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1. Introduction.

There is a huge literature on the subject of transition probabilities of random walks
on graphs. For a recent and comprehensive account, see the book [Wo]. The vast majority
of the work, however, has been for nearest neighbor Markov chains. The purpose of this
paper is to obtain good transition probability estimates for Markov chains on the integer
lattice Z% in d dimensions in the case when the probability of a jump from a point z to a
point y is comparable to that of a symmetric stable process of index a € (0, 2).

To be more precise, for 2,y € Z¢ with x # y, let C,, be positive finite numbers such
that ZZ Cy. < oo for all z. Set C,, = 0 for all z. We call Cy,, the conductance between x
and y. Define a symmetric Markov chain by

Cyy
Zz Ca:z 7

In this paper we will assume that o € (0,2) and there exists x > 1 such that for all x # y

P(X,=y|Xo=2)= x,y € 7% (1.1)
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Write p(n, z,y) for P*(X,, = y). The main result of this paper is

Theorem 1.1. There exist positive finite constants ¢; and co such that

—d/a n

and for n > 2

—d/a n
p(nvxay) > CQ(” dfec \ W) (1.4)

Ifn=1 and x # y, (1.4) also holds.

The Markov chain X, is discrete in time and in space. Closely related to X, is
the continuous time process Y;, which is the process that waits at a point in Z¢ a length
of time that is exponential with parameter 1, jumps according to the jump probabilities
of X, then waits at the new point a length of time that is exponential with parameter 1
and independent of what has gone before, and so on. A continuous-time continuous state
space process related to both X; and Y; is the process U; on R? whose Dirichlet form is

.= [, [ 60 - r@)cpddy

where C'(x,y) is a measurable function with
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iz — y|dta = (z,y) < |z — y[dte
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The process U; stands in the same relationship to X, as the diffusion process corresponding
to a uniformly elliptic operator in divergence form does to a nearest neighbor Markov chain.

The methods of this paper allow one to obtain bounds for the transition probabilities
of Y; and the transition densities of U;. In fact, these are considerably easier than the
bounds for X,,, so we concentrate in this paper only on the estimates for X,,. Some results
for Y; are needed, however, along the way.

Our methods are quite different from those used for diffusions or nearest neighbor
chains. Recall that for a nearest neighbor Markov chain on Z¢, the transition probabilities
are bounded above and below by expressions of the form

ein~ Y2 exp(—calz — y|?/n)

as long as |z — y| is not larger than n; see [SZ]. One way of obtaining these results is
to use a method of Davies as developed in [CKS|. The lack of a suitably fast decay in
the conductances in (1.2) makes the powerful theorem of [CKS] only partially successful.
We use that theorem to handle the small jumps and use a perturbation argument to
handle the large jumps. Another difficulty that shows up is that, unlike the diffusion case,
P*(|X, —y| < 1) is not comparable to P*(maxy<, |Xr — x| > |r — y|) when |z — y| is
relatively large. We circumvent this by proving a parabolic Harnack inequality and using
another perturbation argument.

Previous work related to this paper includes [Kl] and [Km]. In both these works
partial results were obtained for estimates for the process U; mentioned above. [SY] studies
nearest neighbor chains on Z¢. In [HS-C] upper bounds of Gaussian type were obtained
for Markov chains whose jumps had bounded range or where the conductances decayed at
a Gaussian rate.

After some preliminaries, we obtain in Section 2 a tightness (or large deviations)
estimate for our Markov chain X,,. This is followed in Section 3 by a parabolic Harnack
inequality. In Section 4 we obtain the upper bound in Theorem 1.1, and in Section 5 we
prove the lower bound.

2. Tightness.

We denote the ball of radius r centered at x by B(x,r); throughout we use the
Euclidean metric. T4 will denote the first hit of a set A by whichever process is under
consideration, while 74 will denote the first exit. The letter ¢ with subscripts will denote
positive finite constants whose exact value is unimportant and may change from occurrence
to occurrence.

We assume we are given reals Cj, satisfying (1.2) and we define the transition
probabilities for the Markov chain X,, by

p(l,.ﬁl?,y) = ]P)x(Xl = y) = T 7& Y, (2'1)



where C, = ) C,, and p(1,z,2) = 0 for every z. The process X,, is symmetric (or
reversible): C is an invariant measure for which the kernel C,p(1,x,y) is symmetric in
x,y. Note that cfl < C;/Cy < ¢; for some positive and finite constant c;.

Our main goal in this section is to get a tightness, or large deviations, estimate for
X,,. See Theorem 2.8 for the exact statement.

We will need Y;, the continuous time version of X,,, which we construct as follows:
Let Uy,Us,... be an i.i.d. sequence of exponential random variables with parameter 1
that is independent of the chain X,,. Let Ty = 0 and T} = Zle U;. Define YV; = X, if
Tp <t < Tpi1. Ifwedefine A(z,y) = |z —y|¢T*Cyy/Cy, then by (1.2), k=1 < A, y) < &,
and the infinitesimal generator of Y; is

S ) f<x>1%.

yFx
We introduce now several processes related to Y;, needed in what follows. The
rescaled process V; = D™ 'Ypa; takes values in S = D~'Z? and has infinitesimal generator

AP (x,
> 1)~ @)

YyES, y#£x

where AP (z,y) = A(Dx, Dy) for x,y € S. If the large jumps of V; are removed, we obtain
the process W; with infinitesimal generator

D.fl?
A = X 1) - fla) 2
YES,y#x
lz—y|<1

To analyze W, we compare it to a Lévy process with a comparable transition kernel:
Let Z; be the Lévy process which has no drift and no Gaussian component and whose Lévy
measure is

1

y#0,|y|<1
yeS

Write gz(t, x,y) for the transition density for Z;.
Proposition 2.1. There exist c1,co such that the transition density qz(t,x,y) satisfies

eiD~—de <1,

t <
qZ( ,.fE,y) = {Cngtd/Q, t>1.

