NON-CLOSED CURVES IN R” WITH FINITE TOTAL FIRST
CURVATURE ARISING FROM THE SOLUTIONS OF AN ODE
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ABSTRACT. The solution space of a constant coefficient ODE gives rise to a
natural real analytic curve in Euclidean space. We give necessary and sufficient
conditions on the ODE to ensure that this curve is a proper embedding of
infinite length or has finite total first curvature. If all the roots of the associated
characteristic polynomial are simple, we give a uniform upper bound for the
total first curvature and show the optimal uniform upper bound must grow at
least linearly with the order n of the ODE. We then examine the case where
multiple roots are permitted. We present several examples illustrating that a
curve can have finite total first curvature for positive/negative time and infinite
total first curvature for negative/positive time as well as illustrating that other
possibilities may occur.

1. INTRODUCTION

Throughout this paper, in the interests of notational simplicity, the word “cur-
vature” will refer to the “first curvature”. It is defined as follows. If ¢ — o(t) is an
immersion of R into R™, then the curvature xk and the total curvatures ki[o] are
given, respectively, by setting:

= NG oy / wllolldt,  rylo] = / w6 dt (1a)
] —oo 0
The total curvature is then given by k[o] := k4[0] + k_[o]. In this paper we shall

construct a real analytic curve o in Euclidean space which arises as the solution
space of a constant coefficient ODE. We examine when o is a proper immersion
with finite total curvature. In the C'°° context, one could start with a straight
line, perturb it by putting a small bump in it, and get thereby a proper curve with
finite total curvature. Thus working in the real analytic context is crucial when
considering questions of this sort.

The curvature x of Equation (1.a) is a local invariant of the curve which does not
depend on the parametrization. If p(t) is the radius of the best circle approximating
o at t, then kK = p~!. One can extend the definition from the Euclidean setting
to the Riemannian setting. Let V be the Levi-Civita connection of a Riemannian
manifold (M,g). If o is a curve which is parametrized by arc length, then the
geodesic curvature is defined by setting k4(0) == ||Vs6||; kg = 0 if and only if o is
a geodesic. We have kg = k if M = R™ with the usual flat metric.

1.1. History. Let k[o] := k. [o]+K_[o] be the total curvature. Fenchel [13] showed
that a simple closed curve in R? had k[o] > 27. Fary [12] and Milnor [15] showed
the total curvature of any knot (i.e. of a circle which is embedded in R?) is greater
than 47. Castrillén Lépez and Ferndndez Mateos [3], and Kondo and Tanaka [14]
have examined the global properties of the total curvature of a curve in an arbitrary
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Riemannian manifold. The total curvature of open plane curves of fixed length in
R? was studied by Enomoto [7]. The analogous question for S? was examined by
Enomoto and Itoh [8, 9]. Enomoto, Itoh, and Sinclair [11] examined curves in R3.
We also refer to related work of Sullivan [16]. Buck and Simon [2] and Diao and
Ernst [5] studied this invariant in the context of knot theory, and Ekholm [6] used
this invariant in the context of algebraic topology. Alexander, Bishop, and Ghrist
[1] extended these notions to more general spaces than smooth manifolds. The
total curvature also appears in the study of Plateau’s problem — see the discussion
in Desideri and Jakob [4]. The total absolute torsion has also been examined
analogously by Enomoto and Itoh [10]; we shall not touch on this. The literature
on the subject is a vast one and we have only cited a few representative papers to
give a flavor for the subject.

1.2. Curves given by constant coefficient ODE’s. Let P be a real constant
coefficient ordinary differential operator of degree n = np > 2 of the form:

P(¢) = ¢ + cuo19" ™V 4+ g

where ¢*) .= %Zb for 1 <k <nand ¢ = ¢(t). Let S = Sp be the solution space,
let P = Pp be the associated characteristic polynomial, and let R = Rp be the

roots of P, respectively:

S:={¢: P(¢) =0},
PA) = A"+ cuoa A - o,
R:={\eC:P(\) =0}.

