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ABSTRACT. Let G be a complex semisimple Lie group and let P, @ be a pair of parabolic
subgroups of G such that @ contains P. Consider the flag varieties G/P, G/Q and Q/P.
We show that certain structure constants in H*(G/P) with respect to the Schubert basis
can be written as a product of structure constants coming from H*(G/Q) and H*(Q/P)
in a very natural way. The primary application is to compute Levi-movable structure
constants defined by Belkale and Kumar in [2]. We also give a generalization of this
product formula in the branching Schubert calculus setting.

1. INTRODUCTION

Let G be a connected, simply connected, semisimple complex algebraic group and let
P C @ be a pair of parabolic subgroups. Consider the induced sequence of flag varieties

(1) Q/P — G/P — G/Q.

The goal of this paper is to give a simple multiplicative formula connecting the structure
coefficients for the cohomology ring of the three flag varieties in (1) with respect to their
Schubert bases. Let W be the Weyl group of G and let Wp C Wy C W denote the
Weyl groups of P and Q respectively. For any w € WF ~ W/Wp, let X,, C G/P denote
the corresponding Schubert variety and let [X,| € H*(G/P) = H*(G/P,Z) denote the
Schubert class of X,,. It is well known that the Schubert classes {[Xy]}wewr form an
additive basis for cohomology. Similarly, we have Schubert classes [X,] € H*(G/Q) for
uw € W?and [X,] € H*(Q/P) for v € WP NWg. The letters w, u,v will be used to denote
Schubert varieties in G/P, G/Q and Q/P respectively. In Lemma 2.1, we show that for
any w € WF there is a unique decomposition w = uv where u € W and v € W N W,
Fix s > 2 and for any wy, ..., ws € W¥ such that Y ;_, codim X,,, = dim G/P, define the
associated structure coefficient (or structure constant) to be the integer ¢, where

[(Xun] - [Xu,] = culpt] € H(G/P).
The following is the main result of this paper:

Theorem 1.1. Let wy,...,w, € W and let u, € WP,v, € WFnN Wq be defined by
wy = upvy. Assume that

(2) Y codim X,, =dimG/P and > codim X,, = dimG/Q.

k=1 k=1
1
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If cy, cu, ey € Zi>g are defined by:
1] = culpt], [11Xw] = culptl,  [[Xu] = colpt]
k=1 k=1 k=1

in H*(G/P),H*(G/Q), H*(Q/P) respectively, then c,, = ¢, - ¢,.

Note that the dimensional conditions in (2) imply that »";_, codim X,, = dim@/P and
hence the associated structure constant ¢, is well defined.

To prove Theorem 1.1, we study the geometry of (1). Fix a maximal torus H and and
Borel subgroup B such that H C B C P. It is well known that if [];_,[X.,] = cu[pt],
then the number of points in the intersection of generic translates

(3) ’ngwl NN g X,

We show that for a generic choice of (g1,...,9;) € (G/B)*, the intersection given in
(3) projects onto the intersection (;_, gxXu, € G/Q with each fiber of the projection
containing exactly ¢, points. The techniques used in the proof are inspired by Belkale’s
work in [1].

= Cyp-

1.1. Levi-movability.  The main application of Theorem 1.1 is to show that the product
formula applies to“Levi-movable” s-tuples (wy, ..., ws) € (WF)*. Let Lp denote the Levi
subgroup of P containing H. Belkale and Kumar give the following definition in [2].

Definition 1.1. The s-tuple (wy,...,ws) € (WF)* is Levi movable or Lp-movable if
Zcodim Xy, =dimG/P
k=1

and for generic (ly,...,ls) € (Lp)® the intersection
hwi ' Xy, NN lw; ' Xy,

is transverse at eP € G/P.

If (wy,...,ws) is Levi-movable, then the associated structure constant is not zero. The
converse of this statement is generally not true. The following is the second result of this

paper.