Proof. The characteristic function ¢;(u) of Z; is periodic with period 27D since Z; is
supported on S = D~1Z¢. By the Lévy-Khintchine formula and the symmetry of n,

1
or(u) :eXp<—2t Z [1—cosu-x]W). (2.2)
z€S,|z|<1
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Let

We estimate ¢; as follows.

Case 1: |u| < %
Since || < 1, we have 1 — cosu -z > c3(u - x)? = c3|ul?|z|*h(z), where h,(x) =
(u - 2)?/|ul*|z|>. Thus

Z[l—cosu-x]Dd’ ’d+a_03]u] Zh (z)|z|>~4 D~

lz| <1 lz|<1

> C4D0‘2]u]2/ 2|2~ 4Ry (2)d
B(0,D)

D
ZC4DO‘2]u]2/ rl=o / hy(s)or(ds)| dr,
0 S(r)

where S(r) is the (d — 1)-dimensional sphere of radius r centered at 0, and o,(ds) is
normalized surface measure on S(r). Since h,(z) depends on x only through x/|z|, the
inner integral does not depends on r. Furthermore, by rotational invariance, it does not
depend on w. Thus,
1 2
Z [1— cosu - :IJ]W < cslul®.
|lz|<1

Case 2: 1 <|u| < D/32.

Let A={z€S: | 1 <l|z| < |47|/\1, 1>uwx >4} Ife € A, then [1—cosu-z] > cg,

~% s crul4t, and a bit of geometry shows that there are at

the minimum value of |z|~¢
least cg|u|~?D9 points in A. (Notice that |u| < D/32 is required to prevent A from being
empty.) We then have

Z [1—cosu - .CB]W > Z[l —cosu - :IJ]W > cocr|u|Tes|ul 7 = colu|®.
|lz|<1 A
Case 3: D/32 < |u|, u € Q(nD).

At least one component of u must be larger than ci9D where ¢19 = 1/(32\/3);
without loss of generality we may assume it is the first component. Let yo = (D1,0,...,0).
Since |u1| < 7D and w - yo > c19, then 1 — cosu - yo > ¢11. Hence

1
Z[l—COSU'lB]W _CllD d’y()’ d— O‘>012D >013’u’a
lz|<1

since u € Q(nD).



For u € Q(7wD), we then have that ¢;(u) is real and
O < (pt(u) S 67C14t|u|2 + efcl5t|u|a.

Since Z; is supported on S,

1

qz(t,x,y) = W eiu'(%y)%(u)du

Q(wD)

1
- (u)d
< [0t=D)] /Q@TD)“) (w)du

C16 _ 2 _ a
< y (6 crat|u| +e ci1st|ul )du,
DA Jo

where |Q(mD)| denotes the Lebesgue measure of Q(wD). Our result follows from applying
a change of variables to each of the integrals on the right hand side. 0O
We now obtain bounds for the transition probabilities of W;:

Proposition 2.2. If qw (t,z,y) is the transition density for W, then

D~ <1
t < bl )
aw (t,z,y) < {cQDdtd/Q, t>1.

The proof of Proposition 2.2 is almost identical with that of Theorem 1.2 in [BBG], and

is omitted here.

To obtain off-diagonal bounds for gy we again proceed as in [BBG]. Let

D.fE
MA@ = Y ()~ ) i
0<\zii\g1

A@W)? = eI (e’ e”) ]l V [[e*T(e™, ™) oo,
E(t,z,y) = sup{|v(z) — ¥(y)| — tA()* - A(¥) < oo}

Proposition 2.3. Fort <1 and z,y € S,

qw (t,x,y) < ey D=4/ ERLey),

Proof. Allowing for slight differences in notation, the proof is very similar to the proof
of Lemma 1.4 in [BBG]. The principal difference is the following. Let K be an integer
larger than % + é Let M be a sufficiently regular manifold with volume growth given by
V(z,r) ~ r?%4 r > 1 and V(z,r) ~ r?, r < 1, where V(z,7) is the volume of the ball
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in M of radius r centered at . We can then find a symmetric Markov process ‘7,5 on M
independent of W whose transition density with respect to a measure m on M satisfies

g (ta,y) <cot™?, 0<t <1,
g (t,m,y) < cot ™, 1 <t< oo,
¢ (to,x) > et 2 0<t<1,
q (t,z,z) > cst™ 9K, 1 <t<oo.

Then qw(t,z,y)qy (¢, 2",y") < cxD=4=4G+3) for all ¢t while qw (t, 2, y)q (t,0,0) >
¢s D™~ 43+%) for t < 1. With these changes, the proof is now as in [BBG. O
The next step is to estimate E(t,z,y) and use this in Proposition 2.3.