We suppose for the moment that all the roots of P are simple (i.e. have multiplicity
1) and enumerate the roots of P in the form:

R:{517"'75167/}47/117"'7#@3/_1%} for k+20=n

where s5; € R for 1 <4 < k and where y; = a; ++/—1b; with b; > 0 for 1 < j < /L.
Since we have assumed that all the roots are simple, the standard basis for S is
given by the functions

@1 = et cory G = Skt
Grr1 = et cos(bit), oria = e™'sin(byit), e (1.b)
D1 = et cos(bgt), O = et sin(bet) .

Of course, if all the roots are real, then & = n and we omit the functions involving
cos(-) and sin(-). Similarly, if all the roots are complex, then £ = 0 and we omit
the pure exponential functions. We define the associated curve op : R — R" by
setting:

op(t) == (61(t), ..., on(t)).

1.3. The length of the curve op. Let R(\) denote the real part of a complex
number A. Define:

ry(P) = r)?ea%%()\) = max(s1,..., Sk, a1, -,a0¢),
r_(P):= &Iél%?}%()\) =min(sy,..., Sk, 01, ..,0¢) .

The numbers r (P) control the growth of ||op|| as t — fo0. Section 2 is devoted
to the proof of the following result:

Theorem 1.1. Assume that all the roots of P are simple. If 1 (P) > 0, then op
is a proper embedding of [0, 00) into R™ with infinite length. If r_(P) < 0, then op
is a proper embedding of (—oo,0] into R™ with infinite length.



FINITE TOTAL CURVATURE 3

1.4. The total curvature. We order the roots to ensure that:
§1 >89 >--->spanday > --->ay.

We then have ri (P) = max(s1,a1) and r_(P) = min(sg,as). Section 3 is devoted
to the proof of the following result:

Theorem 1.2. Assume that all the roots of P are simple, that r.(P) > 0, and
that r_(P) < 0.

(1) If s1 > a1, then kyfop] < o0o; otherwise, ky[op] = 0.
(2) If s < ag, then k_[op] < co; otherwise k_[op] = 0.

We note that if there are no complex roots, then s; > 0 and s < 0 and we may
conclude that x4 [op] and k_[op| are finite. This is quite striking as these curves
are, obviously, not straight lines. On the other hand, if there are no real roots, then
a; > 0 and ay < 0 and we may conclude that x4 [op] and £_[op] are infinite.

1.5. Uniform bounds on the total curvature. Theorem 1.2 shows ri[op] is
finite if s; > 0, if all the roots are simple, and if s; > R(u) for any complex root
p. In fact, one can give a uniform upper bound for k. [o] if there are no complex
roots and if all the real roots are simple without the assumption that s; > 0
where the uniform bound depends only on the dimension. If s; > --- > s,, let
Osy,.sn 1= (€2, . e5»"). We will establish the following result in Section 4.

Theorem 1.3. ky[os, .. s, ] <2n(n—1).

Remark 1.4. Let 0,(t) := (e!,cos(nt)e~t, sin(nt)e~t, e72!). Since we have that
lim;, o0 K+ [0] = 00, no uniform upper bound on the curvature is possible if com-
plex roots are permitted. We picture below a 3-dimensional projection of such a
curve:

Theorem 1.3 shows that there exists a dimension dependent uniform upper bound
for the total curvature of a curve defined by an ODE of order n with simple real
roots. We now show the optimal uniform upper bound must grow at least linearly
in n. Let

k0

Up,p =€ and 0, g(t) 1= (710t gm0l eT Um0ty

We will establish the following result in Section 5:

Theorem 1.5. Let € > 0 be given. There exists 0(¢) so that if 0 > 0(€), then
Kilone > 3(n—1) —e.

1.6. Examples. Section 6 treats several families of examples. We construct exam-
ples where k4 [op] and k_[op] are both finite, where k. [op] is finite but k_[op] is
infinite, where x4 [op] is infinite but x_[op] is finite, and where both k[op]| and
k_[op] are infinite.
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1.7. Changing the basis. We took the standard basis for S to define the curve
op. More generally, let ¥ := {¢1,...,¢,} be an arbitrary basis for S. We define:

ow,p(t) == (Y1(t), ..., ¥n(t)).

