITT [169]:

(1) A =1 Zf W° &G D:mamowsvwmzous.

g 4G,

PROOF. If X,y € mo~ then W? fixes x and y by 1C(4). That is, W <y

so W = w. Thus, 87 = 8. O

This result has been used in a variety of circumstances. For example,
if ox< is cyclic, it applies to every subgroup W # 1 of mx% fixing more
than two points; this was very useful in the determination of all such

groups (KANTOR, O'NAN & SEITZ £107]). The designs and groups that arise
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here are very interesting. Assume that G does not have a regular normal

3 2

subgroup and that Ox has such a subgroup W. Then v = Q9 + 1, r=4qg", and

Y
k = q + 1 for some prime power q. (In the terminology of DEMBOWSKI [40,

p-104], these are the parameters of a unitgl.) There are just two possibil-
ities. One is that G is PSU(3,q) or PGU(3,q), and the design consists of
the m&onsnm points and non-absolute lines of a unitary polarity of
PG(2,97). (See O.zwz mpmmu for a detailed study of this design.) In the

= 328+

other case, ¢ for some e 2 0, and G is a group of Ree type (see

WARD [163] and KANTOR, O'NAN & SEITZ [107] for some properties of G and
the design); the case q = 3 will arise again in section 6, where the design

is called D(4).

There is, of course, an obvious t-design analogue of WITT's result.

There are some other interesting conditions which imply A = 1. The

most striking one is due to O'NaN [130]:

(2) Suppose B is the set of fixed points of W < G . Assume that no element
o . . . é
of mxw ~ W 18 conjugate in mx to an element of W. Then A = 1.

It is worthwhile to compare this with 2B(1). The main hypothesis there
concerns conjugates of W, while in 2B(2) it concerns conjugates of elements
of W. On the other hand, 2B(1) considers all conjugates, while 2B(2) only
considers conjugates in mx. ,

The proof of 2B(2) is elementary, but not straightforward. The main

application is as follows:

(3) Suppose N is a normal subgroup of Ge Y # %, N # 1, and N_ fizes more
3 X y Y
than two points. Then 2B(2) applies to W =N (O'Nan [130]).
Yy

PROOF. Suppose g G Then W9 n & < n9
£ € . s NG =N =
x xy xy "y TW- O

Note that N fixes every block through x. Both 2B(2) and 2B(3) are

crucial in the proofs of the theorems in section 5.

(4) Suppose 1 # Ox% <K<G and B = {x} u ww. Then

(i) D(G,s,B) has A = 1 if for any three points x,vy,z, G has an
. . x
element interchanging x and y (O'NaN, unpublished; ATKINSON [6];

a t-design version has been found by NEUMANN [122]); and

Sy e K
(i1) 2f |y _ < 3 then G acts on aq design with A = 1 as a 2-transitive
automorphism group (Q'NaN, unpublished; ATKINSON [6]).
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A few comments are needed concerning 2B(4). If A = 1 for a given

0(,s,B), let x,y ¢ B, x # v, and set wuoxw Then G ANAON. This makes the

hypothesis of 2B(4) seem more reasocnable. ®
One example of 2B(4i) is provided by the following unpublished result

of SHULT (applied to H = G, acting on X = S - {x}). Suppose H is transitive

on X, and some involution t € H fixes exactly one point. Then, if y,z ¢ X,

y # z, there is a conjugate of t interchanging y and z.

3. COLLINEATION GROUPS

A. Projective spaces

Let G be a collineation group of PG(d,q) which is 2-transitive on
points. The only known examples are: G 2 PSL{(d+1,q), the group of projec-
tive collineations of determinant 1; and the peculiar but fascinating

example G = A_ acting on PG(3,2).

7
It seems unlikely that other examples exist, but this has been veri-

fied in only a few cases. WAGNER [162] proved this for 4 < 4, D.G. HIGMAN
a
(unpublished) for 4 = 5,6, and KANTOR [102] for & = 7,8, or when d = s~ for

a prime divisor s of g-1. The same conclusion holds if some non-trivial
element of G fixes a (d-2)-space pointwise (WAGNER [162], HIGMaN [681],
KanTorR [1021)

Here are two interesting properties of G.
(1) If E is a plane, then Gy contains PSL(3,q) (WAGNER [1621).