Proposition 2.4. Supposet < 1. Then
qw(t, z,y) < ey D4~V de~lz=ul,
In particular, for % <t<1,

qw (t,z,y) < cy D de eyl

Proof. Let ¢(§) = B -§, where B = (y — x)/|y — z|. Note that if |¢ — (| < 1, then
(e¥(Q=¥(&) —1)2 = (B¢~ — 1)2 is bounded by co|B|?|¢ — £]? = ¢3¢ — £]?. Hence

AP (¢,
SR = Y (@O GO

ces
0<lg=¢I<1

is bounded by
s Y D¢

ces
0<lg—¢I<1

Since the sum is over ( € § that are within a distance 1 from &, this in turn is bounded
by c4. We have the same bound when 1 is replaced by —, so A(¢)? < ¢3. Moreover the
bound does not depend on z or y. On the other hand,

Wy) — (@) = (y—2) - (y—2)/ly — 2| = |y — 2|
Using this in Proposition 2.3 and recalling ¢ < 1, we have our result. 0O

From the above estimate we can obtain a tightness estimate for W.
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Proposition 2.5. There exists ¢; such that if t <1 and A > 0, then

P? (sup |[Ws — x| > \) < cre 8.
s<t

Proof. From Proposition 2.4 and summing, if t € [%, 1] and A > 0,

Pr(IWy —2[ 2 0) < Y et DMVl < gge2, (2.4)

yeS
ly—z| =X

Let Sy = inf{t : |W; — Wy| > A}. Then using (2.4),

P*( sup |Ws—z| > A) =P*(S\ <1/2)
s<1/2

= P(|W1 — x| > A/2) +P*(Sx < 1/2,[W)1 — x| < \/2)

1/2
§03e’\/4+/ P*(|W1 — Ws| > /2,5y € ds).
0
By the Markov property, the last term on the right is bounded by
1/2 1/2
/ E*[PYs(|Wy_s — Wo| > A/2); S\ € ds] < 036’\/4/ P®(Sy € ds) < cze™ 4,
0 0

using (2.4) again.
Adding gives
P® (sup [Ws — z| > \) < cqe™M* (2.5)
s<t
aslongas t < £. Fort € (3,1], note that if sup,, [Ws—z| > A, then sup,<1 [Ws—z| > A/2
or supi .,<1 |Ws — Wi 2| > A/2). The probability of the first event is bounded using (2.5),

while the probability of the second event is bounded using the Markov property at time %
and (2.5). 0

Define B to be the infinitesimal generator of V; without small jumps:

AP (z,y)
B = — —_—
f@) = X U0 - 1@l g
ly—z|>1
Our next goal is to obtain tightness estimates for the process V; = D~ !'Ypa;, whose

generator is A + B.



Proposition 2.6. Let Vi be the process whose generator is A+ B. There exist ¢y, co and
0o such that if 6 < dp and \ > 1, then

P*(sup |Vs —z| > A) < cre % + ¢40.
s<6

’fdfa

Proof. Since summing D¢|y — over |y — x| > 1 is a constant,

1Bf ()] < esl flloo (2.6)

and hence B is a bounded operator on L.
Define QY f(x) = " qw (t,7,y) f(y). Let Q) be the corresponding transition semi-
group for V;. Let So(t) = Q}V and for n > 1, let S, (t) = f(f Sn_1BQ} .ds. Then

QY = Z Sn(t);
n=0

see [Le], Theorem 2.2, for example. Obviously Q}" is a bounded operator on L* of norm
1, so for t < 69 = 1/(2c¢3) the sum converges by (2.6). In particular, for ¢t < § < §p, we
have

QY f(z) — Q) f(2)] < s8]l f]loo-

Fix z and apply this to f(y) = 1p(,1)(y). We obtain
PT(|Vi —z| > N) = QY f(z) < QY f(x) + cad = P*(|W; — x| > \) + a6 < ese™ 8 + ¢4.
We now obtain our result by applying the method of proof of Proposition 2.5. 0O

Now notice that Y; = DV, p«. Translating Proposition 2.6 in terms of Y}, we have

Corollary 2.7. If A\ > 1 and § < dg,

P*( sup |Ys —z| > AD) < cre” M + 4. (2.7)
s<§D«

for every D.
We can now obtain the tightness result for X,,.

Theorem 2.8. Given C > 1 and 8 € (0,1), there exists v such that

P X, —z| > CS) < 2.8
(kg[lgga]! x| >C8)<p (2.8)
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for all S > 0.
Proof. Let g € (0,1). By Corollary 2.7 we may choose A and d < dp/2 so that

P*( sup |Ys—z|>AD)<[3/2
s<2D«

for every D. Define D = C'S/\. We may suppose Y is constructed as in Section 2. Then
P*( max | X —z|> CS)
k<[sD“]

<P*( sup |Ys—z|>CS)
s<2D«

+ P*(|Tispe) — [6D]| > [0D°])
3
SDe’

p
<z
_2+

We used Chebyshev’s inequality and the fact that Tispaj is the sum of i.i.d. exponentials to
bound the second probability on the right hand side. Choose Sy large so that ¢3 /6D < 3/2
if S > Sy. We thus have the desired result of S > Sj.

Finally choose ~ smaller if necessary so that vSg < 1. If S < Sp, then 7S < 1.
But X needs at least one unit of time to make a step; hence the left hand side of (2.8) is
0if S < Sp. O

Remark 2.9. Given the above tightness estimate, one could formulate a central limit the-
orem. Under a suitable normalization a sequence of Markov chains whose jump structure
is similar to that of a symmetric stable process should converge weakly to a process such
as the U; described in Section 1.

Remark 2.10. We expect that our techniques could also give tightness for Markov chains
where the conductances decay more rapidly than the rates given in this paper. In this
case one might have a central limit theorem where the limiting distributions are those
of processes corresponding to elliptic operators in divergence form. It would be quite
interesting to formulate a central limit theorem for Markov chains where the limit processes
are diffusions but the Markov chains do not have bounded range.

3. Harnack inequality.

It is fairly straightforward at this point to follow the argument of [BL| and obtain
a Harnack inequality of Moser type for functions that are harmonic with respect to X,,.
In this paper, however, we are primarily interested in transition probability estimates. As
a tool for obtaining these, we turn to a parabolic Harnack inequality.