In Section 7, we extend Theorem 1.1 and Theorem 1.2 to this setting and verify
that the properties we have been discussing are properties of the solution space S
and not of the particular basis chosen:

Theorem 1.6. Assume that all the roots of P are simple, that ri(P) > 0, and
that r—_(P) < 0. Then oy p is a proper embedding of [0,00) and of (—o0,0] into
R™ with infinite length.

(1) If s1 > a1, then kifow, p] < 00; otherwise, k4|ow p| = .

(2) If s < ag, then k_[ow, p] < 00; otherwise k_[og p|] = c0.

1.8. Roots with multiplicity greater than 1. Powers of ¢ arise in this setting.
For example, if we consider the equation ¢(™ = 0, then

S =Span{l, t, ..., t"1}.

More generally, if s is a real eigenvalue of multiplicity ¥ > 2, then we must consider
the family of functions:

{ps,0 := est, $s1 = test, ..., Dsp—1 1= t”fleSt} (1.¢)

while if 4 = a + +/—1b for b > 0 is a complex root of multiplicity v > 2, then we
must consider the family of functions:

{0 := e cos(bt), pu1 :=te® cos(bt), ..., ¢ -1 := t*"Le cos(bt),
G0 = e sin(bt), g1 = te sin(bt), ..., ¢, =" Le sin(bt)} .

We will establish the following result in Section 8:

Theorem 1.7. Assume that r(P) > 0 and that r_(P) < 0.

(1) If s1 = r+(P) and if the multiplicity of s1 as a root of P is larger than the
corresponding multiplicity of any complex root u of P with R(u) = s1, then
Kilow,p] < 00; otherwise ki|ow p] = o0.

(2) If sy =r_(P) and if the multiplicity of sk as a root of P is larger than the
corresponding multiplicity of any complex root p of P with R(u) = sk, then
k_|ow,p] < 00; otherwise k_[oy p] = 0.

2. THE PROOF OF THEOREM 1.1

Assume all the roots of P are simple. It then follows from the definition that

k L
HO-PHQZZeQSﬁ—i_Zez(LJt'
i=1 =1

Thus ||op||? tends to infinity as ¢ — oo if and only if some s; or some a; is positive
or, equivalently, if r (P) > 0. This implies that op is a proper map from [0, cc)
to R™ and that the length is infinite. If s; > 0, then ¢; = e*! is an injective map
from R to R and consequently op is an embedding of R into R™. If a; > 0, then
et(cos(byt),sin(byt)) is an injective map from R to R? and again we may conclude
that op is an embedding. The analysis on (—o0,0] is similar if r_(P) < 0 and is
therefore omitted in the interests of brevity. O
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3. THE PROOF OF THEOREM 1.2

Throughout our proof, we will let C; = C;(P) denote a generic positive constant;
we clear the notation after each case under consideration and after the end of any
given proof; thus C; can have different meanings in different proofs or in different
sections of the same proof. We shall examine op on [0, 00); the analysis on (—oo, 0]
is similar and will therefore be omitted. We suppose r4(P) > 0 or, equivalently,
that max(sy,a1) > 0. We also assume that all the roots of P are simple. Suppose
first that s; > a1 or that there are no complex roots. Let

€= )\67%1,1)\2531 (s1 = R(N)) = i>nll,1jnZ1(81 S S1 a'j) > 0.