Theorem 1.2. Let (wy,...,ws) be Lp-movable and let uy, € W® v, € WPDWQ be defined
by wy, = uivg. The following are true:

(i) (u1,...,us) is Lo-movable

(ii) (v1,...,vs) is Lronp)-movable.

As a consequence of Theorem 1.2, if (wy, ..., w;s) is Lp-movable, we can apply the product
formula in Theorem 1.1 to its associated structure constant since the conditions in (2) are
satisfied. Moreover, since (ug,...,us) and (vq,...,vs) are also Levi-movable, we can again
apply the product formula to decompose their associated structure constants. This reduces
the problem of computing structure constants associated to any Levi movable s-tuple to
those coming from the cohomology of flag varieties G/P where P is maximal parabolic
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subgroup of G. We remark that the author has proved a special case of Theorems 1.1 and
1.2 for type A flag varieties in [13, Theorem 3| and type C flag varieties in his thesis [14].

1.2. Representation theory and tensor product invariants. In this section we
state a corollary of Theorems 1.1 and 1.2 in regards to representation theory of the group
G. Let X(H) denote the character group of the maximal torus H and let X*(H) denote
the set of dominant characters with respect to the Borel subgroup B. For any dominant
character A € X (H) of G, let V, denote the corresponding irreducible finite dimensional
representation of G of highest weight A\. For any s > 2, define

I'(5,G)i={(A,...,N) EXTH) @zQ | IN>1, Vi, ® - ® Via, )¢ # 0}

The set I'(s, G) forms a convex cone in the vector space X (H)*®zQ and has been studied
in the context of Horn’s problem on generalized eigenvalues [2,5,6]. The set I'(s, G) was
initially characterized by Klyachko [8] in type A and later in all types by Berenstein
and Sjamaar [3]. These characterizations consist of a list of inequalities parameterized
by nonzero products of Schubert classes. In [9], Knutson, Tao and Woodard determined
a minimal set of inequalities for type A and most recently, Ressayre [12] determined a
minimal set of inequalities in all types. Let A denote the set of simple roots of G' and
let A(P) denote the simple roots associated to the parabolic subgroup P C G. For any
a € A, let w,v denote the corresponding fundamental coweight.

Theorem 1.3. (Ressayre [12]) If (wy, ..., ws) € WT is Lp-movable with associated struc-
ture constant ¢,, = 1, then the set of (A1,...,As) € I'(s,G) such that

D war(wy'A) =0 ¥ a e A\A(P)

k=1
is a face of I'(s,G) whose codimension is of cardinality |A\A(P)|. Moreover, any face
of T'(s,G) which intersects the interior of the dominant chamber X (H)® ®z Q can be
described as above, and the list of faces of codimension 1 is irredundant.

Let F(wy,...,ws) CI'(s,G) be the face of I'(s, G) associated to the Levi movable s-tuple
(wr,...,ws) € (W) with ¢, = 1. Applying Theorems 1.1 and 1.2 yields the following
corollary:

Corollary 1.2. Let (wy,...,ws) € (WP)* be Lp-movable with associated structure con-
stant ¢, = 1 and let wy = uxvy where uy € W and v, € WP N Wy. Then F(wy, ..., w;)
is a face of F(uy, ..., us).

Proof. By Theorems 1.1 and 1.2, we have that (uy,...,u,) is Lo-movable and that ¢, =
Cu-Cy = 1, where ¢, ¢y, ¢, are the structure constants associated to (wg)j_1, (ur)i—1, (Vk)i—;
respectively. Hence ¢, = 1 and by Theorem 1.3, F(uy,...,us) is a face of I'(s, G) of
codimension [A\A(Q)|. It suffices to show that if (Ay,...,\s) € F(wy,...,ws), then
(A1, -y Xs) € Flug,...,us). Let a € A\A(Q) € A\A(P). Then for any w € W* and
rational dominant weight A, we have