(2) If B is a hyperplane, then Gy is 2-transitive on S - H (KANTOR L93Dy.

additional (but technical) properties of G are found in KanTOR [102].
(3) Since the example G = vq will arise in sections 6-8, it is perhaps
worthwhile to discuss it in some detail. By one of the flukes of nature,
>m = PSL(4,2) (see 4A{2) for a proof). Thus, PG(3,2) does indeed have a
collineation group G = wq. Thus, vm can be regarded as acting on the 8 co-
sets of G, or on the 15+14/2 2-sets of points of PG(3,2). By 1C(6), G is

transitive on these 2-sets. It follows that G is indeed 2-transitive.

By 1C(5), if x # y then _Oxw_ = 12. Take a point z not on the line L
through x and y. It is easy to see that G cannot contain any non-trivial
elation (= transvection), so meN = 1. Again by 1C(5), mx< must be transi-
tive (and hence even regular) on the 12 points not in L.

= A

It is now not difficult to prove mx = PSL(3,2) and nxMN 4
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B. PERIN's results D. Generalizations
What happens if some kind of additional transitivity is assumed in 3a? PERIN [139] studied the more general situation in which G is a collin-
This question was posed and almost completely answered by PERIN [139]: eation group of PG(d,q) transitive on e-spaces. When combined with KANTOR
A S £ 1 ; [1001, the result is that G is 2-transitive on points if 2 € e £ &-2,
Suppose G is transitive on the triangles of points of PG(d,q). Then . .
. . except for groups of order 31-5 line-transitive on PG(4,2); 1if 3 < e s d-3,
G 2 PSL(d+1,q), except perhaps if q = 2 and & is odd. (In 3A(3), the col- .
then G 2 PSL(d+1,q) except perhaps if g = 2 and d is odd; if 4 < e < d-4,
lineation group wq of PG(3,2) was shown to be transitive on triangles.)
If G is transitive on tetrahedra, them G 2 PSL(d+1,q). then G = PSL(arl,q)- .
Suppose next that G is a collineation group of AG{(d,q) transitive on
The proof is ingenious and surprisingly easy. It depends solely on i e-spaces, where 1 € e S d-1. It is then easy to see (by 1C(6)) that G is
elementary number theory and elementary group theory. transitive on the e-spaces through x. If 2 € e € d-2, this essentially re-
PERIN's results are certainly the strongest and most useful ones duces the problem to the one of the preceding paragraph.
concerning 2-transitive collineation groups of finite projective spaces.
They arise several times in later sections of this survey. They have also
been useful elsewhere: they were involved in one of the first proofs used 4. THE MATHIEU GROUPS
for the determination of the 2-transitive permutation representations of
the groups PSL(n,q). This in turn led CURTIS, KANTOR & SEITZ [36] to the The Mathieu groups will appear several times in the remainder of this
determination of the 2-transitive representations of all the finite survey. The following prief description of these groups and some of their
Chevalley groups. . properties is based primarily on wWITT (169,170] and LONEBURG [111].
C. Affine spaces A. Emm\ ZNw. and ZNp
(1) Now let G be a collineation group of AG(d,q) 2-transitive on points. , (1) There are unique Steiner systems SNN = 5(3,6,22), Emw = 5(4,7,23), and
Here, the gquestion is whether G must contain the translation group V of EN» = 5(5,8,24), discovered by WITT [169]. If x is a point of S<. then
the space. The only known counterexample is G = pSL(3,2) = PSL(2,7) ; A€<Vx = €<IH for v = 24, 23, and ASvax = PG(2,4).
acting on AG(3,2). aut W is (v-19)-transitive on points and transitive on blocks.
Suppose, for a given 4 and g, G must contain V. Then by 3A(2), Write ZNA M aut ENA and Smw = Aut ENu. If x and y are in Em»~ x# Y,
each 2-transitive collineation group of PG(d,q) must contain PSL{d+l,q). then AZNnvﬁx g} = Aut ENN contains SNN = AZN»vx< as a subgroup of
The only d and g for which it is known that G > V must hold is d = s® index 2. esm,nSKmm groups My, Mjg and M,, are simple groups, the
for a prime divisor s of g-1 (KanTor [1021). “large" Mathieu groups.
It is important to note that there are many 2-transitive groups If x,y and z are distinct points of Smp‘ then HZNAvx = Zwu.
G > V. The classification of these groups is equivalent to the classi- AZN»vx< = zNN_ AzN»vmx,<w = Aut Ewm = Aut xmm~ hzmavan = mmbﬁu.wvh and
fication of finite groups of semilinear transformations transitive on AZN»vﬁx~<~Nw = PIL(3,4). Suppose B is a block of am». Then AZMAVm = Ag
non-zero vectors. and Aszvﬁmv is regular on S-B; here, AZNAVAmV induces an elation group
(2) If G is also transitive on triangles, it can be shown that G > V, of (W,,) = PG(2,4) if x,v,z € B.