This measures the difference between the exponential growth rate of ¢; and the
growth (or decay) rates of the functions ¢; of Equation (1.b) for ¢ > 1 as t — oo.
We have

lop AGpl* = (¢i; — d;6:)? . (3.a)
1<j

Consequently, we may estimate:

lop A Gp|| < Cres179t, l|op||> > Coe®1t for t > 0,

NG
|J|P,|T2P| < Csze  for t > 0.
ap

(3.b)

We integrate the estimate of Equation (3.b) to see k4[op] < 0.
Next suppose that a; > 0 and that a; > s; (or that there are no real roots).
Then e*? is the dominant term and we have

lop|2 < Cre2at. (3.c)

The term (ngZqSJ — ¢J¢SZ)2 in Equation (3.a) is maximized for ¢ > 0 when we take
¢i = e cos(bit) and ¢; = e sin(bit). We have:

bi = e¥t(ay cos(bit) — by sin(bit))

bi = e { (a2 — b?) cos(byt) — 2a1by sin(byt)}

¢; = eM(ay sin(byt) + by cos(bit)),

¢; = e {(a? — b}) sin(bit) + 2a1by cos(bit)},

07 + 67 = (a7 + 7)™,

(Gidj — dj0i)* = bi(ai + by)*e*’.

Since by # 0, we may estimate:
Ho-'p/\(.ﬁ'pH > Cge2a1t. (3d)
We use Equation (3.c) and Equation (3.d) to see

||dpA5’P|| Cy
llop AOPIL S &2 g 3.e
llop|[? Cy (3.0)

We integrate the uniform estimate of Equation (3.e) to see £ [op] = o0. O
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4. THE PROOF OF THEOREM 1.3

Let 051,080 (t) = (eslt7 .. ,esnt) for s1 > --- > s, and n > 2. We may express
-1
ﬁ—i—[o—sl,...,sn] = / Z {S’LSJ — sj)e(sz:-‘rsj)t ZSQ 255t dt
1<J
—1

< / Z ‘3133 — 5, ‘e(s itsi)t {ZSQ QSkt} dt

1<j
< / Z\SZS] S — 8; ‘e(sl+s,)t{s2 285t +S?€25jt}71dt

1<j
= ZK+[0’S«;»S]’} :

1<J
Thus estimate k[0, ... s,] < n(n—1) for n > 3 will follow if we can establish the
corresponding estimate 4 [0, ;] < 2 for n = 2. We set n = 2 and consider 2 cases:

Case I: s1 > 52 Since s1 > s9, we must have s; > 0. We compute:

o0
Kylos o) = / |s150(s1 — s9)] e(s1F52)¢ {82 251t+336282t}71dt
0

o0
< / |s152(s1 — s2)| els1F52)1 {S%e%lt}—l dt
0

oo
/ |51 sa(s1 — s2)| 27 dt = |57 sy < 1.
0

Case 1I: sf < 52 Since s1 > 9, either s1 > 0 > s3 or 0 > 51 > so. When ¢
is small, s3e?1t < s3e252! while if ¢ is large, s7e251! > s2e252t. Choose T so that
s2e?al = 826282T. Then

ste* it < s2e?2t if < T and ste*'t > sie?2t if ¢ >T.

We may decompose k[0, s,] =Z1 + I, for

T
7, = / |s150(s1 — s9)] e(s1F52)¢ {se?t + s%e252t}_1 dt
0
> -1
Ig = / |8182(51 — 82)| 6(81+52)t {S%@zslt + SgGQSzt} dt.
T

Note that e(s1752)T = ’323f1| and e(s2—s1)T = ‘35181‘. We complete the proof by
estimating:

T
1, < / |s152(s1 — s2)| elorta2)t {536252t}_1 dt
0

T T
= [s155 (51— s2)] / ey = |15 6(51*52”’
0

0
_ ’8182_1’ {e(srsz)T . 1} _ ’8182—1’ {|$231_1‘ _ 1}

=1- ‘525f1| <1,

oo

Iy < / |3132<51 — 52)| 6(81+$2)t {S%egslt}fl gt
T

[sS)

o0
|7 s2(s1 — 32)]/ els2=st gy — — |51 " 82 els2—s1)t =1. O
T

t=T
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5. THE PROOF OF THEOREM 1.5
Let 0 >> 1. We set
Up.p = ek@ and O'n,a(t) = (efuuat7 B .767un,,9t)'

We have:

=

2
> (Zi<j {(uip — ujo)uioujge (eetuiolty )
K+|on,o] :/0 dt. (5.a)

2 —2uyp gt
D0 Up g€ e

To obtain a lower estimate for x4 [o,,0], we must obtain an upper estimate for the
denominator D(t) := Y-, uj je~>***" in Equation (5.a). We determine the maximal
term in D(t) on various intervals and complete the proof of Theorem 1.5:

Lemma 5.1. Set fi o(t) := ug ge “50F.