Wav (WIN) = uvwav (A) = uwav (A) = wev (u™'N)

since v € Wy acts trivially on any w,v where a € A\A(Q). This proves the corollary. [
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1.3. Generalizations to branching Schubert calculus. In this section, we give gen-
eralizations of Theorems 1.1 and 1.2. Let G be any connected semisimple subgroup of G
and fix maximal tori and Borel subgroups H C B C G and H C B C G such that
H=HNG and B = BNG. For any parabolic subgroup P C G containing B, we
define parabolic subgroup P := PNG of G. Consider the G-equivariant embedding of flag
varieties

¢.:G/P— G/P

defined by ¢(gP) := gP. The problem concerning “branching Schubert calculus” is to
compute the pullback

S = Y clx]
HeEWP
in terms of the Schubert basis in H*(G/P). If dimX, = dimG/P — dimG/P, then
¢*([Xw]) = cu[pt] for some ¢, € Z>o. Consider the diagonal embedding ¢ : G/P — (G/P)*
and let [X,, X ---x X,,] be a Schubert class in H*((G/P)*). We have that

S

O ([Xuy x -+ x Xy, ]) = H[ka]

k=1

Hence the problem of branching Schubert calculus is a generalization of usual Schubert
calculus.

Let @ be a parabolic subgroup which contains P and define Q = QNG to be the
corresponding parabolic subgroup of G. The embedding ¢ induces the maps

61:G/Q = G/Q and ¢p:Q/P— Q/P
given by ¢, (g@) = 9Q, and ¢y := ¢‘Q/13- The following is an analogue of Theorem 1.1:

Theorem 1.4. Let w = uv € WE where w € W? and v € WP N Wq. Assume that
(4) dim X, = dimG/P — dimG/P and dim X, = dim G/Q — dim G/Q.
If cy, cu, ey € Zi>g are defined by:

¢"([Xul) = culpt],  O1([Xu]) = culpt],  $3([X0]) = cu[pt]
in H*(C?/P), H*(é/@), H*(Q/IB) respectively, then ¢, = ¢, - Cy.

The techniques used to prove Theorem 1.4 are the same as those used to prove Theorem
1.1, so we only provide a brief overview in Section 5.

As in Section 1.1, we give a special set of w € W¥ which satisfy the assumptions in
Theorem 1.4 by generalizing the notion of Levi-movability.

Definition 1.3. We say w € W is (Lp, ¢)-movable if for generic | € Lp the following
induced map on tangent spaces is an isomorphism:

TeP(G/P)

¢ TP(G/P) TeP(lw_le)‘
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If ¢ is the diagonal embedding, then w = (ws,...,ws) is (Lp, ¢)-movable if and only if w
is Lp-movable. We now give an analogue of Theorem 1.2. Let h denote the Lie algebra of
H and let Ag C b denote the simple roots of G. Let As C Ap denote the set of simple

roots corresponding to the parabolic subgroup Q C G. Let 3 denote the Lie algebra of the
center of Lg.

Theorem 1.5. Assume there ezists a vector T € h N3 such that a(t) >0 for any a € Ag
with equality if and only if o € Agy.
Let w = uv € WP where u € WY and v € WP N Wq. If w is (Lp,¢)-movable, then the
following are true:

(i) u is (Lg, ¢1)-movable

(ii) v is (L(Lonp), ¢2)-movable.

The existence of 7 € h N 3 in Theorem 1.5 is a restriction on the choice of @ C G. In the
case of the diagonal embedding, the vector 7 exists if and only if the parabolic subgroup
Q C G = G* is of the form Q = Q* for some parabolic subgroup @ C G.

Theorem 1.5 implies that if w € WF is (Lp, ¢)-movable, then w satisfies the conditions
in (4) and hence we can decompose the associated structure constant c,. As with Theo-
rem 1.4, the proof of Theorem 1.5 follows the same outline as the proof in the diagonal
embedding case.