10



Let 7 ={0,1,2,...} x Z¢. We will study here the T-valued Markov chain (Vj, Xy),
where Vi = Vo + k. We write PU®) for the law of (Vi, X}) started at (j,z). Let F; =
o((Vi, Xk) : k < 7). A bounded function ¢(k, z) on 7 will be said to be parabolic on D C T
if q(Viknrp, Xkarp) 1S @ martingale.
Define
Qk,z,r) =Lk, k+1,....k+ [yr®]} x B(z,r). (3.0)

Our goal in this section is the following result:
Theorem 3.1. There exists ¢; such that if q is bounded and nonnegative on 7 and

parabolic on Q(0, z, R), then

max k.,y) <c min 0,y).
<k,y>eQ<hRa],z,R/3>q( y) 1yeB<z,R/3>Q( y)

We prove this after first establishing a few intermediate results.
From Theorem 2.8 there exists v such that for all » > 0

. (3.1)

e

P*( max | X —2xz|>1r/2) <
(max [Xi—al > 1/2) <

Without loss of generality we may assume ~ € (0, %)

We will often write 7, for 799 5,r). For A C Q(0,z,7) set A(k) = {y : (k,y) € A}.
Define N(k, z) to be P*®)(X; € A(k 4 1)) if (k,z) ¢ A and 0 otherwise.

Lemma 3.2. Let

Then Jyar, is a martingale.

Proof. We have

E[Jhayara — Jenta | Frl = E[La(Vigr)ata Xe+1)ara) — La(Vints, Xeats)
- N(Vk/\TAvXk/\TA) ’ fk]

On the event {T4 < k}, this is 0. If T4 > k, this is equal to

PVeX0) (Vy, X1) € A) — N(Vi, Xz) = PX# (X, € A(Vi, + 1)) — N(Vi, X3) = 0.

Given a set A C 7, we let |A| denote the cardinality of A.

11



Proposition 3.3. There exists 61 such that if A C Q(0,x,r/2) and A(0) =0, then

|A]
pd+a’

PO2(Ty < 7,.) > 6,

Proof. Observe that T4 cannot equal 7,.. If ]P’(O’"")(TA <7)> % we are done, So assume
without loss of generality that ]ID(()’"")(TA <7)< %. Let S = T4 A 7. From Lemma 3.2

and optional stopping we have

S—1
E(()’x)lA(Sv XS) > E(07x) Z N<k7Xk)
k=0

Note that if (k,z) € Q(0,x,r)

x C1 C2
N(k,z) =P*"(X; € A(k+1)) > ) P > e lAGk + 1)L
yeatn) T Y

So on the set (S > [yr®]) we have Zf;é N(k, Xi) > c3|A|/rit®. Therefore, since 7, <
[yre],

(0,2) Al . N
E 7 14(8, X5) 2 i P(S = [yr°))

A
> e AL (T4 < 7) - B < )]

Now P*(7, < [yr®]) < 1 by (3.1). Therefore E©®1,(S, Xs) > ¢5|A]/rit®. Since A C
Q(0,z,7/2), the proposition follows. O
With Q(k,x,r) defined as in (3.0), let U(k,x,r) = {k} x B(x,r).

Lemma 3.4. There exists 02 such that if (k,z) € Q(0,z,R/2), r < R/4, and k > [yr®]+2,
then
PO Ty ey < TQ(0,2,R)) = O2r®* /RITE.

Proof. Let Q' ={k,k—1,...,k — [yr*]} x B(z,r/2). By Proposition 3.3,
]P’(O’Z)(TQ/ < T0.2.R)) > Clrd+a/Rd+a.

Starting at a point in @', by (3.1) there is probability at least % that the chain stays
in B(z,r) for at least time yr®. So by the strong Markov property, there is probability
at least 2¢79t* /Rt that the chain hits Q' before exiting Q(0,z, R) and stays within
B(x,r) for an additional time cor®, hence hits U(k, z,r) before exiting Q(0, z, R). O

12



Lemma 3.5. Suppose H(k,w) is nonnegative and 0 if w € B(x,2r). There exists 65 (not
depending on z,r, or H) such that

EONH(V,, Xy, )] < 0B OV H(V,, X)),y € Bla,r/3).

Proof. Fix z and r and suppose k < [yr®] and w ¢ B(x,2r). Assume for now that
[yr®] > 4. We claim there exists ¢ such that

j—1

C1
Mj = 1(k7w)(vj/\n7Xj/\Tr) - Z ’w _ :1;]‘”0‘ 1(i<7'r)1k*1(vi)
=0

is a submartingale. To see this we observe
E [1 (k) Vit 1yar X (g 1)ar) = Lkyw) (Viar,, Xiar,) | Fil
is 0 if 7 > 7 and otherwise it equals
E (Vi’Xi)l(k,w)(an,Xl/\n)-

This is 0 unless £k = V; + 1. When k£ = V; + 1 and 7 < 7, this quantity is equal to

. Co C3
PXi(X, =w) > > .

(X1 =w) 2 1X; — w|dte = |z — w|dte
Thus E [M; 41— M, | F;]is 0if ¢ > 7 or k # V;+1 and greater than or equal to 0 otherwise
if ¢q is less than cg, which proves the claim.