(1) There exists a unique positive real number Ty 9 50 fr.0(Tko) = fr+1,0(Tk0)-
(a) Tho = e RTDO(1 — e=0)~1,
(b) Ift < Tk, then f}c,g(t) < fk+1,9(t).
(c) If t > T, then fro(t) > frr1,0(t).

(2) If j e{k,k+1,k+2} and if t € [Tht1.0, Tk, then fjo(t) < fry1,0(t).

(3) If0 < 0 < 1, there exists 0(0) > 1 so that if 0 > 0(0), if j ¢ {k,k+1,k+2},
and if t € [Try1,0,Th0], then fjo(t) <0 fri1,0(t).

(4) If 0 < § < 1, there exists 8(6) > 1 so that if 6 > 0(d), then

7 _ ¢
/ B0 g gUgy1.0(Uks1 — Upg)e” (ko TURLLO)
2 —2u t
Upyq,9€ 7010

dt>1-9.

Tk+1,0

(6) If0 < e <1, there exists () > 1 so 0 > 0(e) implies:
Tk,0
(a) / K(ong)ds > & —Le for1 <k <n-1.

Trt1,0
(b) kilomel = Ln—1)—c.
Proof. Since 0 < ug,9 < Uk+1,0, fr.0(t) — fr+1,0(t) is negative for ¢ = 0 and positive
for t large. Thus there exists Ty g € RY so fi.0(Tk,0) = fr+1,0(Th,0). We show Ty g
is unique by determining its value. We have:

Jro(Tro) = frr1,0(The) <

log(uk,6) — vk 0Tk,0 = log(ukt1,0) — Ukt1,0Tke <

kO — ekaTk’g = (k+ 1)9 — e(k—"—l)eTk’e =

Tho = 0(6(k+1)9 _ eke)q _ 967(k+1)9(1 _ 679)71 )
Assertion 1 follows from this computation and the Intermediate Value Theorem.

Note that T, 9 < Th—19 < -+ < Thg < T15. Let t € [TkJrl’a,Tk’e}. The
inequality of Assertion 2 is immediate if j = k+1. Since t < Ty 0, fr.0(t) < frt1,0(t)
by Assertion 1b. Since ¢ > Tit1,0, fr+1,0(t) > fe+2,0(t) by Assertion lc. This
proves Assertion 2.

Assertion 3 estimates f;g(t) for ¢ € [Th41,9,Tk,e) for the remaining values of j
which are distinct from k, k+ 1, and k+ 2. Let 1 <k <n—1. Given 0 < § < 1,
choose 6(§) >> 1 so 6 > 6(6) implies

(1—e 1 <146 and

Uj o — Uk4+1,0 = (1-— 5)Uj79 if3<k+2<j<n. (5.b)

By Equation (5.b), we have that:
Tk,@ — 96_(k+1)9(1 _ 6—0)—1 < (1 + 6)96—(164-1)9.
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Let j < k and t € [T41,6, T,0]. Thus, in particular, t < Ty 9. As ug41,0 — uje > 0,
Fio(8) furro(t)~H = VTR D0elumomu o)t
S e(j*kfl)eeuk+1‘6Tk,6 S e(j,k,1)966(k+1)9_(1+5)9€—(k+1)9
_ li—kto)0

This can be made arbitrarily small if 6 is large since j — k + § < 0. This proves
Assertion 3 if j < k. Next suppose j > k + 2. Since t € [Tyy1,9, Tx,0],

t> Thir9 = 0 FFD0(1 — =071 > ge=(k+2)6
As g1, — uj9 < 0, Equation (5.b) implies:

Fi0() frr0(t) ™" = ePUFDelunsnomuso)t

60(j7k71)6(uk+1)97uj,9)ﬁe’(k+2>g

IN

< ee(j—k—ne—(1—5)ei996*(’“+2>9 _ ea(j—k—1—(1—5)e<j*k*2>9).