Finally, we give a remark on how Theorems 1.4 and 1.5 can be generalized to “twisted”
embeddings of flag varieties. Let B’ be any Borel subgroup of G (not necessarily contained
in B) which contains H. By [3, Proposition 2.2.6], we can choose z € Ng(H) such that
B' = 2zBz~' N G. Define parabolic subgroups P’ := 2Pz ' NG and Q' == 2Q2""NG of G
and consider the twisted embeddings

¢.:G/P'—G/P  (¢.)::G/Q —G/Q  (¢.)::Q' /P — Q/P
given by ¢.(gP") := 271g2P, (¢.)1(9Q") := 27'g2Q and (§.)s := ¢.|¢ p respectively.

Remark 1.4. Analogues of Theorems 1.4 and 1.5 exist for the triple of twisted embeddings
(62, (92)1, (¢.)2). For the analogue of Theorem 1.5, we need to assume that 7 € hN 23271

Acknowledgments. I would like to thank Prakash Belkale for suggesting I investigate
these product formulas. I would also like to thank Shrawan Kumar for ideas and comments
on Theorem 1.2, pointing out that Theorems 1.1 and 1.2 could be generalized to the
branching Schubert calculus setting and his overall generous input. Finally, I would like
to thank the referee for his/her valuable comments and suggestions.

2. PRELIMINARIES

Let G be a connected, simply connected, semisimple complex algebraic group. Fix a
Borel subgroup B and a maximal torus H C B. Let W := Ng(H)/H denote the Weyl
group of G where Ng(H) is the normalizer of H in G. Let P C G be a standard parabolic
subgroup (P contains B) and let Lp denote the Levi subgroup of P containing H. Denote
the Lie algebras of G, H, B, P, Lp by the corresponding frankfurt letters g, b, b, p, [p.
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Let R C h* be the set of roots and let R C R denote the set of positive roots (negative
roots). Let Rp denote the set of roots corresponding to [p and let R?E denote the set of
positive roots (negative roots) with respect to the Borel subgroup Bp := BN Lp of Lp.

Let W7 be the set of minimal length representatives of the coset space W/Wp where
Wp is the Weyl group of P (or Lp). For any w € W, define the Schubert cell
Xy = BwP/P C G/P.

We denote the cohomology class of the closure X,, by [X,,] € H*(G/P). We begin with
some basic lemmas on the Weyl group W.

Lemma 2.1. The map n: W@ x (WP NWq) — WP given by (u,v) — wv is well defined
and a bijection.

Proof. Since W = | |,ciwe uWeq, we have that W/Wp = ||, e uWo/Wp. It suffices to
show that if v € W N Wy, then uv € WF. Let £ : W — Z, denote the length function
on W. For any v" € Wp we have that

(uvv') = L(u) + (vv") = L(u) + £(v) + (V") = L(uv) + (V)
since u € W%, v’ € Wy, v € W and v € Wp. Hence uv € WF. O

Lemma 2.1 shows that for any w € W, there is a unique u € W and v € WP n Wy
such that w = uv. We will assume this relationship between w,u, v given any w € WF. If
these groups elements are indexed wy, € WF, then we write wy, = ugvy accordingly.

Note that the flag variety Q/P ~ Lo/(Lg N P) where Lg is the Levi subgroup of Q.
Under this identification, the Schubert cell X, ~ Bqou(Lg N P)/(Lg N P).

Lemma 2.2. For any w = uv € W¥, we have that u='X, N Q/P = X,.

Proof. Let X/, denote the subset of Lg/(Lg N P) identified with u~'X,, N Q/P under the
isomorphism QQ/P ~ Lgo/(Lg N P). Since v € W, we have that

uw'X,NQ/P = (u"'BuwPNQ)P/P=(u"'BunQ)vP/P.