Since PY(max;<[yre1 | Xi — Xo| > 7/2) < 7, then

1
4
E V7, > [yroPOD) (1, > [yr?]) > [yr®]/2. (33)

The random variable 7, is obviously bounded by [yr®], so by optional stopping,

C4 car®

> .
’.77 _ w’d+a - ’.77 _ w’d+a

PO (V,,,, Xr,) = (k,w)) > (B0, —1)

Similarly, there exists c5 such that

1(k7w)(‘/‘vj/\7-7“7 ]/\Tr Z ’w . x’d+a ]‘(Z‘<T7«)1]€*1(‘/i)

is a supermartingale and so

Ce ceT™

< .
|z — wldte = |x — w|dte

PO (V.. X, ) = (k,w)) < <IE3 (O,x)TT)

13



Letting 03 = cg/c4, we have
E (07.7:) []‘(k,’UJ)(VTr ’ XTT‘)] S esE (07y) []‘(k,w)(VTr ’ XTT‘ )]'

It is easy to check that 65 can be chosen so that this inequality also holds when [yr®] < 4.
Multiplying by H(k,w) and summing over k and w proves our lemma. 0O

Proposition 3.6. For each ny and zy, the function q(k,x) = p(ng — k,x,zo) is parabolic
on {0,1,...,ng} x Z.
Proof. We have

E[¢(Vig1, Xps1) | Fr]l = Ep(no — Vg1, Xet1, 20) | Fil
= E(Vk’xk)[P(no — Vi, X1, 20)]

= Zp(lekvz)p(no - Vk - 1727'770)'

By the semigroup property this is

p(”o - VkvkaxO) = Q(VkvXk)

Proof of Theorem 3.1. By multiplying by a constant, we may suppose

i 0,9) =1.
e Bl 1O
Let v be a point in B(z,R/3) where ¢(0,v) takes the value one. Suppose (k,z) €
Q([yR“],z,R/3) with ¢q(k,x) = K. By Proposition 3.3 there exists co < 1 such that
if r <R/3,C CQ(k+1,2,/3), and |C|/|Q(k +1,z,7/3)| > 3, then

P& (Te < 7,) > ca. (3.4)
Set, 1
C2
- = = Z A (0an). 3.5
=3, (=3 A 0m) (3.5)
Define r to be the smallest number such that
’Q(OvaT/?’)’ > 3 (3.6)
R+« 0. CK
and gt
réTo 2
> . 3.7
Rita = (K0, (3.7)
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This implies
r/R = cg K1/ (d+e), (3.8)

Let
A={(i,y) € Qk+1,z,7/3) : q(i,y) > (K}

Let U ={k} x B(z,r/3). If ¢ > (K on U, we would then have by Lemma 3.4 that

1= Q(Oa v) =K (07v)q(VTU/\TQ(O,z,R) ) XTU/\TQ(O,Z,R) )

927‘d+O‘CK

> (KPP (Ty < 7o(0.2.m)) > Rita

a contradiction to our choice of r. So there must exist at least one point in U for which ¢
takes a value less than (K.
IfE (k"”)[q(VTT,XTT);XTT ¢ B(z,2r)] > nK, then by Lemma 3.5 we would have

q(k,y) > EEV gV, X,.); Xr, & B, 2r)]
> 038 B0 gV, , X, ); Xy, & B(x,2r)] > 030K > (K

for y € B(x,r/3), a contradiction to the preceding paragraph. Therefore
E *2q(V;,, X ); Xs, ¢ B(z,2r)] <nkK. (3.9)
By Proposition 3.3,

1= q(ov U) >E (07v)[q(VTA7XTA); Ta < 7-Q(O,z,R)]

. 01|A|ICK
> (KP© )(TA < 7Q(0,2,R)) = T Rdta
hence
4] Rt .

< < —.
Q(k+1,2,r/3)] — 61|Q(k+ 1,2z,7/3)|CK — 3
Let C =Q(k+1,z,7/3) — A. Let M = maxq(+1,2,2r) ¢- We write

q(k,x) =E (k’x)[Q(VchXTc); To <]
+E (k7x)[q(VTr7XTr);T7" < TC7XTT‘ ¢ B(.CE, 274)]
+E®2(q(V;,, X7, )i 7 < T, X, € Bla,2r)].

The first term on the right is bounded by (KP*#)(Ty < 7,.). The second term on the
right is bounded by 7K. The third term is bounded by MP®*:?)(r,. < T¢). Therefore

K < (KPR )(To < 7,.) + 9K + M(1 — PE)(Te < 7).
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It follows that
M/K >1+4p

for some 3 not depending on z or 7, and so there exists a point (k',2') € Q(k + 1,z,2r)
such that ¢(k',2') > (1 + B)K.

We use this to construct a sequence of points: suppose there exists a point (k1,x1)
in Q([yR"],z, R/6) such that q(ki,21) = K. We let x = x1,k = k1 in the above and
construct 1 = r,zo = 2/, and ko = k’. We define ry by the analogues of (3.6) and
(3.7). We then use the above (with (k,z) replaced by (k2,z2) and (k’,z’) replaced by
(ks,x3)) to construct ks,zs, and so on. We thus have a sequence of points (k;,z;) for
which ki1 — ki < (2r)%, |wis1 — 2| < 21y, and q(k;, ;) > (1 + B)"71K. By (3.8) there
exists K’ such that if K > K’', then (k;,z;) € Q([yR*], 2, R/3) for all i. We show this
leads to a contradiction. One possibility is that for large ¢ we have r; < 1, which means
that B(z;,7;) is a single point and that contradicts the fact that there is at least one
point in B(x;,r;) for which gq(k;,-) is less than n(1 + 8)""1K. The other possibility is
that q(ki,x;) > (14 B)" 1K’ > ||q|| for large i, again a contradiction. We conclude q is

bounded by K’ in Q([yR%], z, R/3). O

4. Upper bounds.

In this section our goal is to obtain upper bounds on the transition probabilities for
our chain X,,. We start with a uniform upper bound.