This term goes to zero as § — oo since j —k — 2 > 0. This establishes Assertion 3.
To prove Assertion 4, we compute:

T — t
/ m0 g pup g0 (U1, — up,p)e” (MRoTRLO) gt
2 —2ug41,0t
Tr+1,0 Uk y1,6€ +
Tk,0
— -1 (ukt1,0—uk,e)t|
= uk’gukJrLee =Tir1 e
=Lk+1,

— uk,eu];_il_l,ae(Uk-Fl’e7u}€’0)Tk’6{]— _ e(uk+l‘€*uk‘€)(Tk+l,6*Tk,e)}

=1 — e(kt1,0—uk,0)(Tht1,0=Tk,0)
— 1 _ efe™ (e —1)}{0(e” —1) T {em T _emk0Y
=1—- 6‘9(679_1).

Assertion 4 follows as 6(e™% — 1) tends to —oo as 6 tends to co.
We use Assertion 2 and Assertion 3 to see that if t € [T11.9,Tk g, then

E uzge_%“t <(3+ né)uiﬂﬁe_%’““’et,
¢

Tk,o
/ K(on,0)ds

Tii1,0

/T’”’ Xy { (uio — uj0)ui gz e Mot uio) 123

= dt
2 —2uyp gt
Tii1e D0 Up g e
T — t
>/ 50 (U1, — Uk p)Upt1,gupe” Mo THEL) i@t
- 2 —2uy gt
Tit1,0 D0 Up g M

>

T — t
/"‘9 (k1,0 — Uk,0)Upr1,0up g (b0t ukt10) i@t

2 —2u t
Tr+1,0 (3 + na)uk-&-lﬂe ke

>(1-68)(3+ns) "t
Assertion 5a now follows by choosing § = d(e) appropriately. We sum this estimate

for 1 < k < n —1 to establish Assertion 5b and thereby complete the proof of
Theorem 1.5. U
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6. EXAMPLES

We now examine several specific cases. Since the eigenvalues are to be simple,
we can just specify P or equivalently R; the corresponding operator P is then:

P—P(i)—}}z{i—A}.

Example 6.1. Let P(\) = A" — 1. The roots of P are the n'" roots of unity and
all the roots have multiplicity 1. Since P(1) =0, 1 is always a root.

Case I: Suppose that n is odd. Then 1 is the only real root of P. The remaining
roots are all complex. Thus k£ = 1 and it follows that op is a proper embedding of
infinite length from [0,00) to R™. If A =1 and X # 1, then necessarily () < 1.
It now follows that # [0p] is finite. There exists a complex n'" root of unity with
R(A) < 0. Consequently, op is also a proper embedding of infinite length from
(—00,0] to R™. Since there are no real roots with s; < 0, we conclude k_[op] is
infinite.

Case II: Suppose that n is even. Then +1 are the two real roots of P. It now
follows that op is a proper embedding of infinite length from [0, co) to R™ and from
(—00,0] to R™. If A = 1 and A is not real, then —1 < R(\) < 1. Consequently,
k4lop] and k_[op] are both finite.

Example 6.2. Let n > 3. Let {1,...,n —2,—1+/—1} be the roots of P. Then
op is a proper embedding of infinite length from [0,00) to R™ and from (—oo, 0]
to R", k4 [op] is finite, and k_[op] is infinite. We adjust the angular parameter to
emphasize the radial revolution and let the roots be {1, —1 + 5y/—1}. This yields
the curve:

J )

C(t) = (cos(5t)e™t, sin(5t)e ", et)

R —
This curve curve hugs the z axis for ¢ > 0 and becomes a spiral in the xy plane for
t < 0. It has exponentially decaying curvature as ¢ — oo and infinite curvature as
t — —oo. We draw the 2-dimensional projection

D(t) = (cos(5t)e~t, sin(5t)e ) \ I / \‘:

Example 6.3. Let n > 3. Let {—1,...,2 —n,1++/—1} be the roots of P. Then
op is a proper embedding of infinite length from [0, 00) to R™ and from (—oo, 0] to
R™, ky[op] is infinite, and x_[op] is finite.