By [10, Excerise 1.3.E], the group Bg C u~' BuN@ and hence Bou(LoNP)/(LoNP) C X,
Since the Bg-orbits of Lg/(Lg N P) are in bijection with W N W, the set X/, cannot
contain more than a single By-orbit. This proves the lemma U

3. THE MAIN RESULT

In this section we prove Theorem 1.1. Assume we have (wi,...,ws) € (W?)* which
satisfy the conditions (2) and let wy = ugv, with respect to Lemma 2.1. We begin by
considering the following G-variety. Define

Y = Y(ur, o) = {55 91, -,50) € G/Q x (G/B) | g € () 96X}
k=1
where the action G on Y is the diagonal action. We now prove that Y is smooth and
irreducible. Define 3
Y =G xq (Qu;'B/B x --- x Qu;'B/B).
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Lemma 3.1. The G-equivariant map € :Y — Y given by

(5) g mur's - qush) = (95 gqur ', - ggsush).
1s well defined and an isomorphism. Moreover, Y is smooth and irreducible.

Proof. If £ is an isomorphism, then the irreducibility and smoothness of Y follows from

the irreducibility of smoothness of Y. The fact that ¢ is an isomorphism is a consequence
of [11, Lemma 6.1]. O

Lemma 3.2. For any u € W, the map Qu'B/B — Q/B given by qu — q is well
defined and Q-equivariant.

Proof. Let q1,q, € Q such that qqu™'B = gu~'B. Then ug, 'qu™' € B. It suffices to
show that ¢;'q; € B. In other words, that Q@ Nu~'Bu C B. By [4, Proposition 2.1], the
intersection @ N u~!Bu is connected and hence, it is enough to show that g N u='b C b.
We look at the set of roots Rg Nu~'RT corresponding to qNu~tb. Since u € W<, we have
that uRg C RT and uRg € R™. Thus

RoNu'R" =u™'(uRg N R") = u ' (uR}) C R.
This proves the lemma. O
Assume we have (g; G1,...,7s) € G/Px(G/B)* such that g € (;_, gxXuw,. It is easy to see
that (§Q; g1,...,7s) € Y. By [2, Lemma 1], since eP € g 'gxX,,, we have g ' gp Xy, =
pkvk’lu,;lek from some py € P. Set ¢ = pkvgl € . By Lemma 2.2,

9 kX, N Q/P = qr(uy' Xu, N Q/P) = X,

We consider the points of Y that satisfy the following property.
Definition 3.3. We say (g; g1,...,Gs) € Y has property P1 if:

(1) ﬂ(g_lgkak N Q/P) is transverse at every point in the intersection in Q)P
k=1

(2) For any (q1-..,qs) € Q° such that, g gp Xy, = quuy, ' X, C G/Q for all k, the
intersection

k=1 k=1

Proposition 3.4. The set of points in Y with property P1 contains a nonempty G-stable
open subset.

Proof. By Kleiman’s transversality [7], there exists a nonempty open set O C (Q)/B)® such
that for any (q1,...,¢s) € O the following is satisfied:

(1) Mi—y @Xo, € Q/P is transverse at every point in the intersection.

(2) ﬂi:l Qr Xy, = mZ:l kX, -
Moreover, we can choose O to be stable under the diagonal action of @ on (Q/B)* by
replacing O with | q4cq 40- Consider the map

£:Y = G xg(Q/B)
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defined by € := ¢ o £ where

(g5 qurs s qush) o= (95 @+ T6):
By Lemma 3.2, the map ¢ is well defined and G-equivariant. Clearly any (9; 91,---,9s) €

EHG xg O) satisfies property P1. O
3.1. Proof of Theorem 1.1.  Assume that ¢, # 0. We first show there exists (g1, ... gs) €
(G/B)*® which satisfies the following three conditions:

(1) M~ 9xXw, is transverse at every point of the intersection in G/P and

S S
ﬂ gkak = ﬂ gk:ka
k=1 k=1
(i1) Mi—; 9xXu, is transverse at every point of the intersection in G/Q and
S S
k=1 k=1

(iii) For every x € ();_; gxXu,, we have that (z; g1,...,7s) € Y has property P1.
By Kleiman’s tranversality [7], there exists an open subset O; C (G/B)® such that every
point in O; satisfies conditions (i) and (ii). By Proposition 3.4, there exists a nonempty
open subset Y° C Y such that every point in Y° has property P1. Consider the projection
of Y onto its second factor
o:Y — (G/B)°.