Let is begin by considering the Lévy process Z; whose Lévy measure is

n(de)= Y |y, (do).

y€Z,y#0

Proposition 4.1. The transition density for Z; satisfies qz(t,z,y) < cit=%,

Proof. The proof is similar to Proposition 2.1 (with D = 1). The characteristic function
i(u) is given by
1
oi(u) = exp < — 2t Z [1 — cos(u - x)]w)
ISV
For |u| < 1/32, we proceed similarly to Case 2 of the proof of Proposition 2.1: we set

Dzl,setA:{xGZd:ﬁg]xlgﬁ,12u~x21—%},andobtain

1
Z[l — Ccosu - :I;]W > colul®.

Let Q(a) be defined by (2.3). For |u| > 1/32 with u € Q(m), we proceed as in Case 3
of the proof of Proposition 2.1 and obtain the same estimate. We then proceed as in the
remainder of the proof of Proposition 2.1 to obtain our desired result. 0O
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Proposition 4.2. The transition densities for Y; satisfy

qy (tv xz, y) S Cltid/a-

Proof. This is similar to the proof of Proposition 2.2, but considerably simpler, as we do
not have to distinguish between t <1 and ¢ > 1. 0O
Now we can obtain global bounds for the transition probabilities for X,,.

Theorem 4.3. There exists ¢i; such that the transition probabilities for X,, satisfy

p(nvxvy) < Clnid/a, X,y € Zd.

Proof. Recall the construction of Y; in Section 1. First, by the law of large numbers
T,/n — 1 a.s. Thus there exists co such that P(Tj, /o) < %n < T,) > ¢ for all n.

Let C; =), Csz, and set r(n,z,y) = Cup(2n,x,y). Since Cyp(1,z,y) is symmet-
ric, it can be seen by induction that Cyp(n,z,y) is symmetric. The kernel r(n,x,y) is
nonnegative definite because

XSt ) = 3303 A@Cer (2, ol )W
—ZZZf )C.p(n, z,z)p(n, z,y)

—ZC(Zf nzx) > 0.

If we set rar(n, x,y) = r(n,z,y) if |z|, |y| < M and 0 otherwise, we have an eigenfunction

expansion for rp;:

(n,2,y) ZAZ pi(x (4.1)

where each \; € [0,1]. By Cauchy-Schwarz,

rar(n,z,y) (Zmoz )1/2<ZA?901-(1/)2)

i

rav(n, Y,y

1/2

:7“]\4(71,:1:,:1:)1/2 )1/2.
Also, by (4.1) rar(n,z,x) is decreasing in n. Letting M — oo we see that p(2n,z,x) is
decreasing in n and

p(2n,z,y) < p(2n,z, ) *p(2n, y,y)/2.

17



Suppose now that n is even and n > 8. It is clear from (1.2) and (2.1) that
there exists c3 such that p(3,z,2) > ¢ for all z € Z¢. If k is even and k < n, then
P*( Xy =x) > P*(X,, = x). If k is odd and k < n, then

P*( Xy =x) = pk,z,x) > plk — 3,z,2)p(3,x,z) > c3P"(Xp_3 = ) > csP*(X,, = z).

Setting t = %n, using Proposition 4.2, and the independence of the T; from the Xj, we
have -
et =PV =a) =) PU(Xp=a2,Tk <t < Tipa)
k=0
> ) PUXp=a)P(Th <t < Thya)
[n/2]<k<n
> e3P (X = 2)P* (T 9 <t < Thp) > c2e3P¥(X,, = 7).

We thus have an upper bound for p(n,z,z) when n is even, and by the paragraph above,
for p(n,z,y) when n > 8 is even.
Now suppose n is odd and n > 5. Then

cs(n+3)"Y" > p(n+3,2,y) > pn,z,y)p(3,,y) > csp(n, ,y),

which implies the desired bound when n is odd and n > 5.
Finally, since p(n,z,y) = P*(X,, = y) < 1, we have our bound for n < 8 by taking
c1 larger if necessary. O

We now turn to the off-diagonal bounds, that is, when |z — y|/n'/®

is large. We
begin by bounding P*(Y;, € B(y,rt(l)/ “)). To do this, it is more convenient to look at
Wy = t;/*Y;,; and to obtain a bound on P*(W; € B(y,r)) for z,y € S = t; /*Z%. The
infinitesimal generator for W, is

1/

SO~ Fo)]- gy

yeS ’.77 - y’d+a

Fix D and let E = DY2. Let Q; be the transition operator for the process V;
corresponding to the generator

- A (z,y)
.Af(.??) = yezs [f(y) - f(x)]tg/a’x _ y’d+a ’
ly—z|<E
Define L
A (2,y)

Bf(z)= > [fy) - f(2)]

to' ! — ylé+e

and [[fll1 = > s [f (W)l

18



Proposition 4.4. There exists c¢; such that

1Qefllv < cllfll, Q¢ flloe < [ floo- (4.2)

Also
C C
1Bf1h < zz Al 1Bfllse < 1 llee- (43)

Proof. The second inequality in (4.2) follows because @Q; is a Markovian semigroup.
Notice that C,Q¢(z,y) is symmetric in z,y. Then

HQtfH1<ZZQt:vy!f !—er I Qi) <2 [ f(w)

because > Q:(z,y) = > . g—:@t (y,x) < ca2)., Qi(y,x) = co. This establishes the first
inequality.