Example 6.4. Let n > 2. Let {1,...,n — 1,—1} be the roots of P. Then op is
a proper embedding of infinite length from [0, 00) to R™ and from (—o0, 0] to R™,
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k4|op] is finite, and k_[op] is finite. The following curve hugs the z axis for ¢ < 0

and hugs the curve y = 22 in the zy plane for ¢ > 0. The total curvature is finite. It
has exponentially decaying curvature as t — oo and infinite curvature as t — —oo.

O = ety | D)= (e

By considering the roots {1,a,—1} for a > 0, one can construct curves which
asymptotically approach the curve y = z® for x > 0 in the xy plane as t — oc.

Example 6.5. Let n = 3. Let {1,1,—1} be the roots of P. Then op is a proper
embedding of infinite length from [0, 00) to R™ and from (—o0, 0] to R", k4 [op] is
finite, and k_[op] is finite. The following curve hugs the z axis for ¢t < 0 and hugs
the curve (e!,tet) for t > 0. Both have finite total curvature.

Example 6.6. Let n = 4. Let the roots of P be {1 £ 5v/—1,—1£+/—1}. Then
op is a proper embedding of infinite length from [0, c0) to R™ and from (—oc0, 0] to
R™, k. [op] is infinite, and x_[op] is infinite. This yields

C(t) = (€' cos(5t), e’ sin(5t), e cos(5t), e ' sin(5t)) .
Example 6.7. Let n =2k + 1> 5 be odd. Let
{0,1£V-1,-1+vV—1,...,—(k—1) £ V/~1}

be the roots of P. Then op is a proper embedding of infinite length from [0, c0) to
R™ and from (—o0,0] to R", k. [op] is infinite, and x_[op] is infinite.

7. THE PROOF OF THEOREM 1.6

Let ® = {¢1,...,¢,} be the standard basis for S given in Equation (1.b) and
let ¥ = {4¢1,...,%,} be any other basis for S. Express

i = O,

where we adopt the Einstein convention and sum over repeated indices. We use ©7
to make a linear change of basis on R" and to regard oy, p = ©oo p; correspondingly,
this defines a new inner product (-,-) := ©*(-,-) on R™ so that

low,pll = [lorlle and [|6w,p Adw.pl|l =|lop Adplle. (7.a)
Any two norms on a finite dimensional real vector space are equivalent. Thus
Cillv]] < [lvlle < Caoflv]] . (7.b)

The desired result now follows from Theorem 1.1, Theorem 1.2, Equation (7.a),
and Equation (7.b). O
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8. THE PROOF OF THEOREM 1.7

We will assume that ¥ is the standard basis for S as the methods discussed in
Section 7 suffice to derive the general result from this specific example. We shall
deal with [0, 00) as the situation for (—oo, 0] is similar. The proof that r1 (P) > 0
implies o p is a proper embedding of [0, 00) into R™ with infinite length is unchanged
by any questions of multiplicity since e*! or {e* cos(bt), e* sin(bt)} are still among
the solutions of P for suitably chosen s or (a,b). We adopt the notation of Equa-
tion (1.c) to define the functions ¢, = t‘e*t for s € R and we adopt the notation
of Equation (1.d) to define the functions ¢, , = t‘e® cos(bt) and ¢, , = t'e sin(bt)
for u = a + by/—1. We divide our discussion of k[op] into several cases:

Case I: Suppose that s; > a; and that s; is a real root of order v. If v = 1,
the proof of Theorem 1.2 extends to show k4 [op] is finite; the multiplicity of the
other roots plays no role as the exponential decay e~¢ swamps any powers of t. We
suppose therefore that the multiplicity v(s;) > 1. We will show that there exists
to so that:

S 2 202 2
rll=C1 ) > 1o, .
l|[op||? > C1t?~2e*1 for t > ¢ (8.a)
l|op AGp|| < Cot® 21 for t > 1. (8.b)
It will then follow that
llop APl

— < Cst 2 fort > tg.
llopll

Since this is integrable on [0, c0), we may conclude k4 [op] is finite as desired.
We establish Equation (8.a) by noting that we have the following estimate:

n
DG = by v = {sat” ™ + (v — )17t

i=1

llop|l?