Since ¢, # 0, the morphism o is dominant. Moreover, the fibers of o are generically finite
and hence dimY = dim(G/B)®. Since Y is irreducible we have that

dimo(Y\Y°) <dimY\Y° <dimY = dim(G/B)*.

Define the nonempty open set Oy := (G/B)*\(c(Y\Y?)). Any (g1,...,7s) € O1 N Oq
satisfies conditions (i)-(iii). Assume that (g1,...,9s) € O1 N Oy C (G/B)*. Conditions (i)

and (ii) imply that
k=1 k=1

Consider the G-equivariant projection 7 : G/P — G/Q. If g € (;_, 91X, then condition
(iii) implies that (g; g1,...,ds) € Y has property P1. By Lemma 2.2, we have

ﬂ Qkak

k=1

= ¢, and = Cy-

(X N7 (9)

k=1

(6)

:C’U

m Qku_lek N Q/P
k=1

where we choose g;, € @ such that g7 1g,. X, = QkUZIka-
If ¢,, = 0, then ;_, gxXw, = 0. Equation (6) implies that ¢, = 0 and hence ¢,, = ¢, - ¢,.
If ¢, # 0, then we have a surjection

k=1 k=1
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Equation (6) again implies that ¢, = ¢, - ¢,.
Finally, if ¢, = 0, then ¢, = 0 since for generic (g, ...,gs) € (G/B)®, we have

k=1 k=1
Hence we still have ¢, = ¢, - ¢,. O

4. APPLICATIONS TO LEVI-MOVABILITY

One application of Theorem 1.1 is to compute structure coefficients corresponding to
Levi-movable s-tuples in (W%)*. We begin with some preliminaries on Lie theory. Let
A ={a1,a9,...,a,} C RT be the set of simple roots of G where n is the rank of G. Note
that the set A forms a basis for h* and let {x1, 22, ..., z,} C b be the dual basis to A such
that

ai(z;) = 0y
Let A(P) C A denote the simple roots associated to P (the simple roots that generate
R}). For any parabolic subgroup P and w € W¥ define the character

Xo = p— 20" +w™lp
where p is the half sum of all the roots in R and p”" is the half sum of roots in R}. The
following proposition is proved in [2] using geometric invariant theory:

Proposition 4.1. (Belkale and Kumar [2, Theorem 15]) If (w1, ..., ws) is Lp-movable,
then for every a; € A\A(P), we have

(XD = xP) (@) =0

4.1. Proof of Theorem 1.2. Recall that by Lemma 2.1, for any w € W¥, we have
w = uv such that u € W% and v € WP NWg. For any pair of parabolic subgroups P C @Q,
let TP := T,p(G/P) and TP? := T.p(Q/P). For any w € W and p € P we have the
subspace pT't = T,p(pw™1X,) C TF. The condition for Levi-movability is equivalent to
the condition that the diagonal map

¢:T" — T /1T
k=1

is an isomorphism for generic (I1,...,ls) € (Lp)®. Consider the diagram
(7) TPQ —-—s TP TR
iqﬁz l¢ lm
~ 170 ~ I7 ~ 19
D — D — D0

where ¢; and ¢ are the diagonal maps corresponding to G/Q and @Q/P. It suffices to
show that if ¢ is an isomorphism, then ¢; and ¢, are isomorphisms.
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Fix (I1,...,ls) € (Lp)® so that ¢ is an isomorphism. By the commutativity of the
diagram (7), dim coker ¢; = 0, since dim coker ¢ = 0. If we assume that dimker ¢; = 0,
then ¢; is an isomorphism which proves part (1). Since ¢ is injective, ¢ is also injective.
By the snake lemma, we have that

dim ker ¢; = dim coker ¢ = 0.