Note Y
Ato™”
3 s @9) g (4.4)
yeS ’-77 ’d+a
ly—z|>E

Then

At
B <2fle 3 ol

< 2e3E7% flloo-

| 116‘5>E 0 ’ - y’d+a
To get the first inequality in (4.3),
tl/oc (x7 y) Até/a (x7 y)
IBI@I <D D W)l gm — o2 M@ D
A% () o
ST X e
Yy |:cfy|>E ’.77 y’ T
Applying (4.4) completes the proof. O

Let K be the smallest integer larger than 2(d + «)/« and let

A, = DU/D+n/AK) |

Let us say that a function g is in L(n,n) if

1 1
9)] < 01| o+ o LB () + H )

for all z, where H is a nonnegative function supported in B(y, A,,) with ||H|[1 4+ || H||cc < 1.
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Lemma 4.5. Suppose D'/(*5) > 4 and n < K. There exists c; such that if g € L(n,n),
then

() By € L(n + 1, crn);

(b) for each s <1, Qsg € L(n+ 1,c17).

Proof. In view of (4.2) and (4.3), ||B(D~%"%)||ec < c2D~%** and the same bound holds
when B is replaced by Q.

Next, set
1
v(z) = WlB(y,An)C(z)-

Note ||v]|1 + ||v]|cc < c3, where ¢3 does not depend on n or D. Let

Jo(2) = [B(v + H)(2)|1B(y,4,.1)(?)

and J(2) = Jo(2)/(|Joll1 + ||Jo]|lso)- Because of (4.2), we see that Jy has L' and L
norms bounded by a constant, so J is a nonnegative function supported on B(y, An+1)
with [[J]|1 + ||]lcc < 1. The same argument serves for Q; in place of 5.

It remains to get suitable bounds on |Bv| and Qv when |z — y[ > Ap+1. We have

Bu(z)| < > w(w )’w ’d+a+ Y v m (4.5)

|lw—z|>E |lw—z|>E

Clearly the second sum is bounded by csv(z) as required. We now consider the first sum.
Let C ={w:|w—z| >|w—y|}. fweC,then |[w—z| > |y — z|/2. Hence

1 1
D e P
wel,|z—w|>E

1 1
ST a —_—
PEELCIP e

_

- ’y _ Z’d+a'

If w e C° then |w—y| > |y — 2|/2, and we get a similar bound. Combining gives the
desired bound for (4.5).
Finally, we examine Q,v(z) when z € B(y, A,,4+1)°¢. We write

Qiv(z) = Z Q+(z, w)v(w) + Z Q+(z, w)v(w). (4.6)

[z—w|<Apt1/2 lz—w[>Any1/2

If |z—y| > Ant1 and |z — w| < Ap41/2, then |w —y| > |z — y|/2. For such w, v(w) <
cs/|z — y|4t®, and hence the first sum in (4.6) is bounded by

cs ]
’Z _ y’d+a g@t(sz) = ’Z _ y’d+a'
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For |z —w| > A,41/2, v is bounded, and the second sum in (4.6) is less than or equal to

Z Qt(Z,w) < ]P)Z(H/;t _ Z’ > An+1/2) < Cgefcm(An_,_l/QAn)

|Z*’U}|>An+1/2

using Proposition 2.5. This is less than

A 8K?
C11< z ) < cppD747,
An+1

Combining the estimates proves the lemma. 0O
Proposition 4.6. There exists ¢ such that P*(Y; € B(y, 1)) < ¢1/]x — y|*te.

Proof. Let D = |z —y|. Assume first that D > Dy, where Dy = 4*%. Let f = 1p(.1).
Clearly there exists n such that f € L£(1,n7). Then Q.f € L(2,con) for all t < 1 by
Lemma 4.5. Set Sp(t) = Q; and Si(t) = fg QsBQ;_sds. Since Q1f € L(2,con) and
|z —y| = D > A we have

1S0(1) f ()| < eslz —y| =7

By Lemma 4.5, for each s < t < 1, QsBQi_sf € L(4,¢3n). Hence |Q:BQ:—_sf(z)| <
cyD™4, Integrating over s < ¢, we have

[S1(t)f(2)] < caD77.

Set So(t) = f(f S1(8)BQi—sds = f(f fos Q.BQ,_,BQ;_sdrds. By Lemma 4.5 we see that
QrBQs_BQi_f € L(6,c3n) and therefore |Q,BQs_BQi—s f(z)] < cD~9~%. Integrating
over r and s, we have

[Sa(t) f(2)] < ceD77.

We continue in this fashion and find that for all n < K we have
19, (1) f ()] < ez(n)D~47°.
On the other hand, by Proposition 4.4

1Blloc < cs/E®.

Take Dy larger if necessary so that cg D, /2 - % If D > Dy, we have by the argument of
Proposition 2.6 that

190 (1) flloc < (cs/E)"™.
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Consequently,

> 1Suf(@)] < e/ BN < croD7
n=K

If we set P, =Y ", Sn(t), we then have

K
\PLf(z)] < (Z cr(n) + clo)D’d’O‘ N

n=0

This is precisely what we wanted to show because by [Le], P, is the semigroup corresponding
to Wi.

This proves the result for D > Dy. For D < Dy we have our result by taking c;
larger if necessary. O

From the probabilities of being in a set for Y; we can obtain hitting probabilities.

Proposition 4.7. There exist ¢c; and co such that

1/a tl/a e
P*(Y; hits B(y, city' ") before time tg) < 62<’ 0 y]) .
T —

Proof. There is nothing to prove unless |z — y!/t(l)/a is large. Let D = |z —y| and let A be
the event that Y; hits B(y, t(l)/a) before time to. Let C' be the event that sup,;, |Ys—Yo| <

03t(1)/a. From Theorem 2.8, P*(C') > % if c3 is large enough. By the strong Markov property,

P*(Yi, € By, (1 + ca)tg'®)) > E*[PY5(C); 4] > 1P*(A),

where S = inf{t : Y} € B(y,t(l)/a)}. We can cover B(y, (1 + cs)t(l)/a) by a finite number
of balls of the form B(z, t(l)/ “), where the number M of balls depends only on c3 and the
dimension d. Then by Proposition 4.6, the left hand side is bounded by ¢y M (t(l)/ ¢ /D)t
([l

We now get the corresponding result for X,,. We suppose that Y; is constructed in
terms of X,, and stopping times 7T;, as in Section 2.