Y

s22v=De2s1t for ¢ sufficiently large.

When dealing with [0,00), we may take ty = 1. However, when dealing with
(—00, 0], we must take ty << 0 to ensure that the term s;¢”~! dominates the term
(v — 1)t*~2 since these terms might have opposite signs and cancellation could
oceur.

We may compute that:

lop AGpl* = (di; — dd:)° . (8.¢)
1<J

The assumption s; > a; shows that the maximal term in this sum occurs when
¢i = (72531,,)_1 and (bj = (25317,,_2 and thus

. . nin—1) . . . .
||0P A UP||2 < %{¢31,V—1¢517V—2 - ¢81,V—2¢517V—1}2 for t > to.
We have:
Qgsl,uq — (Sltl/—l + (V _ 1)tu_2)651t,
bsy1 = (2" 4251 (v — D72+ (v — 1) (v — 2)t"3)esrt,
ésl,V—Q _ (Sltl’iz + (l/ . z)tuf?))eslt7
Gsywo = (21772 4251 (v — 22 + (v — 2) (v — 3tV e,
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Consequently:
(7581,1/—1&‘91,”—2 - ésl,y—Q&sl,u—l
= {(slt”_l + (v —1Dt"7?)
X (8372 4+ 281 (v — 2" 3 4+ (v — 2) (v — 3)t”_3)} g1t
_ {(81tu72 + (1/ _ Q)tuf?))
(2 4 28 (v — D2 4 (v — 1) (v — 2)%3)} et
The leading terms cancel:
{(s1t" 7137 72) — (s1tV 283t 1) le? 1t = 0.
The remaining terms are O(#2”~4e?1?) as desired; Equation (8.b) now follows. This
shows k. [op]| is finite if 51 > a;.

Case II: Suppose a; > s3. Choose the complex root p1 = a; + b1/—1 to have
maximal multiplicity » among all the complex roots t € R with R(¢) = a;. The
dominant term in Equation (8.c) occurs when ¢; = ¢,,, ,—1 and ¢; = ¢, ,—1. Dif-
ferentiating powers of ¢ lowers the order in ¢ and give rise to lower order terms. Thus
we may ignore these derivatives and use the computations performed in Section 3
to see:

Clt2u—262a1t S HUPH2 S 02t2u—2e2a1t for t Z t()a

((bquj - quéi)Q > 03t4(u_1)64a1t for t >1g.
We may now conclude that £ [op] = 0.

Case III: The difficulty comes when a1 = s1. If uq is a complex root of multiplicity
at least as great as the multiplicity of s1, the {¢,, ,—1, qum,ufl} terms dominate the
computation and the argument given above in Case II implies k4 [op] is infinite.
On the other hand, if all the complex roots with 8(A) = s; have multiplicity less
than the multiplicity of sy, then the ¢,, ,—1 terms dominate the computation and
the argument given above in Case I shows that x4 [op] is finite. g

We conclude this section with an example where the multiplicity plays a crucial
role and where our previous results are not applicable.

Example 8.1. Let P(¢) = ¢ for n > 2. Then R = {0} and 0 is a root of
multiplicity n. We have & = Span{¢; := 1,¢ :=t,...,¢, := t""1}. Since t € S,
op is a proper map of infinite length on [0, 00) and on (—oo,0]. We have:

lop|* > C1t*" 72, and
> (D — bjhn)?
1<j
= Y -DE-2)(G - 1)~ (G~ D - 2)(i — 1)}
1<j
S 02t2(2n74) )
Consequently || < 03752:; for [t| > 1. This is integrable so x4[op] < oo and

k_[op] < .
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