24" xyz
except perhaps if g = 2 and 4@ is odd. If G is transitive on tetrahedra, (2) ZN» provides an easy proof that vw ~ psL(4,2). Namely, consider

then G > V. ). By 4A(1), 6® = a_. But G(B) is elementary abelian of order

G= Mylg 8

\
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<z, 2=d is normal in G. It follows readily that A (2) EHN is obtained from Emn as follows. Let B and C be blocks of the latter

a is isomorphic to a
s=tgroup of the automorphism group PSL(4,2) of G(B). Since

= pgn(4,2). ' size 12, and Ewpvm.vn is just ZHN.

of E»N are precisely the intersections of size 6 of B+C with blocks of

design such that _w n n~ = 2. Then their symmetric difference B+C has

:. = |psL(4,2)|, this proves Bg Note that [B n (B+C)| = 6; the blocks

' 2~w two blocks B and C of Em» meet in 0, 2 or 4 points. ZNA is transi- W

—zve on the ordered pairs of blocks whose intersections have a fixed 24 .
If x,y,z € B+C, then (W mv = AG(2,3) is embedded in
siza. Also, if |B n Cf| = 4, then the symmetric difference B + C is a 12" xyz
W, ) = PG(2,4) as the unital preserved by PLU(3,2) = (W ) .
= ock. 24 xyz 12" {x,y,2}

The latter group is precisely the full collineation group of AG(2,3).
M is again transi- .
23 Moreover, the complement of B+C again has the form mu.iuH (where
—+e on the ordered pairs of blocks meeting in 1 or in 3 blocks.

Any two blocks of Emu meet in 1 or 3 points.

_m nc¢ _ =2}, and (M, ,) = Aut M contains M as a sub-
Any two blocks of W meet in 0 or 2 points. M is transitive as i 1 24 Am+n.m~+npu. 12 12
22 22 group of index 2.
zzcve.
(3) In the notation of 4B(2), fix a point p £ B+C. Then Sz = ENnvmiu
4, £ 3. is a block of W__, there are 16 points outside B. and 16 blocks N P
9 22 Q is 3-transitive on B+C (as well as on AmH.TnHv - {p}). The Ewm deter-

. These form a symmetric design with parameters v = 16, k = 6,
)

x*ssing B

0
* = 2 and full automorphism group (Aut M

~ ~ mined by B+C has exactly 22 blocks through p. Together with the points
22 mol mm.< = Sp(4,2)V, where

of SHM (i.e., B+C), these form a 3-design D with v = 12 and k = 6. If
= Kmmnmov is an elementary abelian group of order 16. This design is

-1

1 x € B+C, then D is a symmetric (11,5,2)-design. Aut D = Mo and
S “(4) in the notation of 8B(4). *

Aut Ox = :s:vx = PSL(2,11). The designs dx and U will reappear in
.3, e remarks in 4A(4) can be interpreted in Ew» as follows (CAMERON ' sections 8 and 9.
Zz4l). Fix a block B* of Em» and set S = §-B . If X,¥ € m»~ X # vy,
laz mN< be the set of all blocks B such that B n 8" = {x,y}. By 4A(4), C. Bpplications and characterizations
= *mxu\m = 16, and m». and mxu\ yield a symmetric design.

Let z ¢ m* - Tn.ul. Then mx% and me also determine a symmetric (1) The Mathieu groups are intimately linked to the sporadic simple groups
18,6,2)-design: call B e S and C ¢ s tncident if [Bncns’|=1. of CONwAY [34,35], HIGMAN & SIM§ [72], MCLAUGHLIN [1191 and FISCHER
21> the resulting symmetric designs are isomorphic (they are ml:bv in [48]. For descriptions of these groups, see the above papers, LUNEBURG
=2 notation of 8B(4)). [111], and SEIDEL [143].

Several characterizations of Mathieu groups will appear in sections
= K“.. and K_.N : 7 and 9. The following characterizations do not, however, fit into the

framework of those sections.