Hence ¢, is an isomorphism which proves part (2). We now prove that dimker¢; = 0.
Since ¢, is surjective, the map

s

TQ/ ker gbl - @ —ITQ
Uk

kllk

is an isomorphism. As a consequence, the induced map on top exterior powers:

s TR
@y : det(T9/ ker ¢1) — det(@ 17Q
k=1 lkvk Tuk

)

is nonzero. Identifying the character group X (H) with the weight lattice in h* we have
that b acts on the complex line det(7%/ ker ¢;) by the character —X? — 3 where (3 is the

sum of roots in ker ¢,. Similarly, we have that § acts diagonally on det(@ ) by

k=1 lkvk_lTu%
the character — Z XQ It is easy to see that the map ®; is equivariant with respect to

the action of the center of Lg. In particular, for any a; € A\A(Q), we have

(Xl +B IZ quk xz

For any w = uv € W and o; € A\A(Q), we have
Xul(@) = (p—2p") (@) +w ™ p(z;)
= pla;) — pluvz;)
= (p—207) () +u " play)
= X2 (xs)
since the Weyl group Wy acts trivially on z; and p(x;) = p?(x;) = 0. Hence, by Propo-
sition 4.1, we have

(2) = ((Q_x2) = x¥)(@a) = (D) = x7) (@) = 0

for all o; € A\A(Q). But
ke c79= B a

a€R™\Rg,
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where g, denotes the root space of g corresponding to a. Hence —f3 is a positive linear
combination of positive simple roots in A\A(Q). This implies that dimker ¢; = 0. This
proves Theorem 1.2. O

5. BRANCHING SCHUBERT CALCULUS

In this section we generalize Theorems 1.1 and 1.2 to the setting of branching Schubert
calculus. These generalizations are stated in Theorems 1.4 and 1.5. Since the proofs are
similar to those for Theorems 1.1 and 1.2, we leave several details to the reader. Let G
be any connected semisimple subgroup of G and fix maximal tori and Borel subgroups
HCBCGand HC BC G such that H=HNG and B= BNG. As in Theorem 1.1,
we consider a pair of parabolic subgroups P C () in G which contain B. Define parabolic
subgroups

P:=PNG and Q:=QNG

and consider the maps

¢:G/P— G/P
¢1IG/Q‘—>G/Q
92523@/]5_’@/]3

defined by ¢(gP) := gP, ¢1(9Q) := ¢Q and ¢y := ¢|Q/15' Consider the following commu-
tative diagram:

(8) QP — G/P —= G/Q

bk

Q/P — G/P —= G/Q

For any w € WP such that dim X,, = dim G/P—dim G/ P, we have the associated structure
constant ¢, € Z>( defined by
¢"([Xw]) = culpt].

By Lemma 2.1, we can write w = uv where u € W€ and v € WP N W,. We show that if
condition (4) is satisfied, then ¢, = ¢, - ¢, where

¢1([Xu]) = culpt] and  @5([X.]) = culpt].

5.1. Proof of Theorem 1.4. If w € WY satisfies condition (4), then there exists a
nonempty open subset O; C G/B, such that if § € Oy, then the cardinality of inverse
images

|¢71(9Xw)’ =c¢, and |¢I1(9Xu)‘ = Cy-

Consider the projection 7 : G/P — G/Q. By the commutativity of diagram (8), we have
that (¢~ (9Xw)) C ¢; '(9X,). Hence if ¢, = 0, then ¢, = 0.
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Assume that ¢, # 0. It suffices to show that for generic g € G/B, the map 7 restricted
to ¢~ 1(gX,) is surjective when ¢, # 0 and for any h € ¢;'(gX,), we have |7~*(h) N
¢~ gXy)| = c,. Following the proof of Theorem 1.1, we define the set

Y = {(h,g) € G/Q x G/B | 6(h) € gX.}.