Proposition 4.8. There exist ¢c; and co such that

. 1/a . n(l)/a dta
P* (Xn hits B(y7 c1ng ) before time no) < e <’ y’) .
T —

Proof. Let A be the event that X,, hits B(y,n(l)/a) before time ng, C' the event that Y;
hits B(y, n(l)/a) before time 2ng, and D the event that T},, < 2ny. By the independence of
A and D, we have

P*(A)P(D) =P*(AN D) <P*(C).
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Using the bound on P?(C') from Proposition 4.7 and the fact that P(D) > ca, where ¢y
does not depend on ng, proves the proposition. O
We now come to the main result of this section.

Theorem 4.9. There exists ¢1 such that

—dfa T
p(n,x,y)§01<n a/\’x_y’d+a)'

Proof. Let D = |z —y|. Fix ¢, sufficiently large. If D < con'/®, the result follows from
Theorem 4.3. So suppose D > con'/®. Let m = n + [yn]. By Proposition 4.8,

m1+d/a

]P)x(Xm c B(y,ml/a)) S Cgm.

On the other hand, the left hand side is ZZGB(yyml/a)p(m,x,z). So for at least one z €
B(y, m'®), we have p(m, z,2) < cym/D¥** < csn/D4*e. Let
Q(kvw) :p(n + h/n] - k,w,ll?) :

By Proposition 3.6, ¢ is parabolic in {0,1,...,[yn]} x Z%, and we have shown that

min 0,w) < esn/DAT.
weB(Zynl/a)Q( ) < csn/

Thus by Theorem 3.1 we have

C C
p(n,z,y) = Zrp(ny,2) = Fra(fyml,y) < cgn/ Dt

5. Lower bounds.
Lower bounds are considerably easier to prove.

Proposition 5.1. There exist ¢; ands co such that if |z — y| < cint/® andn > 2, then

p(nv xz, y) 2 CQTLid/a-

Proof. Let m = n — [yn]. By Theorem 2.8 there exists ¢3 not depending on z or m such
that

N | —

P” (max | X) — x| > esm!/?) <
k<m
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By Theorem 4.9 provided m is sufficiently large, there exists ¢4 < ¢3/2 not depending on
x or m such that
P* (X, € B(z, cam'/®)) <

e R

Let E = B(z,c3m'/®) — B(z,cam/®). Therefore

P*(X,, € E) >

o |

This implies, since P*(X,, € E) = >  _pp(m,z,z), that for some z € E we have
p(m,z,2) > csm™ 4% > cgn=4"* If w € E, then by Theorem 3.1 with ¢(k,-) =
p(n —k,z,-), we have

p(n,z,w) > e~

This proves our proposition when n is greater than some n;.
By (1.2) and (2.1) it is easy to see that there exists cg such that

p(2,z,x) > cs, p(3,z,x) > cs.
If n <nyand n =20+ 1 is odd,
p(n,z,y) > p2,x,2) p(1, x,y) > ckn= .
The case when n < by and n is even is done similarly. O

Theorem 5.2. There exists ¢; such that if n > 2

—djoa
p(”vzvy) = Cl<n “A ’.77 _y’d+a)'

Proof. Again, our result follows for small n as a consequence of (1.2) and (2.1), so
we may suppose n is larger than some n;. In view of Proposition 5.1 we may suppose
|z —y| > can'/*. Let A = B(y,n'/®). Let N(z) = P*(X; € A) if 2 ¢ A and 0 otherwise.
For z € B(z,n'/®) note N(2) > c3n®®/D4t. As in the proof of Lemma 3.2,

JNT A

La(Xjar,) —1a(Xo) = Y N(X;)

i=1
is a martingale. By optional stopping at the time S =n A 7g(; 1/ We have

and/a

Dd+a

S
P"(Xs € A)=E" Y N(X;) > E“[S — 1].
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Arguing as in (3.3), E*S > ¢4n. We conclude that
P® (X, hits B(y,n'/®) before time n) > csn*¥/®/Dite,

By Theorem 2.8, starting at z € B(y, nl/o‘), there is positive probability not depending on
z or n such that the chain does not move more than cgn'/® in time n. Hence by the strong
Markov property, there is probability at least c;n'+4/® /D4t that X,, € B(y, csn'/®). Let

m = n — [yn] Applying the above with m in place of n,

14+d/a 14+d/a
P*(X,, € By, con®)) > 10— n

Dita = ‘U hara
However this is also ZweB(yycgnl/a)p(m,x, w). So there must exist w € B(y, cgn'/*) such
that p(m, z,w) > c1an/D¥*. A use of Theorem 3.1 as in the proof of Theorem 5.1 finishes
the current proof. 0

Proof of Theorem 1.1. This is a combination of Theorems 4.9 and 5.2. If n = 1 and
x # y, the result follows from (1.2) and (2.1). O

Remark 5.3. Similar (but a bit easier) arguments show that the transition probabilities
for Y; satisfy

c1 <t*d/0‘ A ) <qy(t,z,y) < co <t*d/0‘ A é) (5.1)

R o — gl

One can also show that the transition densities of the process U; described in Section
1 also satisfy bounds of the form (5.1). One can either modify the proofs suitably or else
approximate U; by a sequence of processes of the form Y; but with state space ¢Z¢, and
then let ¢ — 0.
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