.., Tzara are unique Steiner systems E:. = S(4,5,11) and Shm = §(5,6,11). (2) Let D be a Steiner system S(t,k,v). Suppose G S Aut D is transitive on

= i f th =W w i
x, y and z are three points of &HN~ en Aepmvx 11’ ¢ :vx% s the ordered (t+1)-tuples cf points not contained in a block, and also
<=2 mi i i i = . it R :
ziquelian inversive plane of order 3, and As:van AG(2,3). Write on the ordered (t+2)~tuples of points no t+l of which are contained in
M = aut { = . ; 7y s
. ut c<. v 11,12. Then 3< is sharply (v-7)-transitive on the a block. Then D is PG(2,q), N.wONE:mT ENM- Sm% or EN» (Trrs [1587).
ociats of 8<~ and is transitive on blocks. z: and zwm are both simple;
¥ ) = plL(2,9) (3) Let D be a Steiner system S(t,2t-2,v). Assume that, whenever B and C
T2’ x, v} e . i
~ ~ i i = £- B+C is a block. Then
G = mw =5, if B is a block of W . Also, S-B is another block, are distinct blocks and B n C| = t-1, necessarily
P = aut s D is AG,(d,2) or Sm». This striking result is due to CAMERON C29].
Fna T = .
B,S-B s s
& ; 6 Actually, CAMERON proves a stronger theorem characterizing mmHa.mv and
: w__.
23
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(4) I know of no satisfactory characterizations of the designs SH» or EHN
in terms of the action of ZHH or Z»N on them. These 2-transitive de-
signs do not seem to fit into any known general design setting as do
the other three WITT designs. (There is, however, a lattice-theoretic

setting; see KANTOR [103].)

5. NORMAL SUBGRCUPS OF Ox

A. Situation

G is 2-transitive, and N is a non-trivial normal subgroup of ox. of
course, I have in mind placing some restrictions on mx of a geometric
nature. Nevertheless, many purely group—theoretic results have been proved
recently which are very useful to geometry. Here are two of these:
if N is regular on S - {x}, then G is of known type (HERING, KANTOR &
SEITZ (661, SEuLT [1461); if |$| is odd, |N| is even, and all involutions
in N fix only x, then G is either known or has a regular normal elementary

abelian subgroup (ASCHBACHER [31).
B. O'NAN's results

The best work presently being done on 2-transitive groups is due to
O'NAN. Some of his general results are described in 5B and then applied in

5C.

(1) Suppose N is abelian and not semiregular (Z.e., N _# 1 for some

Yy
y € s-{x}). Then PIL(n,q) 2 G 2 PSL(n,q) for some n 2 3 and q (O'NAN
[130D).
(2) Suppose N n N =Nor i1 forall g €G, and N T8 not semiregular. Then

PTL(n,q) 2 G 2 PSL{n,q) for some n 2 3 and q (O'NaN [132]).

(3) Suppose N is cyclic. Then either G has a regular normal subgroup, or
G 2 PSL(2,q) or PSU(3,q) for a prime g, or G is PTL(2,8) (O'NAN, un-
published; ASCHBACHER [4]).

(4) If N is abelian, and |N| and || are odd, then ¢ has a regular normal
subgroup (O'NaN [135]).

-4
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Further beautiful results are found in O'NAN [133]. while these are
not strictly gecometric, he finds very ingenious ways to use designs and
graphs in his arguments.

O'NaN [134] considered the 3-transitive analogue of the above situation.
He classified those 3-transitive groups G such that G has a non-trivial

Xy
abelian normal subgroup.

C. Applications

O'NAN's applications of his results are also basic for his proofs. Let
D be a design and suppose G < Aut U is 2-transitive on points.

Let N be the group of g € ox fixing all blockson x. Then N is normal in mx.
Clearly, N is a very natural geometric subject. It corresponds to
groups of central collineations of projective spaces, and dilatation groups

of affine ones.

By SB(2), D is a projective space if z< # 1 for some y # x. By 5B(3,4),
D is severely restricted if N is cyclic or if N is abelian and _z_ and v
are both odd. The same is true if |N| is even but each involution in N
fixes only x (ASCHBACHER [3]). However, the case N abelian, IN| odd, and v
even has not yet been settled.

A slightly different application of 5B(2) is found in 8E(1).

There are, of course, analogous applications to t-designs with t > 2.

6. G FIXES k POINTS
Xy

A. Situation

G is 2-transitive on S. If x # ¥, G fixes precisely k points, where

Xy
2 <k < wv.
Let L be the set of fixed points of mx%. By WITT's result 2B(1) (with
L .
W= mxmv\ (g | g € G} yields a design D with \ = 1. Moreover, G is

sharply 2-transitive on L, from which it follows that k is a prime power.
Possibly the main property of D and G is that the set of fixed points

of any subgroup of G is a subspace of D (defined in 1A). In spite of all

the subspaces of D this usually guarantees, it is very hard to get solid

information about U.

k