By an analogue of Lemma 3.1, the set Y is a smooth irreducible G-variety. Similarly, by an
analogue of Proposition 3.4, the set of points in Y with the following property P2 contains
a nonempty open subset of Y.

Definition 5.1. We say (h,g) € Y has property P2 if:

(1) The intersection (h"'gX,, N Q/P) N ¢o(Q/P) is transverse at every point in Q/P.
(2) For any q € Q such that h™'¢X, = qu™' X, C G/Q, the intersection

qX, N ¢2(Q/P) = ¢X, N 2(Q/P) C Q/P.

Let Y° C Y be a nonempty open set whose points have property P2 and let 0 : Y — G/B
denote the projection onto the second factor of Y. By the proof of Theorem 1.1, the
set Oy 1= (G/B)\O’(Y\Yo) is an open subset of G/B. Moveover, if g € O; N Oy and
Cu 7& 0, then (¢~ (9X.)) = 61 ' (9X.). By [2, Lemma 1], we can choose ¢ € @ such that
h~'gX, = qu'X,,. By Lemma 2.2, for any h € ¢;'(gX,), we have

(9) |7 () NN (9Xw)| = lguT Xw N Q/P N ¢2(Q/P)| = [aX, N a(Q/P)| =

If ¢,, = 0, then equation (9) implies that ¢, = 0. In either case, ¢, = ¢, - ¢,. This proves
Theorem 1.4. O

5.2. Proof of Theorem 1.5. Let R denote the set of roots of G with respect to the
torus H and let R* denote the set of positive roots with respect to the Borel B. Let
Agi={d1,...,an} C R denote the of simple roots of G where m is the rank of G. Let
{Z4, .. xm} - h denote the dual basis to Ag. For any parabolic subgroup Q) C G which
contains B, let R+ denote the positive roots of of Q or Ly and let Ay = Ag (Q) C Ags
denote the correspondlng simple roots. Consider the followmg diagram which is analogous
to (7). By an abuse of notation we will use ¢, @1, ¢2 to denote the induced map on Lie
algebras.

(10) TPQ —— TP — 7TQ
lo o

TPQ TF 7%
e T l1TE

Since w € W¥ is (Lp, ¢)-movable, the map ¢ is an isomorphism for general | € Lp. By
the snake lemma, it suffices to show that ¢; is injective. Let 8 € h* denote the sum of
roots corresponding to ker ¢;. Following the proof of Theorem 1.2, it suffices to show that
B(;) = 0 for all &; € Az\Ag since ker ¢; C T°. Consider the group

C:=HnNZ(Lgy)
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where Z(Lq) denotes the center of Lg. Observe that C'C Z(Lg) and that Lie(C) = hn3
where 3 denotes the Lie algebra of Z(Lg). Since C' C H, we have induced C-module
structures on 77,79, TP, Similarly, since C C Z (Lg), we have induced C-module

structures on 77, T9, TP Tt is easy to see that the maps ¢, ¢; and ¢, are C-equivariant.
Since ¢ is an isomorphism and ¢; is surjective, the induced C-equivariant maps

® : det(TF) — det(TF /ITE)

and
@y : det(T9/ ker ¢1) — det(T9/lv~1T9)
are nonzero. Let i : G — G denote the embedding of G into G and define the character
XU =2(p—p")
where p is the half sum of all roots in R* and ﬁﬁ is the half sum of all roots in ]:2; We
have that b acts on det(TF) by the character —y”. For any 7 € Lie(C) we have

B(r) = ("X = X9) (1) = ("xe —X")(7) =0
since the isomorphisms ® and &, are C-equivariant. By assumptions in Theorem 1.5, there
exists a vector 1y € Lie(C) such that a(ry) > 0 for any o € A with equality if and only
if « € As. This implies that 5(7;) =0 V a; € Az\Ag and hence dimker ¢; = 0. This
proves Theorem 1.5. O
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